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the most natural way for the average student. The main thing is that 
such a solution is carried through with extreme logical care and is 
made as rigorous as possible. 

The reader may find that certain simple examples are analyzed in 
far too great an amount of detail. But do not hurry to criticize this 
approach, for what appears simple may merely be something that, has 
not been studied in sufficient depth. Also, not all solutions are given 
with full details. It is the hope of the authors that this text will not 
only be read but. studied with pencil and paper in hand. A good deal 
is left up to the student to think through by himself. This pertains to 
some parts of the theory and certain stages of problem solving. 

It must be emphasized that this book is not an ordinary textbook 
but one in which certain carefully selected topics of theory and an 
abundant amount of problem solving will enable the student to ex- 
pand and deepen his knowledge of the school course of elementary ma- 
thematics and enable him better to begin the study of higher mathema- 
tics in higher educational institutions. The topics chosen here for detai- 
led discussion are those that usually cause the most trouble or do not, 
for a variety of reasons, receive the attention they deserve. The most com- 
plicated and:‘important parts of elementary mathematics are analyzed 
and illustrated in detailed problem solving and subsequent discussion. 
oe attention is paid to analyzing typical mistakes of the stu- 

ent. 
Another point to bear in mind is that the authors consider only the 
more traditional topics of elementary mathematics. They do not use 
methods of analytic geometry or differential and integral calculus; in 
geometry, axiomatics is not dwelt on, nor is the terminology of set 
theory made much use of. 

This textbook is supplied with a large number of problems in the 
form of exercises appended to each section. The answers are given at 
the end of the book. | | 

This book is aimed at a broad range of readers, from students of 
secondary school to students of teachers’ colleges and universities, 
and mathematics instructors in secondary and higher educational in- 
stitutions. It can also be used in self-instruction as a supplement to 


any standard textbook. 
G. Dorofeev, M. Potapov, N. Rozov 


Chapter | ARITHMETIC AND ALGEBRA 


1.1 General remarks on arithmetic and algebra 


Of fundamental importance to the student is the fact that all the 
concepts he employs in his mathematical discourse must be rigorously 
defined, the only exception being, of course, such starting terms as 
natural number, equation, point, line, plane, and the like. The requi- 
site definitions are of course given in any textbook, but the student 
becomes accustomed so soon to using these concepts in solving probl- 
ems that he feels more and more inclined (without always realizing it) 
to regard the inftial notions as intuitively clear and not in any need of 
being defined. 

The student of mathematics must at all times have a clear-cut 

understanding of all fundamental mathematical concepts (we will 
return to this subject in Secs, 2.1 and 3.1). 
_ Also important, besides definitions, are mathematical conventions 
involving the formation of an entity or of a relation between entities 
( indicated by a special symbol). These conventions serve essentially as 
a definition of the symbol and must be memorized. For example, the 
plus (-+) sign is used to indicate the sum of two numbers, the symbol 
a® stands for the square of the number a, which is to say the product 
a-a; the fact that a is less than , that is, the number a — b is negative, 
is written conventionally with the aid of the < sign asa< ob. 

The student will also recall the signs of weak inequalities: < 
(less than or equal to) and> (greater than or equal to). The student 
usually finds no difficulty when using them in formal transformations, 
but examinations have shown that many students do not fully compreh- 
end their meaning. 

To illustrate, a frequent answer to: “Js the inequality 2<3 true?” 
is “No, since the number 2 is less than 3”. Or, say, “/s the inequality 
3< 3 true?” the answer isoften “No, since 3 is equal to 3”. Nevertheless, 
students who answer in this fashion are often found to write the re- 
sult of aproblem asx< 3. Yet their understanding of the sign < between 
concrete numbers signifies that not a single specific number can be 
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substituted in place of x in the inequality x< 3, which is tosay that 
the sign < cannot be used to relate any numbers whatsoever. 

Actually, the situation is this: by definition of the sign <, the 
inequality ax< bis considered to be true when a< band alsowhen a = b. 
Thus, the inequality 2< 3 is true because 2 is less than 3, and the ine- 
quality 3< 3 is true because 3 is equal to 3. 

From this definition of the sign < itfollows that the inequality 
a<b isnot true only when a>). For this reason, thesign < may 
be read not only as “less than or equal to” but also as “not greater than”. 
Thus, the inequalities 2< 3 and 3< 3'are read, respectively, as “2 is 
not greater than 3” and “3 is not greater than 3”. 

The same applies to the sign >, which can be read both as “greater 

than or equal to” and as “not less than”. By definition of thesign 2, 
the redial a>b is valid if a> 6 or if a=5; it is not valid only if 
ao. 
Almost every student knows that the function y = 2* is defined for 
all real x and can readily draw the graph of the function. However, 
2”3 is often a riddle to the student. The best he can usually do is to 
indicate haw one should give an approximate computation of the num- 
ber. But where is the logic? How can you expect to give an approxi- 
mate computation of a number without knowing its definition? 

To be able to state what the number 2”3 represents, one has to re- 
call the special definition for a number raised to an irrational power, 
and of course it is necessary to recall the other definitions of powers 
having natural exponents (a zero, rational or negative exponent). 
Note that the general definition of a power with a natural exponent n 
is inapplicable when n = | since a product involving a single factor is 
meaningless. For this reason, the equation a'=a is the definition of 
_ the first power of a number. In the very same fashion, the zero power 

(a°= 1) is introduced as a definition. 

Now let us find out why the equation 


(fa) =a (1) 
holds true. Students often prove this by manipulating the left-hand 
member, This is of course permissible, but it simply indicates 
that the rules for handling radicals have displaced in the mind 
of the student the definition of a radical. Indeed, how does one 
define the cube root of a number? By convention, the cube root 
of a number a is that number whose cube is equal to a. The cube 
root of a number a is conventionally denoted by the symbol j/a. 
Thus, equation (1) is merely the formula for the definition of a cube 
root with regard for the convention concerning the meaning of the 
symbol j/. 

The course of algebra includes a considerable number of propositions 
(assertions), The view is rather widely held that in geometry one has 
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to reason rigorously and there are theorems which require careful 
proofs with the use of definitions but that in algebra there is only one 
theorem (Viéte’s theorem),* and the rest is just verbal formulations 
and formulas. This is not so in the least. Even the formula for the 
square of a sum is a theorem. The properties of the logarithmic function 
constitute several theorems. As in geometry, every theorem of algebra 
must be proved, and all the initial concepts must be defined. 

Experience shows that the more ordinary an algebraic statement 
is and the more often it is used in problem solving, the more frequently 
the student forgets that he should be able not only to state it properly 
and employ it, but also to prove it. At all times, particular attention 
must be. paid to the ability of the student to justify (substantiate) 
statements, particularly those which appear to be “self-evident”. 

All students are familiar with the formula for solving quadratic 
equations, but not so many know its derivation. The same difficulties 
are encountered when dealing with theorems involving the solution of 
quadratic inequalities. Even if the student obtains correct solutions of 
such inequalities, he is frequently not able to explain why, for instance, 
a quadratic trinomial with positive leading coefficient is positive 
outside the interval between the roots if the latter are real, and is 
positive for arbitrary x if the roots are imaginary. | 

Yet rigorous proofs of the theorems dealing with the sign of a quad- 
ratic trinomial are simple in the extreme. | 

If the quadratic ax?-+ bx +, a=&0, has real roots x, and x, (which 
means its discriminant is positive), then it can be factored: 

(2) 


ax? + bx 4+-¢= a (x—X,) (X—*,) 


It is thus evident that for any x exceeding the larger root, both factors 
in parentheses, that is (x—x,) and (x —x,), are positive, and for any x 
less than the smaller root, they are negative, which means that in 
both cases their product (x— x,) (x —x,) is positive and therefore the 
right member of (2) has the same sign as the number a. However, if x 
lies in the interval between the roots x, and x2, then one of the parenth- 
eses in (2) is positive and the other one is negative. And so the sign 
of the product in the right member of (2) is opposite that of a. 
We have thus proved the following theorem: the value of a quadratic 
trinomial ax*-+-bx-+ c with positive discriminant (b*—4ac>0) has for 
any x outside the interval between the roots of the quadratic a sign that 
coincides with the sign of the coefficient a, and is of opposite sign for any 


x inside the interval between the roots. ** 


* Viéte’s theorem states that the sum of the roots of a quadratic equation {s 
equal to the coefficient (with sign reversed) of the unknown to the first power, and 
the product of the roots is equal to the constant term. 

** The student himself can state and prove the theorem referring to the case when 
the quadratic trinomial ax?-+-ox-++c has equal roots, i.e. when its discriminant is 
zero: 64 — 4ac=0. 
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There is also another theorem that is valid: the value of a quadratic 
ax*+ bx -+¢ with negative discriminant (b?—4ac<0) has for any x 
a sign coincident with the sign of the coefficient a. 

To prove this theorem, isolate a perfect square: 


axt-+bx-+o=a |(¥-+35) +a (3) 


Since the discriminant b°—~ 4ac<0 (it will be recalled that in this case 
the quadratic has imaginary roots), it is evident that the expression in 
square brackets is positive for any value of x, and the product in the 
right-hand member of (8) is, for any x, of the same sign as the number a. 

The student is often surprised to encounter difficulties when dealing 
with biquadratic equations. There would seem to be no difficulties, 
since any biquadratic equation ax‘+ bx?+-c=0 can be reduced to a 
quadratic equation by the standard substitution x?= y. But suppose that 
the resulting quadratic has imaginary roots y, and y.. Then determin- 
ing x requires taking the square root of a complex number. In itself 
this is not so complicated and appropriate formulas are given in the 
standard textbooks. However, this may be avoided altogether if one 
does not resort to the standard substitution but factors the left-hand 
member by means of a special transformation. 

This transformation consists .in isolating a perfect square in the tri- 
nomial ax‘ bx?-+-c and gives a valid result only when the quadratic 
equation ay’+ by +-c=0 has imaginary roots. 

However, in this case the perfect square is isolated in a somewhat 
different fashion than ordinarily: namely, group together the highest- 
degree term and the constant term, and then take their sum and com- 
plete the square. 

_ Suppose we have an equation like x'+- bx?+c=0 (for the sake ol 
simplicity, we set a= 1, which can always be done readily), and the 
equation y’-+- by -+c=0 has imaginary roots. This condition means 
that the discriminant D = b’—4c<0, that is, b<4c, whence it is 
clear that c>0 and |b/<2)Vc, that isb<2Vc. Wecan therefore 
perfom the following manipulations: 


XA + bx? +c = (x4 +4-0)-+ bx? = (x! +2Vex?+c)—(2 Vc—b)x? 
=(+Vc)'—(2Vc—b) x 


= (etx 2Ve—04Ve) (e—2V/ 2Ve—b+Ve) 


The solution of the given biquadratic equation now reduces to that of 
two quadratic equations with real coefficients, 

. These rather involved formulas need not be memorized of course; 
it is much better to isolate a perfect square in each given instance. 
To illustrate, let us solve the equation 


2x4 + 2x?+3=0 
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We first reduce the equation to x!+ x?+ 3/, =0. Its discriminant is 
equal to 1?—4.3/, =—5<0, and so, applying the foregoing method, 


we obtain 

XY x? + 8/g = (x8 + 2V8/,x? + 9.) —(2V 3, —1) 2 
=(?+V%,)* —(V6—1) x 
=(24+2V V6—-14V%,) (2-2 V V6—-14V 7) 


We can now solve the quadratics without any fear of complicated 
radicals. The first equation 


etxV Vé—14V 7,60 


has a negative discriminant: D =(/ V6—1)*— 4V3/, = —1 —V 6, 
and, consequently, its roots 
YV6—1. .VV6+l 
X19 oan at +l 9 


Similarly we find the roots of the second equation: 


a—xy Vo—-14V¥%, =0 


They are 
es. . o ] 
wee +1 pie 


X3,4 


Two-term equations of the sixth degree (x*-+- a*°= 0) likewise reduce 
to the solution of this type of biquadratic equation (expand the left- 
ste ee as a sum of cubes.and apply the technique described 
above). 

A few words are in order concerning the statements of a number 
of definitions and theorems. Textbooks frequently state definitions 
and theorems verbally without much use of convenient literal notation. 
Occasionally, this’ is justified, but very often it simply makes for hard- 
to-digest formulations. For instance, instead of writing “the square 
of the sum of any two numbers is equal to the sum of the squares of 
the numbers plus two times their product,” one could more simply 
write: “for any numbers a and 6 we have (a+) *= a?+ 2ab + 62.” 
A logarithm is conveniently defined as “a number x is the logarithm of 
a number N to the base a (a>0, a1) if a*¥= N.” 

It is important to develop the habit of converting verbal statements 
into formula staternents, and vice versa, for this is precisely what is 
ordinarily required when proving theorems. For example, to prove 
that “the logarithms of numbers exceeding unity to a base exceeding 
unity are positive,” we must first introduce the designations: let the 
base be a>1, the number x> 1, and let y = log,x; then establish that 
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the number y>>0. Rephrasing of this nature can also involve the ne- 
cessity of using a definition. Thus, before proving the assertion that 
“for a>> 1 the function y = log, x increases,” one has to recall what an 
increasing function is, and then the proof begins thus: “Let a>1, and 
let x, and x, be positive numbers, x;<. x,; we will prove that log, x,< 
< log, x2.” : 

iti not always properly understood that certain formula-type 
statements make use of symbols of certain concepts. 

It is precisely this that explains why formula (1) is not readily re- 


cognized as the definition of a cube root written as the symbol i’, and 
that the equation ale%a¥ =N(N>0, a>O0, a1) is a symbolic 
notation of the “customary” verbal definition of a logarithm which 
employs the convention of denoting the logarithm of a number N to a 
base a in the form of log,N. 


Exercises 


1. What is (a) a periodic decimal fraction, (b) a’/s, (c) a quadratic equation, 
(d) Y' TI, (e) the modulus (absolute value) of a complex number, (f) a>, (g) the sum 
of a nonterminating decreasing geometric progression? 

2. State which of the following is a definition, an axiom or a theorem: (a) an 
equation is unaltered if both members are multiplied by the same number, (b) the 


modulus of any number is nonnegative, (c) q'*=¥ a, (d) the graph of the function 
y==—38x passes through the origin of coordinates. = 
3. Is the following equation always valid: Ya V b= V ab? 


4. If the discriminant of a quadratic equation is positive, then the equation has 
two distinct real roots. State the converse theorem, the inverse and the cont- 
rapositive. Which of these theorems are valid? 

5. Prove that if the roots of a quadratic equation are imaginary, then the discri- 
minant is negative. 

- 6. Using formulas, state the condition that at least one of the numbers a,,..., 
a,, is equal to the number a. | 

7. Use a single equation to denote that at least two of the numbers a, 6, c are 
equal to zero. 

8. What can be sald about the numbers a and 6 if 1/a< 1/6? From what pro- 
perties of the function y=1/x can we obtain an answer to this question? 

9. Using mathematical relations, state the assertion that the function y==3+-- 
—x? increases when the argument varies in the interval from —1 to +1. 

10. Is the condition that the sum of the digits of a number is divisible by 3 a 


siripad & sufficient or necessary and sufficient condition for the number to be di- 
visible by 12? | 


1.2 Integers, rational numbers, irrational numbers 


Problems involving various parts of arithmetic often give tro- 
uble. This is frequently due to the fact that arithmetic is studied 
in the junior forms where many results are given without proof, and 
the material is actually never taken up again. Yet this does not in 
the least diminish the significance of such sections of arithmetic as 
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the divisibility of the natural numbers, the properties of fractions, 
the theory of proportions, etc. 

The senior student must know the statements of these results and 
should also be able to prove them (say, to derive a given criterion of 
divisibility). 

To illustrate, let us prove thecriterion for divisibility by 9. Given a 
natural number V= An Qn, +++ Q,Q,A9. Here, the symbol apdp_,... a,Q 
(where the bar on lop means that the digits are not to be thought 
of as a product of the numbers Qn, --., Qo) denotes an (n-+1)-digit 
number, where a,, da_,, ..., Gy, @ are the digits of the appropriate 
orders of the number* (so that 1<a,< 9, OXa,4<9, ..., 0< 
S 4,5 9, 0 < a< 9). We have to prove two assertions: (a) if the sum 
of the digits a,4+-a,_,+.. .-+a,-+a) of the number N is divisible by 
9, then the number N itself is divisible by 9; (b) if the number WN is 
divisible by 9, then the sum of its digits is divisible by 9. 

re with the positional principle of the decimal number system, 
we have 


AnQy_1 +++ A,0,0,=a,-10"+a,_,-10°-!+...+a,-10?+a4,-10+a, 
Since 10*=99 |... 9+-1 for any natural k>=1, we get 


k times 
N= [a, 99... 9-+a,_,99... 9+... +4a,:99-+ a,-9} 
—— aoe” 
mn times n=-1 times 


4 (y+ Oyay toes Oya, +4) (1) 


It is obvious that the number in square brackets is divisible by 9, 
for it isa sum of n terms, each of which is divisible by 9. If the sum 
An. ..+4,+ ay is divisible by 9, then from (1) it is clear that the num- 
ber N is also divisible by 9. The proof of Assertion (a) is complete. 
Assertion (b) likewise follows from a consideration of (1): if the left 
member (the number N) is divisible by 9 and since the first summand 
of the right member (the number in square brackets) is divisible by 9, 
it follows that the second summand (the sum of the digits of VN) must 
be divisible by 9. 

In the solution of problems, various arithmetical facts are someti- 
on useful. We shall now review a number of them using literal sym- 

olism. 
If we have two integers** a and 6, b>0, then there is a unique in- 
teger g and a unique integer r, O<r<b, such that 


' " It is natural to regard the highest-order digit as nonzero. os 
** Recall that the numbers 1, 2, 3, ... are called natural numbers (the positive 


integers), and the numbers —2, —1, 0, 1,2,... are the infegers (whole numbers). 
It is convenient to write the set of integers as 0, 4-1, +2,..., 
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Equation (2) is simply the division of a number a by a number b with 
a remainder. In particular, from (2) it is clear that any even riumber 
is of the form 2k, where & is an integer, and any odd number may be 
represented as 2n+-1, where n is an integer. 


If we have a natural number N exceeding unity, and if N=ny' 


... me" is the decomposition of this number into prime factors (here, 
N,, .»+, M, are distinct prime divisors of VN, and a, ..., @, represent 
the number of their repetitions in the decomposition of V), then any 
divisor of N is of the form D=n ... nf! whereQ<B,< a@,,... 
O<BrX Oy. 


If we have natural numbers a,, ..., @,, then their common divisor 
is a natural number which exactly divides each of the numbers a,, 
.++, Qn. The largest of these common divisors of the numbers a,, ..., 
a, is termed the greatest common divisor. If the greatest common 
divisor is equal to 1, then the numbers a,, ..., ad, ate relatively prime 
(coprime). 

If a natural number N is divisible by each of two relatively prime 
integers a,, dj, then N is also divisible by the product a,a, of these 
integers.* Furthermore, if the product NM of natural numbers N and 
M is exactly divisible by a natural number D and if M and D are re- 
latively prime, then N .is divisible by D. 

Finally, it is well to recall the following property: one of a sequence 
of n integers R+1, R+2, ..., R-+n, where & is an arbitrary integer, 
is definitely divisible by n. 

Let us consider some examples of the use.of the properties of integers 
in solving problems which involve divisibility. 

1. Prove that for an arbitrary even n the number N=n?+20n is divt- 
sible by 48. 

Quite naturally, a direct verification of the fact that the assertion 
holds true for n=2, 4, 6, ... does not solve the problem since we are 
not able to run through all the even numbers. Hence, we have to give 
a proof that will hold true for any even n. 

An even number n can be written in the form n=2k, where F is 
an integer; therefore N=8k (k?-++5). If we demonstrate that for any 
integer k the number & (k?-++5) is divisible by 6, it will be clear that 
N is divisible by 48. - 

We perform the following obvious transformation: 


ke (k2-+5) =k (k2—1-+6) = (k—1)  (k+- 1) +68 (3) 


We see that the second summand in the right member of (3) is divisible 
by 6. Now the first summand on the right is a product of three succes- 
sive integers, and for this reason one of them is definitely divisible 


* It Is easy to see that if ay and a, are not relatively prime, then the number NV 
is not necessarily divisible by the product a,a, (give an examplel): 
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by 3. What is more, of two successive integers (and all the more so, 
of three) one must definitely be even. Since 2 and 3 are relatively 
prime, it follows that &(&?-{+-5) is indeed divisible by 6 for any integer 
i. 9. Prove that no matter what the natural number n, the number N= 
= 7?-|-1 is not divisible by 3. 

The only possible remainders upon the division of a natural number 
by 3 are 0, 1, 2 (see (2)). In solving this problem we therefore find it 
expedient to partition all the natural numbers into three classes: 
3k, where & is a natural nuinber; 3k-++1, where & is a natural number 
or 0; 3k+2, & natural or 0.* 

For an arbitrary natural number n which is exactly divisible by 
3, that is, such as tan be represented in the form n=3k for some po- 
sitive integer &, we have n?-+1=9k?4-1. Since the first summand in 
the right member is divisible by 3 and the second one is not, the 
number N is not divisible by 3 for these values of n. . 

If 2=3k+1 for a certain natural number k (or for R=0), then n?+- 
-+-]=9k?---6k-4-2. It is obvious in this case that when N is divided by 
3 there is a remainder of 2. 

The case of n=3-4-2 is considered in a similar manner. 

3. How many zeros are there at the end of the product of all natural 
numbers from 1 to 1962 inclusive? 

This problem appears to be very difficult due to its rather unusual 
statement, yet in reality the underlying idea of the solution is simple. 
If the number N=1-2... 1961-1962 is factored into primes: 


N = 2% «3% .5% 6, p% (4) 


it is clear that each pair of prime factors 2 and 5 will generate one zero 
in the number N because 10 = 2-5. Now to obtain the representation 
(4) it suffices to factor separately into primes each of the factors of the 
product N, and then collect identical prime factors. Since we are inte- 
rested only in the numbers a, and a, in the expansion (4), we have to 
find out how many twos and fives appear in the expansion of each 
factor of the product N. | 

To illustrate, let us determine the number a. It is clear that every 
factor of N divisible by-5 yields one five when decomposed into prime 
factors. Altogether, there are [1962/5] = 392 such factors in the pro- 
duct N (the symbol [a] denotes the largest integer in a). However, 
there will be, atfiong the factors of the product N, such factors as are. 
divisible by 25 and these will yield an additional five in the prime 
decomposition. There will be a total of [1962/25] = 78 such factors. 
Yet another five Will be obtained from all factors of N which are mul- 


* Whereas in the representation 3k we must take, for &, one of the numbers 1, 
2,..., in the representations 3&-+-1, 38-+-2 we also have to take k=0. To this value of 
k cortespond the natural numbers 1 and 2, respectively. 


2—3480 
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tiples of 125. There will be [1962/125] = 15. Finally, there are three 
factors divisible by 625; they will vield one five each. We thus have 
3902 + 78+ 15-+3= 488 fives, or a@3= 488, In a decomposition of 
the number N into prime factors. 

A similar computation shows that in the formula (4), the number 

= 1955, whence it is evident that there are only 488 pairs of the 
primes 2 and 5 and therefore the number N ends in 488 zeros. 

Ideas involving divisibility of numbers are very often employed 
in the solution of problems from other sections of algebra.. 

4. Find numbers which are common terms of the two following arith- 
metic progressions: 


3, 7, ll, ..., 407 and 2, 9, 16, ..., 709 (5) 


It is clear that the general term of the first arithmetic progression 
is of the form a,=3+4 (n—1); the indicated terms of the progression 
are associated with the values n=:1, 2,..., 102. Similarly, the terms 
of the second progression are obtained from the formula b, =2-+-7 (k—1), 
k=1,2,..., 102. The problem thus consists in finding all numbers 
n a k, |l<n<102, 1l<k< 102, for which a,=0b,, that is, 4n+4=— 

From the equation 4(n-+1)=7& it is evident that it is valid pro- 
vided & is a multiple of 4, that is, if k=4s; it is clear that s can take 


on the values 1, 2, ..., 25 (since 1 kR< 102). But if k=4s, then 
4(n+1)=7-4s, or n=7s — 1. Since l<n< 102, only the numbers 
1, 2, ..., 14 are permissible values of s. 


We thus have 14 numbers that are common to both progressions 
(5). The numbers themselves are readily found either from the formula 
for a, when n=7s—1,s=1, 2, ..., 14, or from the formula for 6, 
for k=4s, s=1, 2, ..., 14. 

It will be recalled that rational numbers are numbers of the form 

p/q , where p is an integer and q is a natural number. If p/q is a posi- 
tive number, then p>0, if p/q is negative, then p<0. It is obvious 
that the fraction p/q is always considered to be in lowest terms, that 
is, it is always possible to consider the numbers |p| and q as relatively 
prime. The number 0 is associated with the representation p/q for 
p=0 (and any q). | | 
_A rigorous and complete theory of irrational numbers (a substan- 
tiation of their properties and of operations involving them) is given 
in the course of higher mathematics. Nevertheless, what the school 
curriculum offers must be mastered thoroughly. 

A typical mistake of students is that they judge the rationality 
or irrationality of a number solely on the basis of its outward appea- 
rance and readily assume that an involved combination of irrational 
numbers is all the more so an irrational number. Yet this is not always 


the case. For instance, the number [(V 3+V 2)(VY 3—V 2)] — 
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—2)V 6 is not irrational: a simple computation shows that it is equal 


3 — 3f = 

to 5. Likewise the nutaber V 74+-V50+V 7—5YV 2, despite its 
intricate and “irrational” aspect, is actually a rational number equal 
to 2 (this is quite evident if one notes that the radicands are perfect 
cubes). . 

It is therefore necessary to thoroughly justify one’s stand when sta- 
ting that a given number is rational or irrational. Some problems 
will help to illustrate this point. 

5. Prove that log, 18 is an irrational number. 


Since log, [8=5-+log, 3, it suffices to demonstrate that the num- 


ber log, 3 is irrational. Acsume the contrary, that this number is 
rational. This means that log, 3=p/q. Since log, 3>>0, both numbers 
p and g may be regarded as natural. Taking advantage of the defini- 
tion of a logarithm, we rewrite the equation log, 3=p/q as 2P=339, 
But this latter equation is not possible for any natural:p and g what- 
soever; on the left is an even number (since p>0), while the right 
member is odd. The resulting contradiction completes the proof. 

6. Prove that the numbers V2, V3, V5 cannot be the terms of a 
single arithmetic progression. 

To many this statement appears to be almost obvious. Some state 
right off that the irrational numbers V2, V3, V5 “cannot be sepa- 
tated from one another by the same number”. Others even “justify” 
this idea by the following computations: V/3—V 2 ~ 1.732—1.414= 
= 0.318, and V5 — V3 x 2.236 —1.732 = 0.514. 

Note first of all that approximate computations without an estimate 
of their accuracy cannot be used as proof in mathematics. But even if 
one estimates the accuracy of the computations (this is easy todo), 
the proof is not correct since it demonstrates that the given numbers 
cannot be three successive terms of an arithmetic progression. But it 
isnot prooved that they cannot be three, generally speaking, nonadjacent 
terms of a single arithmetic progression. 

We carry out the proper proof by contradiction. Suppose, in a cer- 
hee oe progression with first term a,.and common difference 

, we have 


V2=a,=a,+(k—1)d, V3=a,=a,+(m—!)d, 
V5=a,=a,+(n—I1)d 


Subtracting the first equation from the second and the second from 
the third, and then dividing one of the resulting relations by the other, 
we get 


V3—V2 _ m—k 
. ee 
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The right member of this equation is a rational number because m, 
k and n are integers. For brevity, denote this number by 7 and rewrite 
(6) as V3—V 2=r(V5— )V3), whence, squaring, we — get 
r2V15—V 6=(8r2— 5)/2. The right side of this equation is again a 
rational number. Denote it bys. Squaring both sides of 2 V15 — 
—/6=s, we get VY 10=(15r'—s?-+6)/(67?). This equation shows 
that V10 is a rational number, which is not true (the irrationality 
of V10 is proved in the same way as the irrationality of V2 is). 
This contradiction demonstrates that equation (6) is impossible, 


which is to say that the numbers ) 2, V3, V5 cannot be terms of 
a single arithmetic progression. 
7. Determine all such integers a and b for which one of the roots 


of the equation 3x3+-ax?+ bx+12=0 is equal to I4+V 3. 
The number 1+) 3 is, by definition, a root of the equation 3x3-- 
-+ax*-+bx+12=0 if the following is valid: 


3(1 +13) +a(1+V3)? +6(1+V3)+ 12=0 
or, after simplification and regrouping, 
(4a+6+.42)-+(2a+6+18)V3=0 
We are interested only in the integers a and 6; in this case the numbers 


p=4a+b+42 and g=2a+b-+18 will also be integers. 

We thus have to determine the integers a and 6 for which p+q V 3= 
=(. At this point many students make a logical mistake by conside- 
ring as “quite obvious” that the latter equation is possible only for 
the case of p=q=0. However, not many can give a convincing justi- 
fication of this fact. Let us prove it. 

Indeed, suppose that p+qV 3=0 holds true for a certain integer 
g=0. Then it would followimmediately that V 3=—p/q, which con- 
tradicts the irrationality of the number V 3. Thus, g=0. But if 
g=0, then from p+qV 3=0 it-follows that p too is equal to zero. 

Consequently, the number 1+) 3 is a root of the equation 3x3+- 
-+-ax?-+bx-+12=0 if-and only if 


4a+o+42=0 
2a+6+ 18=0 
This system has the unique solution a=—12, b=6. 


Exercises 

1. State and prove the criterion of divisibility by I1. 

2. Prove that there is not a single natural number NV with sum of digits equal to 
{5 that is the square of an integer. 

3. Let p==5 be a prime number. Prove that the number p?—~1 is divisible 
by 24, | 
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4. It is given that the numbers p, p+2 and p-+4 are primes. Find p. 
-5. Demonstrate that if a natural number ends in the digit 7, it cannot be the 


square of an integer. 
6. How many factors 2 are there in the product of all integers from 1 to 500 in- 


clusive? 
7. Find numbers which are simultaneously the terms of two arithmetic progres- 


sions: 2, 5, 8, ..., 332 and 7, 12, 17, ..., 157. 
8. For what natural numbers n is the fraction (8n-+4)/5 an integer? 
9, For what natural numbers n is the fraction (2n-+3)/(5n-+7) reducible to lower 


terms? 
10. Find a four-digit number that satisfies the following conditions: the sum of 


the squares of the extreme digits is equal to 13; the sum of the squares of the middle 
digits is equal tu 85; if we subtract 1089 from the desired number we obtain a number 
containing the same digits as the desired number but in reverse order. ~ 


11. Find a three digit number abc such that the four-digit numbers abcl and 2abc 
satisfy the equation abcl=3-2abc. 
12. Find all five-digit numbers of the form 34x5y (x and y are digits) divisible by 


36, 
13. Determine for what natural numbers n the number n?+-4 is a composite 


number. 
14. Prove that if the sum &-+m-+n of three natural numbers is divisible by 6, 


then 3-+m'-+-n3 is also divisible by 6. 
15. Demonstrate that for any natural n the number 1... 1—2... 2 is the square 
o_o’ eV eemneelll 
2ntimes na times 


of an integer. 
1f. Find all the integral solutions to the equation 2x*—3xy—2y*=7. 


17. Find all the integral solutions to the equation 2x?y*-+-y?—6x?—12=0. 

18. Prove that between any two unequal rational numbers a and © there is at 
least one rational number and at least one irrational number. 

19. Can the numbers 10, 11, 12 be terms of a single geometric progression? 

20. Prove the irrationality of the number tan 5°, 
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The method of mathematical (or complete) induction is a very strong 
tool in mathematical proofs. Unfortunately, in secondary school it 
does not receive the attention which it deserves. Most students have 
a rather hazy idea concerning this important method. What is more, 
mnany proofs in the school course of mathematics are logically unsound 
due precisely to the fact that the induction method was not invoked. 
Recall for instance the derivation of the formula for the general term 
of an arithmetic progression. We write down a number of equations: 


a,=a,-++d(1—1}), 
a,==0,-+-d=a,+d(2—}), 
a,=a,+d=a,+2d=a,+d(3—1), (1) 
a,=a,+d=a,+3d=a,+d(4—1) 
and so forth; consequently, for any n the formula a,=a,+d(n—1) 
is valid. The incompleteness of this proof is obvious. We establish 


the formula for a few values of n and then draw the conclusion that 
it is true for any integer n. With that approach, it is possible to “prove” 
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the following assertion: for an arbitrary integer n, n’--n-+4l is prime. 
Indeed, for n=1, 2, 3, 4 we have 43, 47, 53, 61—all primes. Conse- 
quently”, the assertion is proved, though it is clear that, for exam- 
ple, when n=41 the number n?+2-+4I is divisible by 41. 

The foregoing example might seem to suggest that one should take 
a much larger number of values of n. Suppose, however, that in de- 
riving the formula for the general term of an arithmetic progression 
we verified it for one million terms. Are we entitled to conclude that 
the formula will hold for all n? Not in the least. We may know a mil- 
lion steps, but we do not know what might happen on the million 
and first step. It may very well be that the formula will break down 
on that next step.* ae 

Therefore, the defect of all proofs of that nature does not lie in the 
number of special cases examined but in the absence of a “look to the 
future”, the lack of any knowledge of what will happen on the next 
step. This is all taken care of in the method of mathematical induction. 

The essence of this method consists in the following. 

Let an assertion be verified for a single special case, say for n=]. 
Let us suppose that we can demonstrate that from the validity of this 
assertion for n=k it will always follow that it is valid for the next value 
of nas well, that is, forn=k-+1.Wecan then reason as follows: we have 
verified our assertion for n=1, but then, by what has been proved, it 
will be true for n=1+1=2. Now, since it is valid for n=2, it will 
also be valid for n=2+1=8, and so forth, which means it will hold 
true for all values of. n. 

It might, at first glance, seem that this “and so forth” is just as 
lacking in legitimacy as were the earlier examples. This is not so, 
however, for we are fully confident that each time we can take the next 
step, and it is therefore obvious that the assertion will hold true for 
any value of n: because any integer can be reached in a finite number of 
steps beginning with n=1.** 

Thus, in order to prove the validity of an assertion for an arbitrary 
natural*** n, we have to prove two things: firstly, that it is true for 
n=1, secondly, that from its validity for n= follows its validity 
forn=-+1. That is the gist of the method of mathematical induction: 
we prove that our assertion holds true for n=1 (this is the basis of 
' the induction), then we assume that it is valid for a certain n=k (the 
hypothesis of the induction), and we prove that in that case it is 
valid for n=k+1 (the induction step). 


* Incidentally, the number n*-++-n-+41 proves to be prime for all n from 1 to 
39 inclusive, and only the fortieth step reveals that the assertion no longer holds. 
What guarantee have we that the formula for the general term of an arithmetic prog- 
ression will not behave similarly, say, at the million and first step? 

** In the rigorous theory of natural numbers, this assertion is accepted as an axiom. 
*** Ordinarily, the natural numbers are the positive integers 1, 2, 3, etc., the 
number 0 not being included. © 
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Let us apply this method in proving the formula for the general 
term of an arithmetic progression. The assertion we are about to prove 
is of the form 

a, = a,+d(n—l1) 
For n=1 the assertion holds since the left-hand member contains a, 
and the right-hand member a,-+d(1—1)=a,. Assume that it is true 
for n=-k, that is, a,=a,-+-d(k—1). By the definition of an arithmetic 
progression, a), 4,==@,-}-d, whence, using the induction hypothesis, 
we obtain 
Ay, 122 4,+d(kR—1)+d=a,+dk=a,+d [(k+1)—]] 


which is to say the assertion holds true for n=-+1. Hence, the for- - 
mula for the general term is valid for any n. 

It must be stressed that the induction method is a method of proof 
of specified assertions and does not serve as a derivation of these as- 
sertions. For instance, this method cannot be used to obtain the for- 
mula of the general term; however, if we have found the formula in 
some way, Say by trial and error, then the proof of it can be carried 
out by the induction method. That is exactly what we did above: 
equation (1) suggested what the formula for the general term might 
be like, and then we demonstrated this in rigorous fashion. In this 
process, of course, the method of trial and error, the mode of obtain- 
ing a formula or an assertion is not a necessary element of the proof. 
On the basis of some kind of reasoning or guessing we conjecture an 
assertion, then we can proceed to proof by induction. 

Let us consider some examples of induction proofs. 

1. Prove that the sum of n terms of a geometric progression is 

a, (q?—I1 
$,=2t (2) 
For n=1 the equation holds true since 
Q — 
S,=4,= 9%" l) 
Assume that (2) is valid for n=, that is, S,= “te, Then 


a, (gq? —1 ay (gkti~] 
Spr = Spt Opry = PE 4 aygt = A) ss, 


or equation (2) is true for »=-+-1. Therefore it holds true for any n. 
2. Prove that if n is a natural number, then 4"°+15n—1 is divisible 

by 9. 

For n=], the number 4"+15n—1 is 18, which is divisible by 9. 

Assume that 4’-|-15k—1 is divisible by 9 and take n=k--1. Then 


Ak+1 4.15 (k-- 1) 14 (44-4 15R—1)—-458-+18 
. == 4 (4* + 15&-—1)—9 (5k —2) 
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But by the induction hypothesis 4-1 15k—L. is divisible by 9, and the- 
refore the right member, and so too the left member, of the equation 
is divisible by 9, which completes the proof.* 

3. Demonstrate that if a and b are positive numbers and a<b, then 
for any natural n the inequality a®< 6" holds true. 

The assertion is obvious for 2==1. Suppose that a# <_b*; multiplying 
the inequality by a positive number a, we get a*+! << ab*. But 0 is a 
positive number and so b*a< 6*8, or 


qr+2 < pe+t 


which is what we sought to prove. | 
4. Prove the formula for the number of permutations 


Pi,=m(m—I)...(m—n-+1) 


We will assume that m is a certain fixed integer and we will carry 
out the proof by induction with respect to n. For n=1, the left member 
is equal to P1,, which is equal to m, and so the formula holds. Assume 
that 

Pt = m(m—1)...(m—k+ 1) 


In order to take the induction step, we establish the relation 


To do this, write out all permutations of m elements taken k at a time 
and affix to each one each of all the elements that did not appear in 
the permutation. Thus from each permutation of m elements taken 
k at a time we obtain m—k permutations of m elements taken k--1 
at a time. There will consequently be a total of (m—k)P*, such permu- 
tations. It is easy to see however that among the permutations thus 
obtained there will be all the permutations of m elements taken k-+] 
at a time, each one appearing exactly once. Therefore Pé*! =(m—k) P*, 

Utilizing the relation just proved and the induction hypothesis, 
we get 


pktt — Pk (m—k)=m(m—1)...(m—k-+1) (m—R) 
=m(m—1)...(m—k-+1) [m—-(k-+- 1)-+ 1] 

which completes the proof. | 
Note here that the method of induction need not begin with n=], 
It is.of course possible to demonstrate the proposition for some n=np, 


* This assertion can be proved without induction. Indeed, using the binomial 
theorem. we have, forn=2, 


47+. 15n—1] = (3+ 1)"-+ lon—] 
Btn Bt-lt | A Cet Bt + lin 


=9 (87-21 B43 Ch Qn) 
whence it follows that the given number is divisible by 9, 
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eed 


‘take the induction step and obtain the result that the proposition 
holds true: for all integral values of n which are greater than or equal 
to the initial number no. Naturally, the induction hypothesis is then 
of a modified form: namely, we assume that the proposition being 
demonstrated holds true for n==k2>n. Finally, it is important to 
bear in mind that for values of 1< np the assertion may be either true 
or not true. At any rate, the proof via the method of mathematical 
induction does not allow us to draw any conclusions concerning the 
validity of the assertion for lan< no. . 

Both stages in the induction proof—choice of the basis of induction 
and substantiation of the induction step—are equally important and 
quite independent of each other. To take an example, let us try to 
find out whether the inequality 2" > n°, where n is a positive integer, 
is valid. It clearly holds true for n=1. We verify the possibility of 
taking the induction step. Suppose that for n=k we have the inequ- 
ality 2% > k*. Then it is obvious that 2*+!=2-2? > 2k?, and to justify 
the induction step it suffices to establish the inequality 2k? > (k+1)? or 
f2— 2k—1>>0. However, this latter inequality is only valid if > 1-++ 
4-V, that is, if k >>3. We cannot therefore take no>=1 for the basis 
of induction because we will not be able to take the first induction 
step. It is then natural to try no=3 for the basis. In this case, we can 
take the induction step, but it is verified directly that for n=3 the 
inequality 2”> n® is not true, and so we cannot start the induction 
process. It is only for n==5 that the inequality holds, and so we can 
take no=5 for the induction basis; for n>=n, the induction step is 
also valid. And so the inequality 2” > n? is true for all integral values 
of n >=5. For some values of n less than 5 the inequality is also true 
(n=1) but for others it is not true (n=2, 3, 4). 

5. Prove that for n>>1 the following inequality is true: 


nl < (“)’ (n} = 1-2-3... n) 


For n=2 we obtain the true inequality 2<<9/4. Suppose that ki<< 
<(“)" Then by the induction hypothesis (k-+I1)I=A!l (R-+1)< 


<(“E "+0. If we now prove that 
RkR+-1\A h-+-Q\k+1 
(A) een <P) (3) 
the theorem is proved because then 
k+1\% k--Q\k 
(een < (EV et < (BE) 


that is our inequality holds true for n=k-+1. 


96 Ch. l Arithmetic and algebra 


Inequality (3) can clearly be rewritten as 
1 \k+. 
2<(1+e7) 
But the binomial theorem yields 
l R+1 l 
(1+¢¢7) =I+R+Igat...>2 


so that inequality (3) holds and the original inequality is thus pro- 
d.* 
ars Prove the theorem: if a product of n>2 positive numbers is equal 
to 1, then their sum is greater than or equal to n, that is, if x\x....%,=1, 
X10 0, X27 0, «60, Xn 0, then xy pXyet ... teen. 
If n=2, we have to prove the assertion: if x.x,=1, then x,+%, 22. 


But this is obvious since the arithmetic mean ares of two positive 


riumbers is greater than or equal to the geometric mean Vx4x,=1, 
that is, x,+x,522. Besides, equality, +,+%*,=2, is achieved only 
when x1=%,=1. a 

Making the induction hypothesis, iet us take any positive numbers 
X1, 0+) Xey Xpoi that satisfy the condition x, ... X_-iaXn i=l. If 
each of these numbers is equal to 1, then the sum x,+ ... +-x,-+-%, 415 
~—-+1, so that in this case the inequality at hand is true. 

But if this is not so, there will be, among them, a number less than 
1 and a number exceeding 1. Suppose that x, > 1, x, 41<.1. We have 


Xp vee Xpny (XpXp41) = | 


This is a product of R numbers and so the induction hypothesis is ap- 
plicable and we can assert that 


x, Pa oF Xpmt +X pXp ty = R 
But then 


Xy-k oe Expert Xe t Men RX pt bX Xp 
| | = RA + (xX,—1) (L441) > A+! 
since x,—1>>0 and 1—x;,4:>>0, which completes the proof. 
Note that we also established the fact that, in the relation being 
demonstrated, equality is only possible when all x,=1; however, if 


not all.x, are equal to 1, then we have the sign of strict inequality in 
this relation. 


From this theorem follows a generalized inequality between the arith- 
metic mean and the geometric mean for n> 2 positive integers: 
SM hy MD 0; vey Hy > 0 


* For a different proof of this inequality that does not make use of the method 
of mathematical induction see Problem 15 of Sec. 1.8. 
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Indeed, denote x, ... Xn by cand x;/c by y. Then y, ... In= 
= *1+-*n —], By what has been proved, y:+ ... +Yy, =n, that is, 
ch 


Xho Fn y or fhe in c. This completes the proof. 


This inequality is widely used in proving other inequalities. For 
example, if we apply it to the integers 1, 2, ..., 2, we immediately 


get the inequality 
a ae }+2+ ...+n 
1-2 A 


or Van<th, whence ni<() . In Problem 5 this inequality 
was proved by induction. The second proof is clearly simpler. 

The method of mathematical induction finds extensive use outside 
of algebra too, such as in the proof of trigonometric relations and geo- 


metric propositions. ae 
7. Prove that for every positive integer n the inequality |sinnx|< 


<n |sinx| holds true. | | 
The inequality is obviously true for n=1. Assuming that |sinkx|< 


<k-|sinx|, we prove that |sin(k-+-1)x|<(A+1)- [sinx|. Indeed, 
taking advantage of the inequality |cos kx]<1, we have 
|sin(k-+ 1) x|=|sin kx-cos x -+ sin x-cos kx| 
<|sin&x|-|cosx]+|sinx|-|cos kx | 
< |sinkx|-+|sinx| <&|sinx|+|sinx|=(k+ 1)-]sinx| 


The required inequality is thus valid. 
8. Prove that for every natural number n the following equation holds 


true: 
on . ont 2 AN to. atl 
sing-+siny +... +sin==2 sin sin-—ax (4) 
For n=] we obtain the true equality 


: pL - Uo. Tt 
sinz = 2sin—sin = 
Making the induction hypothesis, we consider the sum in the left- 
hand member of (4) for n=R-++1: 
sin +sin+...4+sin-+sin€t9* 
=2sin*2 sin CEU* + sin FEDS 
= 2sin sin $9 4 9 sin PEN og REV 


= 2sin@ te | sin  +-c0s 


= 2sinf FY. 9 sin = COS 


oan, (Rta (k—l)x 
= 2 sin-—3— cos ——-—— 
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To complete the proof it suffices to note that 


k—l)n ... [n (k—-I)a 
cos Ca =sin -—- 
° = ° 4—k ° 
ies v8 = sin(a—S 2 5) = sin 


The proof of formula (4) is thus complete.” 

9, In a plane draw n straight lines such that no two are parallel and 
no three pass through a single point. Into how many parts do these lines 
divide the plane? ; 

After making appropriate drawings, we can write down the follo- 
wing correspondence between the number a of straight lines satisfying 
the condition of the problem and the number a, of parts into which 
these lines partition the plane: 


n=l, 2, 3, 4, 5,... 
a,=2, 4, 7, 11, 16, ... 


It is easy to see** that the following expression will serve as the 
general term of the sequence ap: 


G1 Ra eC ot l) (5) 


Formula (5) can readily be verified for the first few values of n, but 
this of course does not mean that the answer to the problem is at hand. 
The assertion requires additional proof by the method of mathematical 
induction. | 

For the moment, let us forget the foregoing and prove that n straight 
lines (no two of which are parallel and no three pass through a single 
point) divide the plane into a, parts, where a, is computed from for- 
mula (5). 

It ; obvious that (5) is true for n=1. Making the induction hypo- 
thesis, we consider k+1 straight lines which satisfy the conditions of 
the problem. Separating out & lines in arbitrary fashion, we can say 


that they divide the plane into 1+ ar parts. Now adjoin the 


(k+1)th line. Since it is not parallel to any of the others, it will in- 
tersect all & straight lines. Since it does not pass through any of the 
intersection points of the other lines, it will pass through the k+1 
pieces into which the plane is divided and will cut each of these pieces 


* See Problem 7, Sec. 2.2, for a different proof of (4) that dispenses with mathe- 
matical induction. : 

** First note that, judging by the first terms, the sequence a, is such that the 
differences a,—@;, @g—@), Qy—Qg3,... form an arithmetic progression, and then take 
advantage of Problem .8 of Sec. 1.7, 
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into two pieces, thus adding another k-+1 pieces. Thus, the total 
ae of pieces into which the plane is divided by the &=-1 straight 
ines is 
k+1)+ 1 
ppAGE ss py pp EPO ages 


The proof is complete. 
It is evident from the foregoing that the method of mathematical 


induction is applied in the proof of propositions involving a natural 
number n. However, many propositions that do not involve n at all 
can be replaced by equivalent ones that depend explicitly on n. The 
following is an illustration. | 

10. At any time, the total number of persons on the earth who shake 
hands an odd number of times is even. . 

To prove this, assign to each handshake a number in natural (chrono- 
logical) order. Then our assertion is equivalent to the following: for 
every n, after a handshake with number n, the number of pcople who 
have made an odd number of handshakes is even. 

This assertion depends on n and we will prove it by induction. For 
brevity, call “bad” the people who have made an odd number of hand- 
shakes, and “good” the rest. 

After the handshake with number 1, we have two bad people, an 
even number. After the Ath handshake, the number of bad people is 
even, and let handshake number &+1 take place. Three cases are pos- 
sible: it will occur between (a) two good people, (b) two bad people, 
(c) a good and a bad person. 

In the first case, two good persons add one handshake to their even 
number and become bad, in the second case, two bad persons become 
good, and in the third, a good person becomes a bad one and a bad 
one goes into a good one. Thus, the number of bad people either increa- 
ses by two or decreases by two, or remains unchanged; in any case the 
number remains even. The proof is complete. 

The examples we have examined show how successfully the principle 
of mathematical induction can be used in diverse problems. At the 
same time, the strength of this method should not be exaggerated, for 
there are numerous problems that would seem to be specially made for 
the induction method, yet attempts to apply it fail. g 

As an instance, let us try proving by mathematical induction the 
inequality 
l ! ] l 
otegT TEST 


For n=1 this inequality is of the form 1/9< 1/4, which means it is 
valid. Assume that it holds for n=k: 


i ell 
ott tom T 
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For n=k-+1 the left member is equal to 
1! ee Lneweny Pen oN 
ge ee -TOEfap E gg yO + OeFIp + RES 
By the induction hypothesis, the sum in the square. brackets is less 
than 1/4 and so | 
l l l l | 
tet: tary ST tare 


It is clear that from the above inequality we cannot in the least 
conclude that the left member is less than 1/4. Thus, our proof by in- 
duction has come to a halt. Yet this inequality is easily proved by a 
different method (see Problem 13 of Sec. 1.8). 


Exercises 
Prove the following formulas by matheinatical induction: 


1. (a) P4248... ptt Cn tI), 
(b) PBA (rotates (1p EY) 


2 
2, 134 23434...+n3= eo 
3, The number of permutations P,, of n elements, n > 1, is 
P,=nl=1-2-3...2 
4. De Moivre’s formula [r (cos p+-i sin p)]" =r" (cos np-+i sin ng). 


sin y.sin > 
. § (a) sinx-+sin2x-+..,-+sIin ee 5 ORT 
sin — 
2 
sin (xP) sinh h 
(b) sinx-++-sin(x--A)-+...--sin (x--nh)=—L_ 4/7 2 | 
sin > 


h x 2kn. : 

ere eee 1 bl ) 1 1 
sa Nae ce TS a ae Sa emer 
Prove the following inequalities: 

7. nl > 2"! if n> 2. 

8, 2?-nl <n" if n> 2. 


2 ye < [EEDGEt YT 


10. (2n)l < (=) 


2 
Ay 


pal id ie A Sami 4 On 
ii, ag Py - er sn ifa, >0, ..., a, >0. 
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2 24 72\atbte 
I (Se > a%bbce if a, b, ¢ are distinct positive integers. 
a+b-be 
13. Prove that for every integer n, n?—n is divisible by 7. 
14. Prove that for every integer nm the number I]”#+?-£122"+1 js divisible 
by 133. 
15. Prove 


| I l ] I 
logy 2-log, 4 ss log, 4: logy gt — T Tog, 2h—1. logy 22 ( i) logy 2 
16. Prove that for every positive a and 6 and all natural values of n the in- 
equality (a4-6)" < 2" (a"-+-b") is true. 


17. Prove that for every a > 0 the inequality V a+ V/ atVa+ weet Va< 


< inal aaa (the left member contains an arbitrary number of radicals) 


~ 


holds true. 


18. Prove that for all positive integers n and & the equation Casi—Chart+ 
4- Chay. t(— 1RCh ay = (— IRCE is valid. (By definition, C?,=T1 for every 


mand Ch=0 if q > p.) 
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Two things will engage us in this section: the absolute value (also 
called modulus) of a real number and the principal square root. 

In most cases, students state the correct absolute values of given 
real numbers, but when it comes to giving the definition of the abso- 
lute value of a number, we often hear such meaningless phrases as: 
the absolute value of a number is the number without a sign or the 
number with the plus sign, or the positive value of the number. A clear- 
cut definition of this important concept is required at all times. 
The absolute value of a number a (denoted by |q]) is defined as follows: 


a if a>O 
|a|= 0 if a=0 
—a if a<O0 


This definition enables one to compute the absolute value of any 
real number. One only needs to use the first, second or third line of 
the definition, depending on whether the given number is positive, ne- 
gative or zero. 

For example, what ts the absolute value of the number —3? A full 
answer is: —3<<0, therefore, by the third line in the definition, the 
absolute value of the number ~—3 is —(—3)=38, that is, |—3]=3. 

Noting that for a=0 the equality Ja|=a is true, we.can write the 
definition of the absolute value more compactly (also see Exercise 1): 


a if aSo. 
al={ 2 ft azo (1) 
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From the definition of absolute value it follows that |a]20 for 
any a. This is a theorem, although it is a very simple one. In the proof 
we consider two cases: 

(a)as>0. Then Ja|=-a0, which completes the proof. 

(b)a<0. Then |a|=—a. But —a>0 since a<<O, that is ja|>0, 
which is what we set out to prove. 

Bear in mind that the fact that the expression |a] is always positive 
or zero is not a definition of absolute value but a corollary; the defini- 
tion does not in any way involve the sign of the expression |a|. 

It is easy to see that, geometrically, |a| denotes a distance, that 
is, the length of a line segment of the number line (a positive number 
or 0) from the point a to zero, It can also be proved (by examining 
separate cases) that Js—a] is the distance between the points a and b 
(see Exercise 5). These geometric representations are very useful in 
solving problems, and in elementary cases permit finding the answer 
immediately without resorting to the standard method which we 
now consider. : 

For example, the equation |[x—1|=2 is solved geometrically as 
follows: its solution set consists of points at a distance 2 from point 
1; that is x,=3, x,=—1. The same goes for the solution set of the 
inequality |x-+2]<5, which consists of points lying at a distance 
from —2 not exceeding 5, that is, of points in the interval —7<x< 3. 

The following absolute-value properties are very useful in problem 
solving: | 

For any real numbers a and b, 

I, |a+b|<|a|-+-] 0], 
I. |a—b| >|/a|—|5], 

III. |ab| =|al| bd], 

IV. |= ee ey 

The easiest to prove are Properties III and IV. This is done simply 
by taking all possible combinations of the signs of a and b and is left 
to the reader as an exercise. Note the following important corollary 
to Property III: |a|?=a? for every a (indeed, putting a==b, we get 
la|?= |a?|, which is equal to a’, since a? 0). | | 

To prove Property I note that 


Ja-+ bP = (a+b)? =a? +4 2ab-+ 02 


(Ja) +- 6)*=|aP-+2|a]-[b|-+] 6) =a°4-2| ab] 40° 
but ab< Jab, so that 

ja+bP?<(ja|+]|) 
But of two nonnegative numbers |a-+-b| and |a|-+ |b], the smaller 
one is that whose square is smaller. This proves Property I. A difle- 
rent proof may be given based on examining possible cases. 


» 
—a 
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Property II may be proved in similar fashion or it may be derived 
from Property I. Namely, by Property I 
ja[=|(a—b)+6|<|a—b[+|6| 


whence |a|—|6|< |a—d]. Similarly we prove that |b|—|a|< Ja—b). 
But one of these two expressions, either |a|—[6| or [6|—Ja] is nonne- 
gative and consequently coincides with its absolute value so that 
(ja|—|6||< Ja—6|, which is what we set out to prove. 

Problems involving absolute values are, as a rule, worked by the 
standard procedure of getting rid of the modulus (absolute-value) 
sign: the definition is used in considering all cases of the distribution 
of signs of the expressions under the absolute-value sign, and in each 
of these cases the modulus is replaced either by the expression itself 
or by the expression with opposite sign. This gives us a problem in 
which there is no absolute-value sign.* This procedure is rather fami- 
liar to the student but two grave mistakes are commonly made when 


applying it. — . . | 
The first mistake is connected with a misunderstanding (or improper 
handling) of the definition of absolute value: when in place of x we 
have some kind of expression f(x) under the modulus sign (this occurs 
rather often), then in place of the proper equation 
f(x) if f(x) >0 
Fe) l= 4 —f(x) if Hs) <0 (2) 


we all too often find the student writing 
fj f(x) if x>0 
OOI=) —fix) if x<0 


‘-h is obviously quite incorrect. 
i ond mistake follows from an insufficient grasp of the logical 


esserice of the procedure itself. Indeed, a consideration of specific 
instances, say in the solution of an equation or inequality means that 
in each case we see the solution only in some narrow region, namely 
in the region defined by the conditions of the specific case at hand. 
This forces us, after finding the solutions, to select those which appear 
in the indicated region, that is, such as satisfy the conditions defining 
the specific case. What frequently happens, however, is that the stu- 
dent correctly isolates the individual cases, solves the equation for 
each case, but leaves untouched the conditions of the cases, regarding 
them as something unnecessary. . 

True, both types of mistakes are sometimes merely the vesult of 
carelessness, but they still remain mistakes that have to be rectified. 


* It is well to bear in mind however that this procedure is not in itself a solu- 
tion to the problem at hand. Serious difficulties may arise after its application. The 
technique is to remove difficulties connected with moduli and to 


yurpose of this 
restinpe {he problem so that there ts no absolute-value sign. 


3---3480 
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Generally speaking, in problems which involve a consideration of a 
large number of cases, care, accuracy and attentiveness on the part 
of the student are of prime importance. 

Let us consider a number of examples. 

1. Solve the equation x*—2 |\x|—3=0. 

To get rid of the absolute-value sign, we consider two cases: 
(a) x20 and (b) x<0. 

In Case (a) we obiain the equation x? — 2x — 3 = 0, whose roots are 
x,= 3, X,=—I. But for (a) we need only x0 so that only x =3 is 
4 root of the original equation. 

In Case (b) the equation becomes x?-+-2x — 3 = 0, whose roots are 
x,=1, X,.=—3. But in this case, by Condition (b), we are only inte- 
rested in negative roots, x=—3. 

Thus the original equation has the roots x,,.=+3.* 

2. Solve the equation |x?’—x—6|=x-+-2. 

Consider two cases in succession: 

(a) x2 —x—6<0. In this case we have the equation —x?-+-x+-§= 
=—x+2 with roots x,=2, x,.=—2. Now check to see whether x, and x, 
satisfy Condition (a). To do this, substitute these values into the left 
member of the inequality x2— x —6<0. We then obtain the numerical 
inequalities —4<(0 and 0<0. The first is valid, the second is not; 
and so only 2 is a root of the original equation. : 

(b) x? — x — 60. In this case we have the equation x? —x—6=x-+2 
whose roots are x,=4, x,= —2, Since both of these values of x satisfy 
Condition (b), both 4 and —2 are roots of the original equation. 

Thus, the original equation has three roots: —2, 2, 4. 

Let us examine this solution more carefully: first we rejected the 
value x==—2 and then found it again, so that in the end this value 
was a root of the original equation. How is this to be explained? The 
point is that in the first case we rejected x=:—2 but we did not assert 
that it is not a root of the original equation. The only thing we main- 
tained was that this value is discarded due to the restrictions imposed 
on x by the condition of Case (a). Quite naturally, there is nothing to 
stop this value from satisfying the condition of another case and thus 
to become a root of the original equation. 

We now examine a problem in which the first of the two blunders 
mentioned above have frequently been made at examinations. 

3. Solve the inequality 


| x?-+ 3x]-+x2—2 >0 


In accordance with the definition of absolute value we have to con- 
sider two cases: ; 


(a) x?-+ 3x >0, (b) x?-+3x <0 


* Note that by the substitution y= |x| w 
diiadratic equation: y= |x| we can reduce the given equation to a 
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yet some students regarded the cases x2>>0 and x<0. In the first 
instance, the absolute-value sign can indeed be removed; for x>>0 the 
inequality x?+3x20 is also true, but for x<<O0 we cannot say any- 
thing about the sign of x?+4-3x, yet this did not deter these students 
from writing, for x«<O, |x?+3x|=—x? — 3x or even |x?+-3x] =x? — 3x. 

In the correct solution, for Case (a) we get the inequality 2x?+ 
+3x—2>0 thesolutions of which are x<.—2 and x > 1/2. Condition 
(a) is satisfied for x<—3 and for x20. We now have to choose from 
these solutions those which satisfy Condition (a), or x<—3 and x> 
>> 1/2. This is most easily done in Fig. la. We get the solution [for 
Case (a)]l: x<—3 and x>1/2. 


Fig. t 


ae ties a eee elle (¢) 


-3 -2/3 if2 


In Case (b) we have the inequality —3x--22>0 or x< —2/3. Con- 
dition (b) is satisfied for —3<.x<0, so that out of all the x< —2/3 
there only remain the values of x which lie in the interval —3<cx< 
< —2/3 (Fig. 10). 

Combining the solutions found in (a) and (b) (Fig. Ic), we get the 
answer: x< —2/3 and x>1/2. | 

4, Solve the inequality 2| 34+-5x—2x?|< I—x. 

Consider two cases: 

(a) 3+-5x—2x?>0. In this case the given inequality can be rewrit- 
ten as 2 (3-+-5x—2x?) << 1—x or, after simplification, as 4x?—llx—5 > 
>0. This inequality holds true for x> (11+) 201)/8 and for << (11— 
—)/201)/8. But of these values of x only those that satisfy also the 
condition of the case at hand, that is, the inequality 3+5x—2x?>0, 
can be retained as satisfying the original inequality. Solving this 
inequality, we find that it is satisfied for —l/2<x<3. 

Now we have to choose from the intervals x> (11 +V/201)/8 and 
x< (11—J/201)/8 those values of x which simultaneously lie in the 
interval —V/2<x< 3. This is easily accomplished on the number axis. 
Mark points (11-— V 201)/8, (11-+-V201)/8, —1/2 and 3 (Fig. 2). From 
the figure it is clear that not a single value of x satisfying the ine- 
quality x>(11+V 201)/8 lies in the interval —1/2<x*<3, which 
is to say that there is not a single solution of the original inequality 
among these values of x. Among the values of x<(11—V 201)/8 there 
will be some which appear in this interval; these are all values of x 


3% 
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in the interval 
l 11— Y 201 
-ySise— ye 
They form the solution set of the original inequality im the case at 


hand. . 
(b) 3-+5x—2x? <0, In this case we have the inequality 2 (2x?—ox— 
—3) < 1—x or 4x°—9x—7 <0. Solving this inequality, we get 


—V 9+ V 193 
9 oe KK ama 


However, from these values of x we have to choose only such as 
at the same time satisfy the inequality 3-+-5x—2x?<0 whose solu- 


N-V201 +V28) I-VI9GS 9 +VI93 
eS om eo —a a 
Fig. 2 gc, Fig. 3 Paes ie eee ome eee 
= -4 of J 


tion set constitutes two regions: x<¢—1/2 and x>3. From Fig. 3 it 
is evident that the interval 


9— VY 193 1 
ape ee ee 
is the solution set of the original inequality in the case at hand. 
Thus, the solution set of the original inequality consists of two 


intervals a 
9— Y 193 | l11— V 201 
oie aC CxX< ~> and —>7<x%< ——y-—— 
It is easy to see that these two intervals combine into one so that 
the final solution of the given inequality is the interval 


9— VY 193 li— Y 20! 
ad ae 


A few remarks are in order on how to make drawings like those 
shown in Figs. 2 and 3. The most important thing is to be very careful 
in plotting on the number line the points which correspond to the 
given numbers and see that the proper sequential order of the points 
is maintained. For example, if the numbers are almost alike, do not 
bunch them together but spread them out even if the scale becomes 
somewhat exaggerated. In some cases plotting the points in the requi- 
red order is so complicated that one has to resort to approximate com- 
putations and even, occasionally, to proving numerical inequalities. 

For example, in Fig. 2 the number (11—//201)/8 is to the right 
of —I/2. This follows immediately from the easily proved inequali- 


ty —1/2<(11—V201)/8. In the same way, the number (11+ 201)/8 
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lies to the right of the number 3 since 3<(11+V 201)/8 (because 
VY 201>14 and, hence, the numerator of the fraction in the right 
member exceeds 25). 

Let us now consider some examples in which there are several ex- 
pressions under the absolute-value sign. To get rid of the absolute- 
value sign in these examples, the procedure calls for examining all 
possible combinations of these expressions. That is what we will: do 
in the first example. In the next two we will show how this can. be 
circumvented. 

5. Solve the system of equations 

|x?—2x]+y=1 
+ly| =! 
There are four possible distinct combinations of signs in the ex- 
pressions under the absolute-value sign: 
(a) —2y>0, y>0, (b) ?—2x>0, y <0, 
(c) x?--2x <0, yd, (d) x*—2x <0, y<0 


We consider each one in succession. 
(a) In this case we have the system 
x?—2x+y= 1] 
Cty] 
whence we readily get x =0, y=1. This pair satisfies Condition (a) 
and therefore is a solution of the original system. 
(b) In this case the system is of the form 
xv— 2x + y= | 
x?— y= | 
whence, adding the equations we get x3—x=1, that is, x:,2=(14V5)/2. 
The appropriate values of y may be computed from the second equa- 


tion, but this can be done more simply as follows: indeed, x, and x, 
satisfy x*—x=1 and, comparing it with the second equation, we get 


Y=X, OF Hy .= (LEV 5)/2. . 
We check Condition (b). Since y, <0, the pair x1, y; does not satisfy 
it and must be rejected. Now, since y, satisfies (b), and for x, the ine- 
quality x?—2x >0 is true (because x,<0), in this case we have the 
solution x==(I—V5)/2, y=(1—V5)/2. 
(c) In this case we get the system 
—X+2x4+-y= 1 
xv-+y=l 
whence, subtracting the first equation from the second, we get x?—x=0, 
or 4:=0, x.=1, and y,=1, y.=0. The pair x,, y, does not satisfy (¢) 
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and X2, 2 satisfies (c); hence, the pair x=1, y=0 is the solution set 
in this case. 
(d) Here we have the system 
7 x* -+- Qx+ y= ] 


?—y=] 


whence, adding, we get x =1 and soy = 0. But this pair does not satisfy 
Condition (d) and so must be rejected, although it is a solution of the 
original system. The situation here is the same as in Example 2 where 
this was explained. 

Thus, the system of equations has the following three solutions: 


x,=0, w=h mw=(I—V 5), y, = (1—V 5)/2; 
x,=1, y,=0 
6. Solve the inequality 
|x—1|—|x]+]2x+38] > 2x+-4 


This problem requires considering a total of 8 combinations of signs 
but we can manage things so as to consider only four. This is achieved 
bv a special technique called the “method of intervals”. 

Mark on the number line those values of x for which each of the 
expressions under the absolute-value sign vanishes: the points —3/2, 0 
and 1. Thus, the entire number line is divided into four intervals:* 


3 3 
eee, = ere 0, 0S r<i, iz 


Let us consider each of these regions. 
(a) <>. In this case, 2x+3<0, x<0 and x~—1<0, i.e. the 


initial inequality takes the form —x+1-+-x—2x—3—>2x+4. It is 
satisfied for x<(—3/2; in conjunction with Condition (a) we find 
that x< —3/2 is a solution of the original inequality. 
Pia eet ris a 7 this 7 a ee x<<Q and x—1<<0, and 
erefore the original inequality takes the form —x-+1 
ete i.e. O>0. ee isa tare 
This inequality is usually a stumbling block. How is it to be re- 
solved? Actually, of course, there is nothing to solve: it i sitaply thet 
for every x in the interval —3/2<x<0, the original inequality turns 
ee ‘by invalid inequality 0 >0 and therefore has no solution for 
ase (b). 
(c) O<x<]I. In this case, 2x+3 >0, x20 and x—1!<0; conse- 
quently the original inequality reduces to the inequality —x+]— 


* ‘Note that the intervals may also be written thus: x | 
x e—3/2, —3/2 
a <= x<1,1<-. It iseasy to see that this does not change anything in the ae 
ur choice was made in accordance with the definition of absolute value in the form 


(1). 
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-—x+2x+3 = 2x+4. It is satisfied for x <0. But this relation is 
inconsistent with Condition (c): there are no solutions of the original 
inequality among the values of x in the interval O<x <1. 

(d) 1<x. In this case the inequality takes the form x —1—x+4-2x*+ 
--3 => 2x-+4, or 2—> 4; in other words, there are no values among x> 1 
that satisfy the original inequality. 

Hence the proposed inequality holds true for x < —3/2. 

It is quite clear from the foregoing that the function 


y=|x—1|—|[x|+[2x+3] 
may be written in the following form dispensing with the absolute- 
value sign altogether: ~ . 


(—%-2 f x¢—8, 
ye +4 if —L<x<0, 
4 if 0<x< il, 


2x-+2 if I<x 


This form of representing a function involving the absolute-value 
sign can be very useful in problem solving. 

In the following problem there are difficulties besides the two modu- 
li. True, it is more the nature of the difficulties than the degree which 
deter the student. Incidentally, Problem 6 (Case (b)) is of this kind. 

7. Solve the equation 

je@—9| 4] e—4|=5 


Following the method of Problem 6, we consider three cases:* 
(a) P<4, (b) 4 PSY, (C) I<’, 
In the first case, |x?—9|=9 —x?, |x?— 4|=4 —x? or 


9—x+4—V= 5, P= 4, 4. = 2 


But x? must be less than 4 in the first case, so the values x,,.= +2 
are unsuitable and the given equation has no roots in this case. 

In the second case, |x?— 9 |=9 —x?, |x?— 4 ]=x?— 4 or 9—x?+°—4= 
=5, or 5=5. At this point some students think the equation has “dis- 
appeared”. Actually, nothing serious has occurred; simply the ori- 
ginal equation is equivalent to the identity 5=5 when 4< x°<9, 
which is to say it is satisfied for all values of x. This means that any 
value of x which satisfies the condition 4<x*? <9 is a solution of the 
equation. It now remains to solve this double inequality. We then 
gel —8<cx <= —-2, 213. 

Actually, at this examination, some students did just the opposite; 
they wrote: “the equation becomes an identity and therefore has no 


* Here again we could write x®7<4, 42x? <9, 9<«cx? instead, and the final 
answer would naturally be th: same. 
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solutions for 4<.x? <9.” This is a bad misunderstanding which con- 
sists in regarding an identity as something quite different from an 
equation. Actually an identity is a special case of an equation. © 

The third case is considered in a manner similar to the first; no 
new solutions appear. 

Finally, the roots of the original equation fill two intervals of the 
number line, which is rather unusual for equations (unlike the situa- 
tion for inequalities). 

No less interesting in this respect is the following example, where 
the solutions constitute an infinite interval and one more point. 

8. Find the solution to the equation 


Oi xt2 1 | 2**1_ ] [= Q*tit. | 


We consider two cases. 

(a) x+220. In this case, since 2!**+2!=2**2 and 2*+2— Q*tt= 
=9*+1, we get the equation 2*+'—1l=|2*+'—1]|, This equation is 
obviously satisfied for 2*+!—1>0, or, what is the same thing, x-+1 2 
>0, that is x2—1. These values of x satisfy Condition (a) and are 
therefore roots of our equation. : 


(b) x+2<0. Here, simple manipulations and the substitution of 
y for 2**' yields : 


2y? + 2y + 2y|y—1]=1 


This equation can be solved by considering, as in the previous examp- 
les, two cases for getting rid of the moduli. But it can also be seen at 
a glance that for y>1 the left side exceeds 1 and therefore all we need 
to do is seek the roots y<c1l; but when y<1 we get 4y=1, whence 
y=1/4 so that x =—3. 


Combining the solutions obtained in Cases (a) and (b), we have the 
answer: x=—3 and x>—l. 

The foregoing examples show clearly enough that the concept of 
absolute value does not put up insurmountable barriers since the ab- 
solute-value sign can always be eliminated by the standard procedure 
of considering separate cases. Quite naturally, running through in- 
dividual cases is not the only way to sotve problems involving moduli. 

Very often the peculiarities of a specific problem permit finding 
other, shorter and more elegant solutions. This suggests that the stu- 
dent should. not start out immediately with separate cases as soon 
as he sees an absolute-value sign. This approach will always be there 
if nothing else avails. It is best first to take a hard look and examine 
the problem for other approaches. | 


Sometimes a unique device is found that leads to a solution directly, 
as witness the following simple problem. 

9. Solve the inequality x?--x-+|x|+1<0. 

The standard technique can be invoked of course, but if we rewrite 
the inequality as |x] <—(x?-+-x+1), it will be seen immediately that 
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it does not have a solution. Indeed, |x]>>0 for all values of x, and 
the right-hand member of the latter inequality is always strictly ne- 
gative because x*-+-x-+ 1 = (x-+ 1/2)?+3/4 >0. 

In the next problem the advantage of a special technique is conspi- 
cuous since the standard procedure requires tedious computations 
involving irrational numbers, while this simple device produces the 
answer very quickly. 

10. Solve the ineguality 


| x2?—3x—3| > |? 4-7x— 13| 


It will be recalled that, when squared, an inequality with nonnega- 
tive members is replaced by an equivalent inequality (see Sec. 1.10). 
Our inequality is equivalent to the following one: 


| x°—3x—3 |? > | x? + 7x—13 
But |a]?=a® so that this inequality can be rewritten as 
(x? -— 3x —3)? > (x2? + 7x— 18)? 


Now, transposing all terms to the right side and using the formula 
for the difference of squares, we get 
2 (x? -+- 2x —8)-10(x—1) <0 


or, what is the same thing, 
(x -+ 4) (x—2)(x—1) < 0 

This inequality is readily solved by the so-called method of inter- 
vals (see Sec. 1.10). [ts solutions, and consequently the solutions of 
the original inequality are x<c—4 and 1<ix<2. 

In concluding this examination of the concept of absolute value, 
we give a problem whose complexity lies in the presence of a parame- 
ter. However, as we will see, the factor of a parameter already makes 
the problem rather involved, requiring both a knowledge of method 
and a proper technique of solution, and also considerable accuracy. 

11. Solve the equation x|x-|-1]4+a=0 for every real number a. 

We consider two cases: x<<—1l and x>>—1. In the former case, 
the equation takes the form x(—x—1)+a=0 or x?+x—a=0. This 
is a quadratic equation with parameter a. We are interested only in 
those real roots of the equation that satisfy the condition x<—l. 
Naturally the roots depend on the parameter a: for certain values of 
a the roots may be real, for others, imaginary. For this reason we must 
first indicate the values of a for each of which the roots of the equa- 
tion x?-++-x—a=-0 are real. The condition for the reality of the roots 
is the nonnegativity of the discriminant: D=1-+4a2>0. In other 
words, the roots of the equation are real for a2 —1/4: 

—i+Vi+4e . _ —1—Y1+4a 
9 


= », a= 9 
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For the remaining values of a, that is, for a<_—1/4, the roots of this 
equation are imaginary. Consequently, for a<c—1/4 (in the first case 
now under consideration!) the original equation has no solutions. 

Thus it remains to seek the solutions of the original equation in 
this case for a> —!/4. Then, of the numbers x, and x, thus found we 
will have to take those which satisfy the condition x<—1. 

To do this we have to solve the inequalities 

aie ponte asa and ate fa a oe | 
The first one can readily be reduced to the form 1+ 1-+4a<0, which 
means it is not valid for any values of a. The second inequality is 
reduced tol <V1+4a and is valid for a >0, as can readily be seen. 

Thus, for a>>0 the original equation has one real root x=(—1— 
_/1+4a)/2 that satisfies the condition of the case at hand, x<—l, 
and for a<0 does not have any such root. 

In the latter case, we have the equation x?-+-x-++-a=0. The condition 
for reality of the roots, D=!1—4a 20, shows that this equation has 
real roots only for a<1/4; for a>1/4 (in this second case) the original 
equation does not have any solution. It remains to find, among a<1/4, 
those values of a for which the roots of the equation x?-+-x+-a=0 sa- 
tisfy the condition of the case x2—1, that is, to solve the inequali- 


ties 
oe Mer >—I1 and oe > 


The first inequality is reducible to the form 1+-V 1—4a> 0 and hence 
is valid for all admissible values of a, that is for a<1/4. The second 


inequality can be reduced to V 1—4a<1 and is thus valid for all 
admissible positive values of a, that is, for O<a< 1/4. 
Thus, in the domain x>—1 the original equation has two real 
roots for O<a<cl/4: 
X= —1+ V 1—4a yes —l—YVi—4a 
2 9. 
(for a=:1/4 these roots are coincident), and for a<<0, only one real 


root x=(—1-+V 1—4a)/2. There are no roots of the original equation 
for a> 1/4 in the domain x2 —1, 


To summarize, then, the results of these two cases are 
pa as V1—4a f 


5 ora< 0, 
—1—Vi-+4a —l1+ V l—4a =—)21/ }—4a 
Ci eae Eg ae =i 
for 0<a<4 


4 
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(for a=O we have x,==x5; for a=1/4 we have x,=X5); 


X= zt eet ALE for a>+ 
[n place of remarking that the roots coincide, we could have allot- 
ted the cases a=0 and a=1/4 separate lines: 


x,=—1, x,=0 for a=0, 
a bey l 
y= a » X, = — > for a= 


Closely connected with the notion of the absolute value of a real 
number is the concept of the principal square root. Let us ask the 
question: What is Vx? equal to? In other words, how can this expres- 
sion be written without the square-root sign? The most common answer 
iss Vx?=x for every x. It is easy to see that this is not the correct 
ariswer. Indeed, for x =—2 for instance we have 


V (2) =V4=2 4-2 


Another answer one often hears is that Vx?=-tx. This is also wrong 
because, by definition, V x? is a definite number and not two numbers: 


4-x and —x. 
To get at the heart of the problem, let us recall the basic definitions 


and facts relating to the concept of a root. | 

Definition t. A number b is called a square root of a number a if b?=a. 

According to this definition the two assertions “b is a square root 
of a” and “b?=a” are equivalent. 

To stress one essential peculiarity of this definition, let us compare 
it, say, with the definition of the square of a number: the square of 
a number 6 is the product of this number by itself. This definition has 
the merit that it gives a rule for finding the number 6?. In contrast, 
the definition of a square root is not so good in that it not only fails 
to indicate a rule for computing the square root, but it does not even 
follow therefrom whether the square root of a given number a can al- 
ways be extracted, and how many roots can be extracted, that is how 
many distinct numbers 6 can be found that satisfy the equality 6°?=a., 
Hence, the first thing we have to do is investigate the problem of the 
existence and number of square roots of the given number a. 

The complete result is given by three assertions: 

(1) /f a is positive, then there are exactly two square roots of a, one of 
them being positive, the other negative. 

(2) If a =, there is one square root of a; it is equal to zero. 

(3) [f a is negative, the square root of a cannot be extracted (note that 
in this section we consider only real numbers). 
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The mathematics curriculum of secondary school does not include 
the proof of the existence of a positive root of a positive number.” 
The remaining assertions in (1) to (8) are easy to prove and are left 
to the reader as an exercise. . 

Consider the positive number a. We can extract two square roots 
of this number. In order to distinguish between them, we introduce 
the concept of principal square root. | 

Definition 2. The positive square root of a positive number is called 
the principal square root of that number. _ 

The principal square root of a is denoted by- the symbol Va. The 
on V0 is always understood to mean the unique root of zero, 
that is, 0. 

Thus, the statement “b is the principal square root of a” is equiva- 
lent to the following two assertions taken together: “b?=a” and “b> 
=”; it is assumed here that a is a positive number or zero. If 6 is 
the principal square root of a, then the other root is equal to —b. 

To summarize, then, the expression V x? of which we spoke at the 
beginning is not just any number which, when squared, yields x’, 
but is definitely a positive number or zero. 

Then what is V x? equal to? 

For the sake of convenience we will assume that x54 0 since for x=0 
we clearly have V0? = 0 =0. By Definition 2 we know that /x? 
represents a positive number which, squared, yields x?. It is easy to 
see that the numbers x and —x (and only these numbers) have this 
property. But there is only one positive number among them, and it 
is precisely this positive number that is equal to V x. 

Thus, if x is positive, then V =x, if —x is positive (that is, x ts 
negative), then V x*=—x. And so we can form the following table: 


x if x>0 
—x if x<0 
Using absolute-value notation, we can write compactly 


V =|x| (3) 
for an arbitrary (real) x. 


The foregoing is very important with respect to algebraic and tri- 
gonometric manipulations. Disregard of this property can lead to 
serious mistakes (see Problem 1, Sec. 2.2). 


* A procedure is also indicated that permits computing a square root to any 
preassigned degree of accuracy. The student should know and be able to use this 
procedure for computing the square root of a given number. Note, however, that the 


school curriculum dces not include proof of the fact that this procedure does indeed 
permit computing a square root, 
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If not all letters in algebraic expressions involving radicals denote 
nonnegative numbers, always use formula (3) when performing iden- 
tity transformations. 
12. Simplify the expression (a>0, al) 


ee 1 — (Fe) | “F 


2ax — I 
XV GPO B— (at +4) fat $4 (1 —09)] 
f4ar [1+ (a +2) (a dar 4 4) 
x E +2-+-(a?* —4a¥ + 47] ~ 


and determine for which values of x this expression is equal to unity. 
Manipulating algebraically, reduce this expression to the simplest 

possible form. Taking advantage of the definitions of fractional and 

negative powers, we can transform the first summand to the form a* 


and the third to 


4a* 


V atx —4ax+4 
Hence, we can rewrite the given expression as 


atx —4a* +4 —_—_—— 
= = Q* —V (g* — 2)2 
V a*—4a* 4-4 V( 2) 


We leave it to the reader to carry out all the formal transformations. 

We already know that the latter expression cannot be written as 
a*—(qa*—2)=2: since the difference a*—2 is not necessarily positive, 
an answer such as “the proposed expression for all values of x is equal 
to 2” is erroneous. The true answer is: “The original expression can 
be transformed to the form a*—|a*—2|.” 

It remains to find those values of x for which 


a* —|a*—2|=1 


q* 


If a*>>2, then this equation quite obviously has no solution. But 
if a~< 2, then we have the equation a*—(2—a*)=1, for x, that is, 
a*=3/2. Noting likewise that the condition a*<{2 is also valid for 
this value of x, we find the desired value to be x=log,3/2. 


Exercises 
1. Are the following equations valid? 
a if a>O, a if a>0 
= b igs om Vy 
(a) Ja| a ee (b) |a| Sa > ane 


2, Prove that: (a) |xJ=[—x], (b) xx. 


46 Ch. I Arithmetic and algebra 


4 Prove that if |a]=0, then a=0. 
ae can 2 i about the numbers a,, ..., a,, if it is known that 
| alt 


5, Prove lial the distance between the points @ and 6 on the number line 
is we to |b—a|. 
. Solve the inequalities (a) |x—a| < 8, (b) |x—a|= 0, whereaand b > 0 
are re numbers, and give a geometric interpre ation of the solutions. 
Solve the following equations and inequalities: 


7, |38x—4]= 1/2. 8. [x+1]+2=2. 

9. ||x—1[4+2[=1. 10. |x—3|>—1. 

11. | 34-4 21x—x?]<S—-1, 12, |4—3x |< 1/2. 

13. | x|4++3=0. 14. | x2—1|+x%+1=0. 
15, | 2x—x?—3|=1. 16. (1x)? | 1—x? |. 
17. | x*@—6x+8[ <a 4—x. 18. | x?+4x+3| > x+3. 
19. |x—1L— x2] << | x? —3x +4]. 20. | x8—1 lac x?+x-+l. 


21, |x? — 4x 4-2 | = (5x —4)/3. 
22, (x-+1)({«]—1)=— 1/2. 
23, |x|—2[x+1[+3]x4+2|=0. 
24, Qr'¥t ae (P/Qpetlitixndi, 
25. (x4-4) 3!- 1-1! — y= (x-- 1) | 3%— 1 |-+ 3% 4141, 
26. |x—1 |S (++ 1)/2. 
27, |x—2| < x/2. 
28, | x*—2x—3| < 3x—3. 
29. x*—|3x-+2|+x>0. 
30. x?7-+ 2|x+3|—10<0. 
31. Solve the system of equations 
y—2|x|4-3=0 
ly|+*+—3=0 
Solve the following equations for every postive number a: 
32. x*-+-|x|/+a=0. 
33. 144'*1—2.12'*!'+q=0, 
34, Q-'¥ 31 4 Boe 2t gg), 
35, Prove that if the numbers x, y are of one sign, then 


Se — Ve + | SY 


=[*|+]y1 
36. Simplify the expressions 
8, V x, / x8, FR, V xy, / xlbyto 


37. Is the equation a V 6 = VY a’b always true? 


38. Simplify the expression V9—6a-+a?-+ Y9- bata ifa<—3, 
39. Simplify 


ee ee ee 
Viet2Ve-l Vx—2Vx—l 
for l<x <Q. 
40. Simplify the expression 


V (1—cos @ cos f)*—sin? a sin? B 
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1.5 Complex numbers 


One of the chief difficulties of this topic involves the definition of 
a complex number and the rules for handling complex numbers. 

Students sometimes define complex numbers this way: “a complex 
number is a number of the form a+6i, where a and 6 are real numbers 
and i=V —I”. This definition is not clear at all. First of all (see Sec. 
1.4) the radical sign is used to denote the principal square root of 
a positive real number, so what is /—I? 

The basic definitions of complex numbers may be given as follows. 

A complex number is an expression a-+-bi, where a and 6 are real num- 
bers and t is a symbol. Two complex numbers a+-bi and c+-di are defined 
to be equal if a=c and b=d. 

Algebraic operations involving complex numbers are, by definition, 
performed according to the same rules as are operations involving real 
numbers with the convention that i? is replaced by —1. 

One can then list the formulas for addition, subtraction, multipli- 
cation and division of complex numbers that follow from this defi- 
nition. 

The definition of a complex number given above is, strictly spea-- 
king, not rigorous. We give here one of several possible logically ri- 
gorous constructions of the theory of complex numbers, 

In order to construct the complex numbers we will consider formal 
expressions of the type a-+-bi, where a and 6 are real numbers. The term 
“formal” indicates that we do not attribute any meaning to them, we 
do not ask what they might signify and we do not try torelate such 
expressions to any real thing. We regard them in a strictly formal 
fashion: to obtain such an expression we have to take two equal and 
distinct real numbers a and 8, and, using the auxiliary symbols +- and i, 
construct expressions of the kind indicated above. For instance, 


243i, 2+(—3i), 240i, OF1i, (—n)+)V3i 


Likewise, we say nothing about the meaning of the auxiliary sym- 
bols -+ and ¢. The -+ sign here is not the sign of addition that we are 
used to, for we have always added only real numbers! So we regard 
this + sign as a formal symbol (a straight cross, as it were). Its sole 
purpose is to help in the construction of the formal expressions which 
we desire. 

Since these expressions are absolutely new entities as far as we are 
concerned, we will have to agree on how to distinguish them one from 
another, and in what cases they are to be regarded as equivalent (equal). 
We stress the fact that we have fo come to an agreement on this point 
and to give them a definition, and not derive them from any kind 
of earlier stated axioms or theorems. The point is that we have just 
introduced them ourselves and so, naturally, there can be no theorems 
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a ving them so far, and we can distinguish them in any way we 
wish to. 

So we start with the following definition. 

Definition 1. The expressions a+-bi and c-+-di will be considered equal 
if and only if a=c and b=d at the same time. The equality of the expres- 
sions a+ bi and c+di will be written a+bi=c-+dl. 

We can now state in which cases the two expressions will differ: 
a+bi and c+di are distinct if at least one of the two inequalities a-éc, 
b=éd is true. 

Our next task is to learn how to manipulate these expressions (via 
addition, multiplication, etc.). Again, this is something that is left 
up to us. 

el us proceed from the idea of arithmetic operations: to add or 

multiply two numbers means to apply a rule by means of which a 
third number is constructed that is termed the sum (or product). Thus, 
in order to be able to add and multiply these expressions, we must 
state certain rules for doing so. 

Definition 2. The sum of two expressions a+bi and c-+di is an ex- 


pression (a+c)+(b+d)i. We will denote the sum of the expressions 
a+bi and c+di by 


(a + bi) + (c+ di) 


Note that here, the sign + between the two parentheses has a new 
meaning, it is the sign of addition of formal expressions. 
Definition 3. The product of the expressions a+6i and c-+di is the 


expression (ac—bd)+-(ad+6c)i. We denote the product of the expres- 
sions a+bi and ctdi by 


(a -+ bi) (c+ di) 


We now introduce some generally accepted terminology. 

Expressions of the type a+-bi which differ in accordance with the rule 
following from Definition 1, which are added in accordance with Defini- 
tion 2, and which are multiplied in accordance with Definition 3, are 
called complex numbers.» — 

A natural question may arise at this point. Why wasn't the term 
“complex number” introduced at the start, but only after bringing in 
three definitions? This would not have been the proper approach since 
it is possible, on the basis of expressions of the type a+ i, to construct 
other theories that differ fundamentally from the theory of complex 
numbers, The kind of theory to be constructed depends precisely on 
the rules which we agree upon for handling these expressions. For 
_ this reason, when we speak about complex numbers it is not that we 

have in mind simply the set of expressions of the type a+bi, but that 


we always presuppose that they are to be added and multiplied in 
accord with Definitions 2 and 3. 
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So much for the definition of complex numbers. Now let us take up 
the theory. For instance, we can define the difference between two comp- 
lex numbers a+ bi and c-+-di as a complex number such that when it 
is combined with c+di yields a+6i, and prove that this difference 
(a-+-bi)—(c+di) is equal to (a~c)+(b—d) i. Next, we can define 
the quotient obtained by the division of a+6i by c4-di as a complex 
number, the product of which by c+di is equal to a+-bi, and prove 


that for c-+diz0-+0i this quotient —_ is equal to 


c-+-di 
ac-+-bd , —ad--bc, 


—————. -|- —______— | 


-C+d ck | 
A geometric interpretation of complex numbers can also be given 
and so on. 

Now for the fundamental question of how the real and complex 
numbers are connected. Let us examine formal expressions of the form 
a+0i. Using Definitions 2 and 3, let us compute the sum and product 
of two such numbers: 

(a+ 0i) ++ (6+ 0i) = (a+ 6)+(0+0)i=(a+6)4 02. 
(a + Oi) (64-01) = (ab—0-0) + (a-040-6)i =ab+ 0i 


We see that finding the sum of the complex numbers a+0i and 6+0i 
amounts to adding the real numbers a and 6, and then adjoining Oi 
to the result, or setting up an expression which looks like this: (a+ 
+-6)+0i. The same goes for a product. . 

Thus, operations involving complex numbers having the form a+0i 
are actually performed in the same way as operations involving real 
numbers. It is therefore quite natural to identify the complex num- 
ber a-+Oi with the real number a. 

By this identification, we find that the set of real numbers has be- 
come a subset (a part) of the set of complex numbers, which is to say 
that every real number is at the same time a complex number, and 
so the numbers a and a+-0i will not be distinguished in the future. 

Now consider the complex number 0-+-1i. This number plays so 
fundamental a role in the theory that for brevity we denote it simply 
as i. It then turns out that we can attribute the following meaning 
to the complex number a+6i which up to now has been regarded as 
a formal expression: it is the sum of the complex number a (that is, 
a+-0i) and the product of the complex number 6 (or, 6-+0i) by the 
complex number i (or, 0-+1i). Indeed, 

(a4- Of) + (6 + Oi) (0 + It) = (a+ 02) + [(6-0—0-1) 
+-(b- 1 4-0-0) i] = (a-+02) + (0+ bi) =(@+0)+ (0+6)i=a+ br 
The foregoing reasoning has enabled us to invest with meaning the 

sign (+) in the formal expression a+ bi; it can be regarded as the sign 
of addition of complex numbers. 


4 --3489 
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It now remzins to figure out the main property of the complex num- 
ber i. It can readily be shown that 


P=ii=(0+1)(0+1)=—14+0i=—1 


Now to summarize our findings: operations involving complex num- 
bers are performed by thesame rules used with regard to realnum- 
bers with the convention that i? is replaced by —1. 

The equality i#=--1 may be interpreted thus: the number i is a root 
of the equation x?+1==0. It was precisely the problem of solving the 
equation x?+-1=0, which does not have any real roots, that lead to 
the construction of the theory of complex numbers. 

To summarize, we give here a series of definitions. 

The complex number a--bi is called a real number if b=0. Examples 
of real numbers are I, —3, 0. 

A complex number a--bi is called an imaginary number if b=0. 
Examples of imaginary numbers are 2i, 1—i, V 7—iV 3. 

The complex number a--bi is called a pure imaginary if a=0. Exam- 
ples of pure imaginary numbers are —2i, ni, 0 

Note that the number 0 is both a real and a pure imaginary number, 
but is not an imaginary number. 

The number a is called the real part of the complex number a-+- bi. 

The number b is called the imaginary part of the complex number a+ bi. 

In the solution of many problems, one requires a geometric inter- 
pretation of complex numbers as points in a plane. Here, an essential 
role is played by the concept of the absolute value (or modulus) of a com- 
plex number z=a-+bi, which is defined by 

|z|=Vat +8 (1) 
The modulus is clearly a nonnegative real number defined uniquely 
by this formula for every.complex number z=a+bi. The modulus 
is endowed with a simple geometric meaning: |z| is clearly the distance 
from the origin of coordinates to the point associated with the number 
z. This geometric interpretation is revealed in many problems. 

1. Given, in a plane, a certain point representing the complex number 
z =a+bi. Locate the points (a) z+1, (b) z 2+. 

(a) Since the number z+1=(a+1)+0i, it follows that the coordina- 
tes of the point representing the complex number z+1 will be (a+-1, d), 
which is to say the ordinate remained unchanged and the abscissa was 
increased by 1. And so the point z+1 is obtained from the point z by 
a rightward shift of one unit (Fig. 4). 

(b) Since the number z — 2+i=(a— 2)+(6+1) i, it follows that the 
coordinates of the point representing the complex number z — 2+-i are 
(a — 2, 6+-1), or the abscissa is reduced by 2 and the ordinate is increa- 
sed by 1. And so the point z—2+i is obtained from z by moving 2 
units to the left and 1 unit up (Fig. 4). 

2. On a plane, locate points for which |z|=1. 
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According to the geometric interpretation of the modulus of a comp- 
lex number, all the points representing complex numbers for which 
lz]=1 lie at one and the same distance, equal to unity, from the origin. 
In other words, by definition, they lie on a circle of radius 1 with centre 
at the origin of coordinates. 

z-2+l 


Fig. 4 


3. Let \z|=2; where are the points 3z located? 

The points z which satisfy the condition |z|=2 are located on a circle 
of radius 2 with centre at the origin (see preceding problem). The 
point 3z is located on the same ray as the point z, but is distant 
from the origin three times that of point z. (Why? Make a drawing.) 
For this reason, the points 3z, where |z|=2, are located on a circle of 
radius 6 with centre at the origin. 

4, Let |z|=1; where are the points 1+4-2z located? 

The points z which satisfy the condition |z]=1 lie on a circle of 
radius 1 with centre at the origin. All points 2z, where |z/—1, are 
located on a circle of radius 2 with centre at the origin. The point 
9z-+-1 is obtained from point 22 by a rightward shift of 1 unit (see 
Problem 1). And so the points 1+2z, where |z|=1, are located on 
a circle of radius 2 with centre at the point (1, 0) (Fig..5). 


Fig. 5 


5. Locate the points for which 2< |z|<¢3. 

We know that points satisfying the condition |z|=2 are located on 
a circle. of radius 2 with centre at the origin. Now points for which 
|z]>>2 are located farther from the origin than the points of this circle, 
that is, outside the circle. Similarly, points satisfying the condition 
lz|<<3 are located inside a circle of radius 3 centred at the origin. 


4* 
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Hence, points which satisfy the condition 2< |z|<(3 lie inside an 
annulus bounded by concentric circles centred at the origin having 
radii r;=2 and r,=3 (Fig. 6). . 

A complex number may also be regarded as a vector, the origin of 
which lies at the origin of the system of coordinates in the plane and 
the terminus of which represents the given number. This makes for 


simple geometric interpretations of the operations of addition and 
subtraction. | 


Ifa vector OM , is the vector associated with the number z,=a+ bi 
and OM, is the vector associated with the number z.=c-+di, then the 


Fig. 6 Fig. 7 


sum of these vectors, OM ,-+OM,, is the diagonal OM; of a parallelo- 
gram OM,M;M,. The endpoint of this diagonal, the point Ms, ob- 
viously has the coordinates (a-++c, 6+-d) (Fig. 7). Hence, OM; is a vec- 
tor that depicts the complex number z3=2z,-+2,=(a-+c)+ (b+d) i. 
If the vector OM represents the number z, then the number —z will 
be represented by the vector ON, the terminus of which is a point 
symmetric to the point M about the origin. Thus the operation of sub- 
traction of complex numbers also admits a simple geometric inter- 
pretation. Namely, since 2,;—z,=2z,+(—z.), then in place of the vector 
OM, representing the number z,, we consider the vector OM, sym- 
metric to it about the origin (Fig. 8). Adding, as before, the vector 
OM,, associated with the number z,, with the vector OM,, we get the 
vector OM 3, which represents the difference z,—z,. It is clear that the 
length of the vector OM, is equal to the length of the vector M.™M,, 
which is the length of the diagonal MM 2 of the parallelogram 
OM,M35M,. Since the length of the vector OM, is equal to the modulus 
of the difference z,—z,, the lengthof the diagonal M,M, is also equal 


to |z,—2,|. We obtain a simple geometric interpretation of the modulus 
of the difference of two complex numbers: |z;—z.| is the distance bet- 
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ween the points M, and M, representing the complex numbers z, and 
z,. This interpretation is frequently used in problem solving. 

6. Where are the points associated with the complex numbers z for 
which \z—1] |==2 located? 

If z is the desired point, then the distance between z and | is equal 
to 2. But the points distant 2 from 1 lie on a circle. Hence, points 
representing numbers for which 
|z—1I|=2 lie on a circle of radi- 
us 2 centred in the point (1, 0). 

We can reason differently. De- 
note z—l=w. Then we have the 
equation |w|=2. Consequently, 
the points w lie on a circle of 
radius 2 with centre at the origin. 
But z=w-+1 so that the points z 
are obtained from the points w by 
a rightward shift of | unit. Hen- 
ce, the desired points lie on a 
circle of radius 2 centred in the 
point (1, 0). 

7. Locate the points that repre- 
sent the complex numbers z for 
which |z+2i}<1. 

We rewrite this condition as follows: Jz—(—2i)]|<1. Hence, the 
distance from the points z to the point —2i does not exceed 1. In other 
words, all the points which satisfy this condition will lie inside or 
on the circumference of a circle of radius 1 with centre in the point 
(0, —2) representing the complex number —2i. 

8. The complex numbers z satisfy the condition l< [z-+2—3i| <2. 
Locate the points representing these numbers. 

Rewrite the condition as 1< |z—(—2+3i)|<(2. All the points 
which satisfy this condition lie inside an annulus bounded by concent- 
+ circles having radii r;=1 and r,=2 and centred in the point (—2, 
3 


9, Complex numbers z satisfy the condition 
|z—i{=|2-+2| 


Give the location of points representing these numbers. 

The modulus |z—zi| is the distance from the points z to a fixed point 
representing the number i. The modulus |z+2|=|z—(—2)] is the 
distance from the points z to a fixed point representing the number —2, 

[t is required to find the points for which these distances are equal. 
The solution will thus be a locus equidistant from two fixed points in 
the plane: the point representing the complex number i, that is, the 
point 1), and the point representing the number 9, or the point 


(—2, 


Fig. 8 
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From geometry we know that this locus is a straight line perpendicu- 
lar to a line segment connecting the two indicated points and passing 
through its midpoint. This means that the points representing the 
complex numbers z which satisfy the condition |z—i|=|z+2| lie 
on a straight line perpendicular to the line segment joining points 
with coordinates (—2, 0) and (0, 1) and passing through the midpoint 
of that segment. | | 

10. Locate the points representing the complex numbers z for which 
lz—-1 |= |z—2|= |z—i|}. 

The set of points satisfying the condition |z—1 |= |z—2| is a straight 
line passing through the midpoint of the line segment AB, where A 
is (1, 0) and B (2,0), perpendicular to this line segment. The set 
of points satisfying the condition |z—1|= |z—i| is a straight line pas- 
sing through the midpoint of AC, where A is (1, 0) and C is (0, 1), and 
perpendicular to this segment (see Fig. 9). 


Fig. 9 


It is clear now that the condition 
jz—1|=|z—2|=|z—i| 


Is only satisfied by the single point D lying at the intersection of these 
two straight lines. It is easy to compute the coordinates of this point: 
x=y=3/2. In other words, the condition of the problem is satisfied 
by only one complex number z=3/2+-(3/2)i. 

Complex numbers different from zero are often conveniently written 
in a form called the trigonometric (or polar) form. 

Let us first introduce for these numbers the concept of an argument: 
the argument of anumber z=a+bi +0 is any one of the numbers @ which 
are solutions of the system of equations 


a 
COS @ = 5 eared 
Oss 2) 
nO Tare 
The argument is not defined for z=0. | | 
From trigonometry it will be recalled that this system of equations 


has an infinity of solutions, and if @» is one of ‘its solutions, then all - 
the other solutions are obtained from it by the formula 


P=, +2kn, & any integer (3) 
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Thus, any complex number 2540 has infinitely many arguments and 
all of them can be obtained from one using formula (8). 

Note that the arguments of a complex number z always include one 
that satisfies the inequalities:0 << @ <2n; it is precisely this value of 
sp that is called the argument of the number z. However, this restric- 
tion is often too confining. We will adhere to the definition given above 
and use the term principal argument for values of p lying in the interval 
from 0 to 2x. Accordingly, wherever, in the sequel, it is required to 
find the argument of some complex number z, we will confine ourselves 
to finding one of its arguments (and not necessarily the principal ar- 
gument). We use the symbol arg z for this argument. | 

The argument of'a complex number z has the following geometric 
significance. If acomplex number z=a-+bi= 0 is regarded as a vector 


OM, then the magnitude of the angle @, through which the x-axis 


Fig. 10 


must be turned counterclockwise to first. coincidence with the vector 


OM is the principal argument of 2 (Fig. 10). The magnitude of any 
angle which differs from @ by an integral number of round angles is 
an argument of that number z.* | 

11. Locate the points which satisfy the condition arg z=n/3. 

This condition is satisfied by all points lying on a ray emanating 
from the origin at an angle of x/3 to the x-axis. It must be stressed 
that this condition is not satisfied by the entire straight line but only 
by the ray, and also minus the origin! (Why?) 

Now let z=a+6i540 be some complex number. Denote by ; its 
modulus computed from formula (1) and by @g one of its arguments. 
Then we can write it in the form 


z=r(cosg-+ising) — (4) 


The right-hand member of this equation is termed. the ¢rigonometric 
form of the number z. The trigonometric form of z=0 is not defined. 

The trigonometric form of complex numbers is closely associated 
with their geometric interpretation: formula (4) is a natural consequen- 
ce of geometric reasoning (Fig. 10). 


* From this geometric interpretation it is evident that it is not possible, in any 
reazonable fashion, to introduce the argument of the number z=0. That is precisely 
why it is not done. 
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Given our definition of the modulus and argument of a complex num- 
ber, its trigonometric form (4) is obtained automatically. A different 
approach is also frequently used. The modulus and argument of a 
complex number are introduced via geometric reasoning and then 
formula (4) is proved. The formula itself is sometimes derived on 
the basis of a drawing where point M (a, b) lies in the first quadrant. 
However, this formula is of course valid for any position of the point 
M and the student should be able to demonstrate its validity in every. 
case. | 
For instance, let the point M (a, b) lie in the second quadrant as 
shown in Fig. 10. Then OM,=rcosa, OM.=rsina and a=nx—9. 
Since for the points of the second quadrant a<0 and b=9, it fol- 
lows that OM,;=—a, OM,=b and, consequently, 


—a=r cosa=Fr cos (t— Pp) = —Trcos g, 
b=rsina=rsin(xn—g)=rsing 
That is, me ct 
a-+bi=rcosp-+irsing=r (cos p+ isin) 


The formula holds if the point M lies in the second quadrant. It is 
easy to see, incidentally, that there is no necessity to run through 
all the quadrants: the formulas a=rcosg and b=r sin can be derived 
directly from the definitions of the cosine and the sine of the angle 
~, whence the validity of formula (4) follows immediately for any 
position of M. 
The formulas | 
a=f COS @ 
b=rsing 


are formulas for passing from the trigonometric form of a complex 
number to the algebraic form, because it is easy to find a and b if we 
sa r a Q. _— | 
ore often one encounters the converse problem: knowing a 

b, find r and g. The modulus r is determined [see formula ti) a 
simply: r=V a?+6?. But many mistakes are made in determining the 
argument @. The most typical being this: from system (2) it is clear 
that tan ~==b/a, whence p=arctan 6b/a. Indeed, although tang= 
=b/a, it does not yet follow that o=arctan b/a. In order to determine 
correctly the argument of a complex number z, one has to know in 
which quadrant the point z lies, and this is best done by applying the 
geometric interpretation of a complex number, as is done in the fol- 
lowing example. 

12. Find the trigonometric form of the complex number z=— 6 — 8. 
Clearly, |z|=10 and tan p=b/a=4/3. As can be seen from Fig. 11 
arg z=n-+a, where @ is an acute angle such that tan p=4/3. For this 
reason a==arctan 4/3 or p=s-|-arctan 4/3, and so the trigonometric 
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form is 
z= —6—8i=10(cos@+i/sing), p=xn-+arctan 4/3 

Note that the concept of the trigonometric form of a complex num- 
ber different from zero is defined very precisely: namely, it is the comp- 
lex number z>£0 written as 

z=r(cos@+ising) 

where r is the modulus of z and is positive, while the cosine and sine 
are taken of the same angle g, which is the argument of z; they are 


Fig. 1] 


connected by the + sign. For example, the following complex numbers 
are not written in trigonometric form: 


It os rs at - It 
z= cos ¢+isin(—F), = —2(cosz+isinz), 
2,= cosy —isins, 2, = sin 30° +i cos 30° | 
The trigonometric forms of these complex numbers are, respectively, 


(bs ae ee 
2,= COS Esin=-, 


2,=2(coszn-+isins a) 
Zz, = COs ( Qn —+| + isin ( 2x —$) 
z,= cos 60° +- i sin 60° 
It is well to know how to handle complex numbers written in tri- 
gonometric form; besides, certain important properties of complex 
numbers which are extremely useful follow from a. consideration of 
operations involving complex numbers written in trigonometric form. 
Actually, there is nothing complicated in the rules for multiplying 


and dividing complex numbers in trigonometric form. The familiar 
formulas of trigonometry are made use of. 
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From these rules follow such properties of the moduli of complex 
numbers 4 
I. 12,22 |= 2t-1 22 
z1| 


roperties are used rather often in the solution of many prob- 
eon Another useful formula is vie 
Ul. |= lz\" where n ts any integer. It is obtained for any integral 
value of n 0 as a consequence of Properties I and II by means of 
mathematical induction (see Sec. 1.3). The validity of this property 
for n=0 follows from the generally accepted definition that every 
complex number different from zero is, to the zeroth power, equal to unity. 
Finally, two more formulas are valid that express the properties 
of the modulus of a sum and a difference: 
[V. 12, +221<]2%1+12el 
Vv: \2,—22| > [2111 4all 
To prove Property IV, put: 
2,=:1,(COSP, FESING,), 2,=1, (COS P, + é SiN G,) 
Then, using formula (1), we get 
|zi+ 2,,= | (71 COS M1 +r,cos ~,)-+#(r, sing, -+7r, sin g,)| 
= V (7,608 1 +12 60S G,)* + (7, Sing, +7, Sin @,)? 
Noting that cos(?,—2) <1, we get 
\2,-+ 22 | a= VY r2+- 2+ 2r,r, COS (P, — ,) 
<VAFAP IAT, =nth=le)+]z| 
Property V is proved in similar fashion: * 
|z,—2,| =V r?+1r3—2r,r, Cos (P,— @,) 
>V PFA, =|7,—7,[=||2,]—l20] | 
It is interesting to give a geometric interpretation of Properties 
IV and V. Let vector OM, represent the number z, and vector OM, 


the number z, (Fig. 7). Then the vector OM; represents the sum 
Property IV signifies that the length of the discon OM ; of Tees 
lelogram OM,MsM, does not exceed the sum of the lengths of its 


* Property V may be derived from Property IV. Indeed, the equation z,= 
=2,-+(2,—z,) is obvious, whence N2a|=12y-h (2224) fe 24 LE 2.—24 | oF 
| z.—-z, |==|22|—|2, |. At the same time, from z,=z,-+(z,—2,) we get | 2, |= 
= | 29+ (2; —22) || 22 [+] 21 —22] OF | %1—z| [| 2,|—[ 22]. Property V re- 
sults from combining the two resulting inequalities into a single formula. 
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sides OM, and OM,. Property V states that the length of the diagonal 
M,M, is not less than the absolute value of the difference of the sides 
OM, and OM,. 

Note that properties similar to the formulas I to V were stated in 
the preceding section for the absolute value of a real number. It is 
quite clear that the modulus of a real number, which is regarded as a 
particular case of complex numbers, coincides with the absolute value 
of this real number. Therefore, the above-indicated properties I to V 
are a generalization of the properties of the absolute value of a number. 
The proof however is conducted quite differently. 

Let us recall another definition from the theory of complex numbers, 
that of the conjugate complex number. The conjugate complex number 


of a complex number a-+-bi ts the complex number a— bi. Th: conjugate 
complex of z is denoted by z. : 

Quite obviously, (z)=z, which is to say that not only is ti. number 
z the conjugate of z, but, contrariwise, z is the conjugate of z. Thus, 


2 and z are conjugates of each other. 
It will be useful to remember the following two properties of con- 


jugate numbers: 
I. zz=|[2|?, 
I. jzj/= 2, 


which follow directly from the definitions. 
Let us now examine some problems that have appeared in examina- 


tion papers. 
13. Locate the complex numbers z=a-+bi for which 


logij2]}2—2] > logy,2]2| 


First of all, note that the left member of this inequality is meaning- 
ful for all complex numbers 2, except z =2, arid the right member, 
for all z540. Therefore, the expressions of this inequality have mea- 
ning simultaneously for all complex numbers z except z=0 and z=2, 
It is among these numbers that we have to seek the solution of this 


inequality. 

By the rules of logarithms (see Sec. 1.6), for all these numbers our 
inequality is equivalent to the following: |z—2|< Jz]. | 

We know (see Example 9 above) that the equation |z—2]= |z] is 
satisfied by all complex numbers lying on a straight line / parallel to 
the y-axis and passing through the point A (1, 0) because all the points 
of this line are equidistant from two points: O (0, 0) and 
B (2, 0) (Fig. 12). But our job is to find all those points in the plane 
which are closer to-the point B (2, 0) than to the point O (0, 0). 

Quite obviously, these are the points of the plane to the right of 
/ in the domain that includes point B. Thus all the points of the half- 
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OU ee a 
o the right of J satisfy the condition |z—2|< |z| (Fig. 12). 
ae ete of the straight line t are excluded. ene 2) 

Recall also that the point B(2, 0) located in the half-plane to 
the right of / must also be excluded. 

To summarize, then, all points of the plane located to the right 
of the straight line parallel to the y-axis and passing through the 
point (1, 9), with the exception of the point (2, 0), satisfy the 
conditions of the problem. 


y 


|W 


14. Suppose the complex number 2=4—1. Prove that 


(a) if |2|=1, then the number — is a pure imaginary, 


Fig. 12 


Z 
Let z=a+bi and z—1. Then it is clear that z+ 1540, and 
the expression — is meaningful. 


(b) if the number i is a pure imaginary, then |z|= i 


=P 
The number i is the quotient obtained by the division of two 


complex numbers, and so its a+ bi (real-imaginary, or rectangular) 
form is | 


z—1_ @—)+5 = [((a—1)+bi][(a+1)—bi] a+h?—!1 . 2b 
z+] (a+1)+6l (a+ 1)? +6 = G@pippe tT apy yE 
It is then clear that if |z|=Va?+6?=1, then a?+b°—1=0 


’ .—= ° ’ ® ° 
or the number spi |S a pure imaginary,* and Assertion (a) is 


proved. 


Let us prove Assertion (b). Let the number = be a pure ima- 


: 2452] 
ginary. Then apo 0 whence a?-+b6'—1=0, that is |z|= 


=V a?+b6?=1 and the proof is complete. 


* Note that for z=1, which means for a=1 and b==0, the number oe 


is equal to zero Recall that, according t : : “+h 
ber 0 is a pure imaginary. g to the definition given above, the num- 
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15. Find the argument of the complex number z,=2z*—~—2z if 


2=cosp~+ising. 
Simple manipulations show that 


2, = (cosp-+isin@)?—(cos p+i sin @) 
= cos? p— sin? » + 2i cos mp sin p— cos P—t sin M 
=: (cos 29— cos ») + i (sin 2p — sin ) 


= 2sin$ | —sin +i cos 2| 
Thus 
a se? [aj 2 3p 2 Sp \ _ - ® 
|Z; | V/ 4sin 5 (sin 5 + cos 5 )=2|sin$ 


In accordance with the definition of absolute value we have to 
consider three cases: 


(a) If sin¢=0, that is, p=2kx, & any integer, then |z,|=0, 


and for this reason, 2,=0 as well. Thus, forp=2kn, k any inte- 
ger, the argument of the number 2, is not defined. 


(b) Tf sin > 0, which occurs when 2kn < + <(2k+1)a,. that 
is, for 4kn< p< (4k+2)an, & any integer (5) 


then |z,|=2 sin = and the trigonometric form of the cornplex num- 


ber z, is as follows: | 
2, =2sin + [cos “72 + i sin 5°] 


2 
Consequently, if satisfies Condition (5), then 
arg2, = 2438 
(c) If sine <0, that is, 
alle m< p< (4k+4)x, & any integer (6) 
then |z, |= —2 sin and the trigonometric fon of the complex 
number z, is 
z, = —2sin$ | cos ESP Lis nee 
Hence, if @ satisfies (6), then 
arg 2, = ai 


It will " interesting to give a eau interpretation of the 
solution, which we will do only for the case of O<q< x. The 
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number: z, = z?— z= 2?-+(—z) is the sum of two complex numbers 


22= cos 2p+isin2@ 
and 


—z=—cosp+ising=cos(x+ 9) +i sin («+ @) 


which have the same moduli (equal to unity). To find the sum, we 
have to find the diagonal of the parallelogram constructed on the vec- 


tors OM, and OM, representing the numbers 2? and —z, respectively 
(Fig. 13). But this parallelogram is a rhombus, and so the desired 


Fig. 13 


diagonal OM, is the bisector of the angle between the vectors OM, 


and OM, and therefore the angle which is formed by the vector OM; 
and the positive x-axis is the half-sum of the angles formed by the 
vectors OM, and OM, with this positive direction; that is, 


arg 2, = arg (2?— z) = rere its 


16. Find the trigonometric form of the complex number 


z=l+itane 
where —n<la<n, a-~-+n/2. 
It is natural to rewrite .the’given number as 


; l ae 
z=1-+itana=—— (cosa -+i sina) 


_At this point, many students at the examination made the serious 
mistake of asserting that this was the trigonometric form of the given 
number. But this is true only for 1/cosa>0, that is, when —n/2<a< 
<n/2 (it is given that only values of a are considered which lie in the 
interval from —zx to +). Now if l/cosa<0, which is the case when 


—t<a<—n/2 and n/2<a<n, then the above equation can be 
given as 


| epee | os 
t= — yg (—cosa—i sina) = — org [cos (m+ a) +i sin (n+ a)] 
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This latter expression is the trigonometric form of the number 2z for 
—n<a<—n/2 and for 1/2<a<n. 

This problem can also be solved by the general rule for finding a 
trigonometric form; to do this we have to find the modulus and the 
argument of the number z. The modulus of z is found from formula 
(1): 

Te CR ! 
— — 2 = 
r=|z}=V 1+tan o = Tcos a] 


and the argument is any solution of the system [see (2)! 


cos =|cosa| 
sing = tana-|cosa| 


(7) 


To solve this system we have to consider two cases: 
(a) cosa>0, that is, a lies in the interval —n/2<a<n/2. In 
this case |cosa|=cos a, and system (7) takes the form 
COS = COS @ 
sing = sina 
Clearly, one of the solutions of the system is p=a and, consequently, 
for —n/2<a<n/2 the trigonometric form is 


shes 
cos @ 


2 (cos@-+isina) 


(b) cos «<0, that is, @ lies in the interval —r<a<—n/2 or in 


the interval 1/2<a<x. In this case, |cosa|=—cos a and system 
(7) assumes the form | 

cos p=—cosa cos p= cos (17+ a) 

sin p=—sin a sin p= sin (1 +a) 


One solution is p=a-+a, and so for—n<a<—=a/2 and for n/2< 
<a<xn the trigonometric form is 
2= [cos (1 -++- a) + isin (x +-a)] 


| cos @ | 


17. Find the integral solutions of the equation (1—i)*=2*, 
Suppose a certain integer & is a solution of this equation. Then from 
the equality of the complex numbers (1—i)*=2* follows the equality 
of their moduli, or |(1—é)*|=2*. Noting that |I—il=//2, we have, 
by the property of a modulus, 
k 
\(l—a*|=|1—ifk = (V2)F = 2* 
k 
Thus, if & is a solution of the original equation, then 2? =2, which 
is only possible when k=0. 
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Now, by substitution, check to see if the number 0 is a solution gf 
the original equation. Recalling that a nonzero complex number tg 
the zeroth power is, by definition, equal to unity, we see that x=Q is 
a root of the original equation. 

18. For every real number a0 find all the complex. numbers z thas 
satisfy the equation 

| z|?—2iz-+ 2a(l+i)=0 

Represent z in real-imaginary form: z=x--iy. Then |z]?=x?-1 yp 

and the equation becomes 
e+ ye — Qix + 2Qy + 2a-+ 2ai =0 

Equating the real and imaginary parts to zero, we obtain the following 


system of equations: 
e+ y+ 2y+-2a=0 
—2x + 2a=0 
Whence it follows that x=a, and for y we have the quadratic equation 
y+ 2ytat+2a=0 


with parameter a. We seek the real roots of this equation. 

It will be recalled that the roots of a quadratic equation are reg} 
if its discriminant is nonnegative, and therefore our equation has real 
roots only for values of a for which D=1—a?—2a> 0. For these valy. 
es of a we get 

ho=—-l+tV 1—a—2a 

Thus, if the number a satisfies the inequality 1—a?—2a>0, then 

the original equation has two solutions 


2224+ (~1+V1—a—2a) i 


(For 1—a’—2a=0 these two solutions are the same, which is to say 
that strictly speaking there is only one solution for certain values 


of a.) For the remaining values of a, the original equation has no sol y- 
tions. 


[t remains to indicate the range of a over which there are solutions. 
By hypothesis a=>0, and, besides, we found that @ must satisfy the 
inequality 1—a?—2a>>0 or a*-++2a—1<0, which is the same thing. 
The solution of the latter inequality is the interval —I—VW2< 
<a<—1+V 2 and, choosing the numbers a>0 from this interval, 
we obtain 0<ax<—1+4+V)V2. 

The final answer may be written thus: 


for O<a<—14+V2 9 24,,=a4+(—14V1—a?—9Q) i 
for a=—l1+V)V 2 2=—14+/V9—j, 
for a>—1+) 2 there are no solutions. 
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19. Solve the following system of equations in terms of complex num- 
bers: 


213g) 9 — ] 
zw? = | 
2+ wo —2 


It need not come as a surprise that the system includes three equa- 
tions for only two unknowns. There is nothing strangé in the fact 
that it is required to find two numbers which satisfy three conditions. 

Let us approach the solution of this system in the common way. 
We will derive various corollaries from it and after obtaining some 
solutions from them, we will use substitution to verify that they sa- 
tisfy the original system or are extraneous. 

Cubing both sides of the second equation and dividing the result 
by the first equation, we get 2°w?=1. But then 2°w°=1 and, dividing 
this equation by the second equation, we obtain z=w. Now, from the 
third equation we find that w=—I, whence w,=/, w,=—i, or z,;=1, 
2,=—l. 

* A check has still to be made. It is done directly and we find that 
both pairs are solutions of the original system. 

A natural question might arise as to how we guessed right in com- 
bining the equations in just that way and in getting the answer so 
quickly. Firstly, there is a still shorter solution (by raising the second 
equation to the eighth power and dividing the result by the first equa- 
tion squared, we immediately get z=w). Secondly, brevity is not a 
necessary condition for a solution. It is also possible to solve this 
system in the ordinary way by eliminating one of the unknowns. 

For example, a very natural approach is the following. Raising 
the first equation to the fifth power and dividing the result by the 
second equation raised to the thirteenth power, we get 


wi = | 


One should not hurry now to extract the root or solve the equation 
wt—1=0: we would then obtain four distinct values for w and, fin- 
ding the values of z which correspond to each value of w, we would 
have a large number of distinct pairs w, z which have to be verified 
to obtain a solution. A much simpler approach is to raise the first 
equation of the system to the seventh power, the second to the nine- 
teenth power and then divide the second by the first to get 


zié#= | 


Then the first equation may be rewritten as zw°=1, whence z= 1/2? or 
z=w (noting that w'=1!). The solution is then concluded in the same 
way as above. 


9—3480 
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20. Solve the following system of equations in terms of complex num- 
bers: 


22+ w? = 0 


As in the preceding example, we derive various corollaries from this 
system. From the first equation we have zi=—w"; from the second, 
2i=1/w'4, whence we respectively obtain 25=—w*> and z!5=1/y3s 
and, hence, —w*=1/w*?, or ww*=—l. 

From this equation it follows that |w*sw°?|=1. Using the properties 
of moduli and conjugate numbers, we obtain |w**w**|= |w|§*- |w[3s= 
=|w|**=1 so that |Jwj=1. Reverting to the equation w*w*=—], we 
rewrite its left-hand member: (w*w*) w*=(ww)**w? = (|w |?)%w? =~? 
(here we utilized yet another property of conjugate numbers), We 


have thus arrived at the equation w’=—1 or w,=1, w,=-—i, whence 
W,=—l, We=l, 


Now compute the respective values of z. If w =—i, then from the 
first equation of the original system we have 
2=—i'=1 
and from the second, 
“ye 
Dividing the second of these equations by the first, we have z2=—] 


and, since z°=i, it follows that z =—i. Similarly, we find that ifw =i, 
then z=i., | 

_ Since in this approach we considered consequences from the origi- 
nal system instead of the original system of equations, we have to 
check to see that the values found do indeed satisfy the original system. 


This is done by direct substitution, which convinces us that the given 
system has two solutions: 


4=—l, W,=—I and - 21, W,=1 

Exercises 

1. Let |z]=5. Locate the points representing the complex numbers (a) —4z, 
(b) 2—z, (c) —1 +32. ' 

Locate the points representing the complex numbers z for which: 

2.(z[ <1. 3. |z| 2. 

4.1 |z] <2. 5. |21<| +1. 

6. |z+1|=3. 7, [imz[< 1. 


8. |z+1—2|= V7, 
10. 2 | 2+i|[ <3. 


9, |i—1—2z| > 9. 
1, \z1=|2-+3. 
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12, }z—1J=/z+1] =[z—-i V3]. 
13. |z]—4=|z—i|—|[z+5i|=0. 
14, |2z—iV 2|—|z+4]=]z|—1=0. 
15. |z—1|?+]z+1 2 =4. 


16. |z—1 |?+]2z+1 |? =85. 
17. Find the complex number z which simultaneously satisfies the equations 


z—!12 5 z—4 
Seri gS a! 


18. Given two complex numbers z, and z,. Find the complex number 
corresponding to the midpoint of the line segment between z, and 2,. 

19. The complex numbers 2,, 22, 23 are-the vertices of a triangle. Find all 
the complex numbers z which make the triangle into a parallelogram. 

Represent the following numbers in trigonometric form: 

20. z=—cos 30°-+-i sin 30°. 

21. z=1-+cos 40°-+-/ sin 40°. 

22, z=— cosa-+isina. 

23. z==sina—icosa. 

24. z=tana—i, Oma< an, a 0/2. 

Locate the points representing the complex numbers z for which: 


25, arg z= 0/4, 26. arg z==—57/6. 

27. 1/3 < argz<q 3n/2. 28. argz=n, |z| <1. 

29. |z—i|=1 30. 0 < argz < n/4 
arg z= 1/2 |z—6iJ=V 3 


31. Among the complex numbers z which satisfy the condition |z—25i]<15. 
find the number having the least positive argument. __ - 
32. Find the argument of the complex number zy=2z*-+-z if z= cosg-+ising, 0<& 


—Pp< Qn. 
33. If the complex numbers 2, and 2, are such that the product z,+z, is a real num- 


ber, are they conjugate complexes? | 
34. If the complex numbers 2, and 2, are such that the sum z,-+-z, is a real number, 


are they conjugate complexes? 
35. Prove that if the complex numbers 2, and z, with nonzero imaginary parts 


are such that the product 2,-z, and the sum 2,-+2, are real numbers, then z, and 2, 


are conjugate complex numbers. 
36. Demonstrate that the complex number a+-6i whose modulus is equal to unity, 


60, can be represented as 


; __ e-+l 


where ¢ is a real number. 
Solve the following equations. 


37, z=2. 

38. z=—2z. 
39. z= 2—z, 
40. z== -—42, 
41. 2+-z= 0. 


42, 2°-++-|2z|=0. 
48. For what real values of x and y are the numbers ~3 -+ix’y and x7-+y+-4i 


conjugate complex? 


~~. 
eon 
wd 
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44. Locate the complex numbers z2=a-++bi for which: 


[z—1|+4 | _lzP—lzl4+1 ») 
(4) 81 3] e—I |—2 > l, (b) CVs 2-+-\z| <4. 


45. For every real number a>=1, find all the complex numbers z that satisfy 


the equation . 
z+a|z+1|+i=0 
46. For every real number a >=0, find all the complex numbers z that satisfy 


the equation 
2|z|—4az+1-+ia=0 
47. Solve the following system of eq 


uations in terms of complex numbers: 
2 + 


wi = 
22. wi = | 
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When studying logarithms it is important to note that all the pro- 
perties of logarithms are consequences of the corresponding properties 
of powers, which means that the student should have a good working 
knowledge of powers as a foundation for tackling logarithms. This 
close relationship between logarithms and powers stems from the 
definition of a logarithm in terms of the concept of a power. 

Here is a definition taken from a commonly used textbook: “The 
logarithm of a given number to a given base is the exponent of the 
power to which the base must be raised in order to obtain the given 
number.” Thus, a number x is the logarithm of a number N to the 
base a if a*=N. | 

There is one very essential detail in this definition: no restrictions 
are imposed on the phrase “to a given base”, and so if we are to follow 
this definition literally (and a definition must always be followed li- 
terally), then we will have to concede that 3 is the logarithm of —8 
to the base —2 (since (—2)’=— 8), 2 is the logarithm of 4 to the 
base — 2 (since (—2)?=4), and so forth. As for the base 1, the situation 
is stranger still: any number x is the logarithm of 1 to the base 1 be- 
cause 1*=1 for every x.* 

Any person acquainted with the school course of mathematics will 
say that these examples are meaningless since we have to consider 
only logarithms to a positive base different from 1. True enough, tha 
is the convention, but it is much better to impose this restriction.on the 
base directly in the definition. And so the definition should read: 


Let there be a number a>0 and a=1. A number x is called the loga- 
rithm of a number N to the base a if a*=N. 


The more attentive readers have perhaps noticed that we have not 
once written x =log,N but have always stated: x is the logarithm of 


* Besides, any positive number is the logarithm of 0 to the base 0 since 0*= QO 
tor all values of x> 0. 
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N to the base a. The explanation is very simple. Unta we are sure 
that no number can have two distinct logarithms to a given base, we 
have no right to use the equals sign. Indeed, imagine for a moment that 
some number N has two distinct logarithms to the same base a; then, 
using the equals sign, we would be able to write a=log, N and p= 
log, N, whence a=6.* : 
For this reason, we will introduce a notation for logarithms only 
when we are convinced that no number can have two distinct logarithms 
to the same base. Indeed, if two distinct numbers a and B were loga- 
rithms of the number AN to the base a, then, by definition, the follo- 


wing equations would hold true: 
a*=N and a®=N (x) 


whence a*=a'’, But then, by the properties of powers with positive 
base different from unity, we would arrive at the equation a= Bp. Thus, 
if the number N has a logarithm to a base a, then this logarithm: is 
unique; we denote it by the symbol \og, N. 


Thus, by definition, 
x=log,N if a*=N 


Consequently, the equations x=log, N and a*=WN (provided the 
restrictions imposed earlier on hold true) express one and the same re- 
lationship between the numbers x, a, N: in logarithmic form in the 
former case and in equivalent exponential form in the latter. 

It is easy to prove that negative numbers and zero do not have loga- 
rithms to any base a (with the usual provisions that a>0 and a=1). 
Indeed, if N<0 and x=log, N, then a*=N <0, which contradicts the 
property of powers having a positive base. 

-As for positive numbers, we assume without proof that any positive 
number to any basehasa logarithm. This assertion is taken in school to 
be self-evident and is not even stated, although it is no easy job to 
establish its validity (this would require invoking a highly developed 
theory of real numbers and the theory of limits). 

Quite naturally, the student must have a thorough knowledge of 
the definition and of the properties of logarithms and must be able to 


prove them. 
First of all, note the so-called fundamental logarithmic identity 


q'oga N — N 


* Recall that a very much similar situation arose when we defined the square root 
of a number (Sec. 1.4). There too we introduced the definition without the equals 
sign, and only later found that the definition with equality would have been simply 
impossible, since. on introducing the notation for a square root, we would have been 
able, straightway, to prove something like 2 =—2 (both numbers being “equal” to the 
root of 4 and hence equal). It is precisely for this reason that we have no symbol 


for the square root as such, but only the symbol Y for the principal square root of 
a positive number. 
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which is valid for every N and a such that a>0,a54l, N>O. This 
identity follows directly from the equations (+). 

Here are some formulas that are frequently used in problem solving 
(we stress once again that, according to the definition of a logarithm, 
all bases are positive and different from unity). 


I, log, MN=log,M+log,N (M>0, N>O) 
ij, logs = log, M—log, N (M>0, N >0) 
Ill. log, N?=alog,N (N>0, @ any number) 
IV. log, N*= + log, N (N>0, a0, B=<0) 
V. log, N = 7ee7 (N > 0) 

VI. log,a-log,b=1 


Let us prove Formula |. Raise a to the power of log, M+log, N, 


_By the property of powers and by the fundamental logarithmic identi- 
ty we have 


qioga M+10ga N — qlogaM .qlogaN — MN 
The resulting equation 
q'ga M +loga N MN 


may be rewritten in logarithmic form [see (x)] thus: log, M+log, N= 
=log, MN, which signifies the validity of Formula I. 
Formula II is proved similarly. 


To prove Equation {II, raise a to the power alog, N and utilize the 
properties of powers: 


ag loga N — (a!°ga Nya — Ne 


From this, by the definition of a logarithm, we obtain the required 
equation. 


. Equation IV follows from the manipulations 


(a®) B 


It will prove useful to memorize the following two special cases of 
Formula IV: 


IVa. log oN = log, N (N >0, B=£0) 
IVb. log.:Nt=log,N (N>0, a0) 


To prove V, let us first write it in the form log, N=log, : log, N. 
The proof is similar to that of the preceding case: 


q! ga b- logs N — (a!08a b) loge N — plogsnN —N 


| 
Ba N — q% logg N (a!oga N)t = Ne 
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Wecan reason differently. Writing the fundamental logarithmic iden- 
tit 
: blogs N — N 


we derive from it the equation 
log, (b'°8» V) = log, N 


(equal numbers have the same logarithms!). Now, using Property ITI, 
we convince ourselves of the validity of Formula V. 

Formula VI is a special case of the preceding one obtained for N=0. 
Equation V is usually called the rule for changing the base of a loga- 
rithm. This rule makes different tables of logarithms to various bases 
unnecessary, it suffices to have, say, tables of common logarithms 
(base 10). For instance, suppose it is required to compute log, 13. 
On the basis of Property V, we can write log, Iga Using 
logarithmic tables, we find logy. 13 1.1139 and log,,5 ~~ 0.6990, and 
thus log, 13 1.5937. 

Some other properties of logarithms that are absolutely necessary 
in the solution of inequalities are: 

VII. If a1, then from 0<x,<.x, it follows that log, x,<log, x; 
and from log, x,<log, x, it follows that 0<x,<lx,. In other words, 
for a> 1 the inequalities O<x,<( x, and log, x,< log, x, are equiva- 
lent (see Sec. 1.10). 

VIII. If O0<ta<cl, then from 0<ix,. <x, it follows that log, x,> 
> log, x2, and from log, x, > log, x, it follows thatO<x,<.x,. In other 
words, when a<<1 the inequalitios O0<x,<x, and log, x; > log, x; 
are equivalent. ; | 

These two properties are proved in exactly the same way, and so 
we confine ourselves to proving Property VIII. : 

Let a number a be positive and less than unity. If the inequality 
O<x,<x, holds, then there exist numbers log, x, and log, x;. Using 
the fundamental logarithmic identity, rewrite the inequality x,.<.x, 


in the form 
qa 1 < qa *s 


Whence, by the properties of a power to a base less than unity, we 
conclude that log, x, >> log, x2. | 
Conversely, if the inequality log,x,> log, x, is true, then, firstly, 
both numbers x, and x, are positive. Secondly, raising the number-a, 
0<a< 1, to the powers log, x, and log, x,, we get (again by the -pro- 
perties of powers to a base less than 1) the inequality 
qloga *1 < q!0&a *s 


or x,<<x,. Now since, as we have already mentioned, the numbers 
x, and x, are positive, it follows that 0<x,<x,, which completes 
the proof. 
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The following statements are consequences of the properties that 
have just been proved: 


Vila. If a> 1, then the inequalities log,x<a andQ0<x< a" 
are equivalent. 


Vilb. If a> 1, then the inequalities log,x >a and x >a" are 
equivalent, 


Villa. If O<a< 1, then the inequalities log,x<a and x>a’ 
are equivalent. 


VIIIb. If O0<a<1, then the inequalities log; x >a and0 <x <a’ 
are equivalent. 


To prove this it suffices to note that a= log, a’. 


From these statements it is easy to derive that logarithms of 
numbers exceeding | to bases exceeding 1 are positive and loga- 
rithms of numbers less than 1 (but positive!) are negative; and, con- 
versely, logarithms to bases less than 1 are negative for numbers 
exceeding 1 and positive for numbers less than 1. 


Let us now soive some problems involving the basic properties 
of logarithms. 


1. Compute log, 27. 
-By Formula IV we have 


cy 


log yz 27 = logyar2 3° = 55 log, 3 = 2 


log. y- 15 
9. Compute 2°”? 


By Formula [Va we have 
log,yz 15= log,s/, 15 = + log, 15 


Applying the fundamental logarithmic identity, we get 
9! aV a 15 a 07/3 loge 18 (Qlogs 18)2/3 — 15 2/3 = 7/295 


3. Compute log, 5-log,, 27. 
By Formula IV, we have 


log, 5: log,, 27 = log, 5: log,: 33 = S log, 5+ log, 3 


And since, by Formula VI, log,5-log,3=1. it foll 
log, 5- log,, 27 = 3/2. g,5-log,38=1, it follows that 


1 
4, Compute (7/9)5 toes3 | 
By Formula VI we have 
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lt then only remains to take advantage of the fundamental loga- 
rithmic identity and the laws of — 


(}/ HF PRT — (ousys 

awe (3togs 5)2/3- 1/5 2_ 52/15 1/25 

LF Fags 

5. Compute (TH ) 


Using in succession the laws of logarithms and exponents ¥ we 
compute the radicand: 


"5. = ioe: 5 5 


! 
== (32/3) 5 logs 


log, 13 + logs 13 


p \? "Flog 5 
ya! 7 V2 mm)? = py + (Slows 19)3/8 = 3-9. 139/8 


whence it is clear that the given number is equal to 3-9/2. 133/16, 
6. Which is greater, log,5 or logisre 5¢ a 
By Formula IVb, we have 


logi18 33> log,-»57~?2= log, 5 
so that the two numbers are equal. 


7. Compute log, 2-log,3 ... logo 9: log, 10. 
By Formula V, 


__ logy, 2, eu e _ logy, 9 
log, 2 = PAL log,3= 24? .; log,, 9= eg 10 
whence 
log, 2-log,3 ... log,, 10= logis 2, logit 9 toga 9 log,, 10 = log,, 2 


logi,3 log;,4 °°° logy, 10 


8. Prove that the ratio of the logarithms of two numbers is not 
dependent on the base; that is, 


log, NV __ logy N 
ioe, Wa Tosa (V,> 0, N,> 0, N,= 1) 


By Formula V we have 


loga NV, 
10£q loge Ws 


log, Ny 


log, Ne a logy, N, 


= logy, V, and 


whence it is clear that our equation holds true. 
9. Which is greater, log,3 or log, ;, 5? 
Since log,3 > 0 and log 45 <0, it follows that log, 3 > log,,, 5. 
10. Which is greater, log,7 or log, 3? 
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Since log,7>1 and log,3 <1, it follows that log, 7 > log, 3. 


Ya, 
11. Compute loka TE if log,,a=4. 
By the laws of logarithms we have 
sas | 
l ] 4 ly 
loge HE = 3 logan a— = logy, b= F— FZ logy b 


It remains to find the quantity log,,b. Since 


l = logan ab = logar a -|- log op b = 4 + logas 6 


it follows that log,,b—=— 3 and so 
3 —aa 
4 1 17 
loges Vb ay 3)== 


12. Compute. log, 16 if log,,27 =a. 
The chain of transformations 


log, 16 = 4 log, 2= = Trea 


shows us that we have to know log,3 in order to find log, 16. 
We find it from the condition log,, 27 <=a: 


_ 7 eee 3 _ 3 __ slog,3 
a= log,, 27 =3 log,, ~~ logy 12” 1-+-2log,2 1 2 2+-log,3 
log, 3 


which means that log, 3= "2. (note that, obviously, a= 3). We fi- 
nally have log, 16= 

13. Compute log,, 24 if log, 15=a@ and log,, 18=8. 
We have the equation ee : 


l 
logs, 24= (1og, 34.3 log, 2) =~ log, 2 + log,3 


which shows us that we have to determine log,2 and log,3. The 
equation log, 15=a yields 


a = log, 15= log, 3-++ log, 5 = 


| 1 
1 -+- logs 2 7 logs, 2-+ logs 3 
and the equation log,,18=f yields 


| 2 
B = log,, 18 = log,,2+2 log,.3= Tploga * 1+- 2 logs 2 
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Taking logs to base 5 in all cases, we find, by Formula V, 
1 I 1-++ log, 3 


l ] 
a 1+ log, 2 + fog, 34 log 3 = 1 oes 2 fod 2+ log,3 log, 2+ log, 3 
log, 3 
paw Nog 2+ 2 Hoge 
~~ 2+ log, 3 ' 142 log, 2 9.1 108s 8 12 10652 log, 3-++- 2 log, 2 
logs 2 log, 3 


The last two equations may be regarded as a system of equations 
for determining log, 2 and log, 3: 


-a log, 2-++- (a —1) log, 3= 1 
(2B — 1) log, 2+ (B—2) log, 3=0 


If ao (B—2)—(a— 1) (2B—1) =—a—aB + 2B—1 540 (see Sec. 1.11), 
then this system has the solution 

_ 2—f _ 28 —1 
logs2=Gpap—ppi? 8s 3 = spas TT 


We finally get sf 
loss 24 = se pap ABS 


Now let us verify that the expression «+af—2B-t-1 is indeed diffe- 
rent from zero. Thus, we have 


a -+- af — 2B -+ 1 = log, 15 +- log, 15-log,, 18—2 log,, 18+ 1 
= (log, 15—log,, 18-+ 1) + log,, 18-(log, 15 — 1) 


The second summand here is positive since log,, 18>>0 and log, 15>>1. 
As to the first summand, using the properties of logarithms, we can 
write log, 15 > 1, log;,18<2 and so log, 15-— log,, 18 -+1>0. Thus, 
the expression a-+-aB—2B-+1 is positive. | 

The properties of logarithms, among them the properties I to VIII 
given above, are widely used in solving a broad range of problems, 
such as logarithmic equations and systems, logarithmic inequaliti- 
es, and so on. We give here some of the simpler kinds, leaving the 
complicated ones to Secs. 1.9 and 1.10. : 

14. Solve the equation x+-logy) (1+-2*)=x logie 5+logy 6. 

Transposing xlog,)5 to the left member of the equation and utili- 
zing the laws of logarithms, we get 


x-+ log, (1 + 2*)—x log,, 5 =x log,, 10—x log,, 5 
+ logi, (1+ 2*) = log,, 2* (1 + 2*) 


The equation can thus be rewritten as logy. 2*(1-+2*)=log,. 6, whence 
(2*)? + 2*-6=0 
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Denoting z=2*, we arrive at the quadratic equation 2?+z—6=0 
which has the roots z,=—3, z,=2. Since the equation 2% = —3 is 
impossible (because 2* is positive for all values of x), it remains to 
solve the equation 2*=2. It has the root x=1, which is the sole root 
of the original equation. 

15. Solve the equation 


log, (ax)-log, (ax) = logs, where a>0, ux! 
Clearly, the roots must satisfy the conditions x>0, x41. Using the 
properties of logarithms, transform the expressions that enter into 
this equation: 


log, (ax) = 1+-log,a=1-+ Ll __ toga x+1 


log, x logg* ’ 


] 1 ae | , 
logas —=— 5 log, a= 5s log, (ax) = 1+ log, x 


Our equation can now be rewritten as 
(loggx-+1)? . i 


——_ Se 


loga x 2 


whence (log, ys log. x+1=0. Solving this equation we get 


] I 
3 oro a 


a 


16. Solve the system of equations 


5 (log, x-+ log, y) = 26 
xy = 64 


It is clear that it must be true that x>0, y>0, x=41, ys4l. De- 
noting z=log,.y and using Formula VI, we find that the first equation 
of the system can be rewritten as 5 (2+ 1/z)=26, whence z,;=5, z,=1/5. 
This means that the solutions of the original system must be sought 
among the solutions of the system 


log, y=9 
xy = 64 
and of the system 
log, y= 1/5 
xy = 64 


Solving these systems and choosing those solutions which satisfy © 


the conditions x>0, x41,y>0, y541, we obtain the answer. The 
original system has two solutions: x,=2, y,=32, x,=32, y,=2. 
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17. What can be said about the number x if it is known that for every 


real a=&0 
log, (a?7+ 1) < 0? 


For every a=«0 the number |+-a?> 1. But since the logarithm of a 
number greater than unity is negative only to a base less than unity, 
it follows that x<Il. Furthermore, since logarithms are only 
considered to a positive base, x > 0. And so finally we see that the num- 
ber x of our problem js taken in the interval O<x<1.. 

18. Find all x such that log:;,x> log:,, x. - 

From Formula V_we have 

‘lo x 
logijs X= iE lo logi/s > logis x 
log 2 


And so our inequality can be rewritten as 


Since 1—log),5-> 0, from the latter inequality we obtain log:,,x>0, 


whence x<!. But the original inequality is meaningful only when 
x>>0. Therefore all x that satisfy the original inequality lie in the 
interval O<x<cl. 


19. Solve the inequality >I, a>. 


log, x 

The fraction 1/p is greater than unity if its denominator p lies bet- 
ween zero and unity. Thus, our task is to find values of x such that 
their logarithms (to the base a> 1) lie between zero and unity, that 
is to say, so that the following two conditions hold true simultaneously: 
O<log, x and log, x<i1. The first states that the values of x must. 
exceed unity, the second that they must be less than a. Hence, the 
solution of the original inequality is the interval l<x<a. 

We can also reason differently. The left member of the proposed 
inequality is meaningful only for positive values of x different from 
unity, and so the inequality may be rewritten as log, a>>1. This ine- ~ 
quality holds true only for values of x which are greater than unity 
(since for O0<¢x<{1 we have log,a<(0 whena>1) but less than a 
(since for x>>a>1 we have, by the logarithmic laws, log, a<1). 

In the foregoing examples, Formulas I to VI were used successfully 
to transform a variety of expressions both with concrete numbers and 
literal data. Such manipulations are necessary primarily in the solu- 
tion of equations and inequalities. 

But in many such cases these formulas are not sufficient. First of 
all, this is due to the fact that the letters in the formulas have to sa- 
tisfy very stringent restrictions. A still greater drawback of Formulas 
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I to IV is that the right and left members are meaningful for different 
restrictions on the values of the literal elements that enter into them. 

For example, in Formula I, log, MN has meaning when the numbers 
M and N are both positive as well as when they are both negative. 
By contrast, the right-hand member of this formula is meaningful 
only in the first instance. But this means that if we transform an equa- 
tion and replace the logarithm of a product of two expressions M 
and N containing the unknown by the sum of the logarithms of 
these expressions, then, for values of the unknowns which make M 
and N negative numbers, we change the meaningful expression log, MN 
into a meaningless expression log, M+-log, N. As is explained in Sec, 
1.9, we would thus lose certain roots of the equation at hand. 

The very same goes for Formulas I] and III. 

For these reasons, formulas of a more general nature are used in 
solving problems containing unknowns: 


I*. log, MN =log,|M|--log,{N]  (MN.> 0) 

I, log, = log, | M|—log, |N | (MN > 0) 

IlI*. log, N*=2klog,|N| (N=0, & an integer) 

IV*, loga#N = logit (N>0, &40 an integer, x50, 
[x| 541) 


It should be noted that Formulas I* and II* also have the draw- 
backs stated above: their left and right members are meaningful for 
different restrictions‘on the values of the letters that enter into them. 
Namely, the right-hand members have meaning for arbitrary M and 
N different from zero, while the left-hand members are only meaning- 
ful for M and N having the same sign, which means that they are 
subject to more stringent restrictions. For this reason, replacing 
logs MN by log.|M|-+log,|NV} when solving equations can lead to 
extraneous solutions but not to the loss of solutions, as can happen 
when using Formulas I-IV. Since acquiring extraneous solutions of 
an equation is preferable to losing solutions (superfluous solutions 
may be discarded by verification, but lost solutions cannot be found}), 
one should use formulas I * to 1 V* when manipulating literal expres- 
sions. 

Here are some problems which illustrate the importance of utili- 
zing these properties. 

20. Simplify the expression 


log, . — 2 log, 4x4 


and then compute its value for x=— 2. 
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It is quite evident here that computations by Formulas | and III, 
that ts, 
log, 2 log, 4x4 = 2 log, x— log, 4— 2 log, 4—8 log, x 
= —3—6 log, x 
are erroneous because the latter expression for x=— 2 is meaningless, 
whereas the original one is meaningful and is equal to —6. ° © 
This paradoxical result is due to the fact that Formulas I and JI] 


are only applicable to positive values of the letters. Now if we use 
Formulas I* and III* in which the values of the letters may be ne- 


gative as well, we get 
log, ~—2 log, 4x4 = 2 log,|x|—1—2—8 log, |x| = —3 —6 log, | x| 


It is clear that for x =— 2 this expression is equal to —6. 
21. Solve the system of equations 
log, xy = 5 
log1/ = == J 


Using Formulas I* and II *, rewrite the system as 


log, |*|-+ log. |y|=5 
logij2|*|—logiy2|y|=1 
Denoting 2;=log,|x|, 2,=log.|y|, we get 
2,+2,=5. 
2, —2,=—l] 
whence 2,;=2, z,=3, and so |x|=4, |y|=8. 
But this does not mean that the original system has four solutions: 
x, =4, Y, = 8, Xy,=—4, ¥,=—8, 
x,=4, y,=—8, X%=—4, 9¥,=8 
because it is required that the expressions log.xy and logs, = be mea- 


ningful. They will clearly have meaning only for x and y having the 
same signs. And so our system will only have two solutions: x,;=4, 
y,=8, and X,=—4, y,=—8. 

Thus, using Formulas I * and II * we acquired extraneous solutions 
which were readily discarded in a verification; now if we had used 
formulas I and IJ and had rewritten the system as 

log, ¥-+ log, y=5 
logs/2.X—logi/2 y = I 


we would have lost the solution x,=— 4, yz=— 8. 
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Note also that the original system may be solved in a diflerent way 
by reducing it directly to the system 
x l 
XY = 32. 7 = r 
whence the required answer is obtained. 


Exercises 
Compute the following. 
Y 
1, (a%)~8 leas N 2. — log, log, log. 16. 
8. log, tan (0.25). 4. log, tan =. 


cl 


sl eis , ‘oa : 
. 108.25 log, V “Y 0.125, 6. V 5 ioe: > Par 
ae, 10 V- 


logy logy N 


7, q° Wea . 8. logy, tan 1°4-log,, tan 2°-+- ... + log,, tan 89°. 
9. logy, tan 1°- logy, tan 2° ... log,, tan 89°, 

log, 5 clog; 2- i Tin reey 2 —logi;.7 
10, 2°83 ° —§ Il. i) +-5 /s 


12. Find x if | logy 5=-> (lose 3+ oe rhe logis 5 ) 


In the following examples which number is greater: 


13. log, 2 or log, 3? 14. log, 5 or log, 5? 
15. log, 3 or log, 11? 16. log. a or log, a? 

CW armen Sarre 
17. log, 2 or log, 3? 18. j/ 0.01 or ?/0.001 2 


19. Prove that if @=log,, 18 and B=log,, 54, then aB-+5(a—B)=1. 
20. Find logs, 168. if log, 12a and log,, 246. 
21. Find logsg8 if loggy3=a and logs, 5=6. 


| 
22. Prove the formula oe =1+-log, 6 and indicate the permissible values 
a 


of the letters. 
23. Prove the identity 


log, N-logy N + log, N-log, N+ log, N-log, N = loga N-logy N-log, N . 
logabe. N 


24. Compute the sum of 


I l l l 
log, N Tig, N 1 ioe, ye Sa ee N 


where NV = 19671. 


25. Prove that if a@ and 6 are the lengths of the legs and c is the length of 
the hypotenuse of a right triangle, c—b 4 1 and c+6 #1, then 


loge+b 2+ log,-p a= 2 logs4p a: tog. ga 
26. Prove that | log, a+ log, 6|=>2 (a and 6 are positive numbers not unity). 
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] 
27. Prove that logjog, 25 7 Q. 


I 
98, Prove that log, 17-log,,, 2- logs 5 2. 


29. 
l 
log, (a®b) > logy (=| ? 


30. Prove that log, 3 is an irrational number. 
. Find all real values of x for which the expression 


1 y3 
= —_— Ym 
/. 2 om 
a real number. 


Solve the following equations: 


8 
oes (37) 


(loge x)? 


33. V log, x4-+ 4 log, y= = 2, 
34. log’, x83—20 logy, V x+1=0. 
35. log, x—8 logy: 2=3. 
36. logs 2-+- 4 log, x?7-+-9=0. 
37. log, 3-log , 3+ log, 3=0. 

3 81 
38. log, (ax)-log, x= 1+- log, V a. 


39. log;a—log, a=log , a 

3 

—3 log +8 
40. (logs x)t=3 logs * 9 oVsa. 


Solve the following systems of equations: 
108 7g FFM _ clogs (x=y) 


l 
logs x-+ logs y =>. 


42. logge y= 2y" 
logg V xa+2 logs Fort 


32. 


41. 2 


43. log, xy- log, c=— 3 


log: x+ logs y=5. 

logs ¥-+ logs y=1. 
45. log, x—loggzy=m 

log,? x—loggsy=n. 


-—3480 


For what values of a and 6 is the following incquality valid: 
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46. loggx+logyy+log,z=2 
logs y+ log, 2+ logy x= 2 
logy 2+ logyg ++ logig y= 2. 
47, 2x —x-V = 1 
loge y == V x. 
48, x2=1-+6 log, y 
y® = 2% yt Q2x4t, 
49. Solve the inequality log,, x-+ logs x > 1. 


1 
50. Solve the inequality xS190* Jopig x < 1. 
61. For which values of @ are the roots of the equation x2—4x—log,a=Oreal? 


1.7 Progressions 


The study of arithmetic progressions does not usually cause any 
trouble, but occasionally there is some misunderstanding in the de- 
finition of a .geometric progression. We shall therefore investigate 
this matter in some detail. | 

Some textbooks define a geometric progression as follows: “A geo- 
metric progression is a sequence of numbers each term of which, from 
the second on, is equal to the preceding one multiplied by some nor- 
zero number which is constant for the given sequence.” Other textbooks 


fail to give the restriction “nonzero” number. Thus, from the viewpoint 
of the first definition, the sequence 


2, 0)0;0): sian Op aye (1) 


is not a geometric progression, whereas the second definition permits 
considering it a geometric progression with “common ratio zero.” 

There can of course be a certain choice of definition. That freedom 
always exists. It is meaningless to argue about whether a definition 
is correct or not, since a definition is never proved. But when stating 
a definition, one should be guided by considerations of expediency. 

Let us consider the second definition from this point of view: we 
will allow for zero common ratios. 

The introduction of the general notion of a geometric progression 
was due to the desire to study sequences with positive terms in which 
each successive term is greater than the preceding one by a defintte 
number of times. Such sequences occur frequently in a broad range Of 
problems. But if we take the sequence (1), the question of how many 
times greater is the third term than the second is devoid of any mean- 
ing. It is extremely desirable that a geometric progression be recon- 
structed uniquely on the basis of any term and the common ratio. 
However, if it is known that the common ratio of a progression is equal 
to zero and its third term is also zero, then it is clearly impossible to 
determine the first term unambiguously. What is more, if (given a com: 
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mon ratio of zero) the third term is nonzéro (say unity), then there is 
no geometric progression that can satisfy these conditions.* 

From the foregoing it is evident that sequences like (1) possess ano- 
malous properties; it is quite inexpedient to call such sequences geo- 
metric progressions. It is thus reasonable to demand that the defini- 
tion of a geometric progression require the common ratio to be nonzero. 

Even this definition has certain drawbacks. Within the framework 
of this definition, there is nothing to prevent us from regarding the 


sequence 
0.0.10. 0) asey10) was (2) 


as a geometric progression with common ratio 2 or 1/3. It is quite 
undesirable to have such ambiguousness in the common ratio of a 
progression. * * : 

To eliminate this possibility, it is best to define a geometric prog- 
ression as follows: A geometric progression is a sequence of numbers 
such that the first term is nonzero, and each of the succeeding terms is 
equal to the preceding one multiplied by a certain nonzero number that 
is constant for the given sequence. It follows from this definition that 
no term of a geometric progression can be zero. 

Thus, if in the solution of a problem in which the first term 6, of 
a geometric progression is a function of an unknown quantity we ob- 
tain for the unknown a value that makes b, vanish, then we must— 
according to the definition that we have just given—discard this value 
of the unknown as not satisfying the condition of the problem. 

The definition of progressions is also involved in a question of the 
following kind: Is the sequence 1,1, 1,..., 1, ... an arithmetic or a geo- 
metric progression? This sequence can actually be regarded as an arith- 
metic progression (with common difference 0) or as a geometric pro- 
gression (with common ratio 1). | 

Note that all the definitions and formulas in the theory of prog- 
ressions (both arithmetic and geometric) remain valid when the terms 
of the progressions are complex numbers, but in most problems in- 
volving progressions it is assumed (if not otherwise stated) that the 
terms of the progressions are real numbers. 

Let us now examine some problems that present difficulties. 

1. For what values of x do the three numbers log.o 2, lo819 (2*—1) and 
logio (2*+3) taken in that order constitute an arithmetic progression? 


* There are also other “undesirable” effects which stem from the second definition 
given above. Note that all these effects have no analogues in the theory of arithmetic 
progressions. Yet it is extremely desirable for the theories of arithmetic and geomet- 
ric progressions to be analogous. 

** Also note that from the definition of the sum S of an infinite sequence it is 
easy to find the magnitude of the sum of the terms of the sequence (2): S=0. There- 
fore, if (2) is regarded as a geometric progression with common ratio 2, we would have 
an instance of a geometric progression having a sum but not being an infinitely dec- 


reasing progression. 


6 th 
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The solution of this problem requires a knowledge both of progres, 
sions and the properties of logarithms. 

Taking advantage of the definition of an arithmetic progression, 
we can reduce this problem to the equation 2 log), (2*—1)=logy) 2-} 
-+-logyo (2*+3), which has to be solved. Let us rewrite it as (2*—1)?s 
=2(2*-+3) or, denoting 2*—l=z, we have 22—2z—8=0, whence 
2,==4, 2.=— 2. The root z, is extraneous since the inequality 2*—1 > 
must hold true (the inequality 2*+3—>0 is automatically valid fo, 
arbitrary x). The root z, leads to the equation 2*—1=4 from whic}, 
we find x=log, 5. 

2. Given an arithmetic progression and a geometric progression with 
positive terms. The first terms of these progressions coincide, the secon 
terms likewise coincide. Prove that any other term of the arithmetic prog. 
ression does not exceed the corresponding term of the geometric progression. 

This problem is rather instructive for it points up an interestin 
relationship between an arithmetic and a geometric progression. 

Thus, we have two progressions, the arithmetic progression a@;, @, 
3, ..+, @p, ... and the geometric progression b,, bz, bs, ..., On, ... 
with a,=b,, a,=b;. Since all the terms of the arithmetic progression 
are positive, a;->0 and the common difference d=>0. Then the equa. 


tion a,=6, shows that the common ratioq= f41> l. 
1 
It is necessary to prove that bn412Qn41, n=2, 3, ..., that is, 


that a,g"—a,—nd 0. This inequality can easily be obtained if we 
take advantage of the binomial theorem 


ag" —a,—nd=a, (1 +o)" a,—nd 


2 n 2 
=O, (1+nS4+c.-54+ se +57) —a—nd = Ci + 30 

Qa) Q) Qy Qy 
where the sequence of dots indicates that some positive terms are 
not shown. It is evident from this that the equation a,=b, is only 
possible for all values of n when d=0, that is, if all the terms of the 

arithmetic progression are equal. 

Another solution might be suggested that does not make use of the 
binomial theorem. It is this. Above, we found that the common ratio 
g=> 1 and is connected with the common difference d by the relation 


d=a,qg—a,, and so 
aq" —a,——nd = a,q"— a, — ang + an =a, (q"—1)—a,n (q—1). 
=4,(9—1) [92+ q+... +qg+1—n] >0 


because a;>>0, q==1, and the expression in square brackets is also 
nonnegative since from g=>1 follows 


Pei, Pel, ..., ge pil,or ’t+qe+...+¢+qtlon 
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For all values of n, the equation a,=6, is possible only when g=1, 
that is to say when all the terms of the geometric progression are equal. 

Before going over to problems involving geometric progressions, 
we shali take up a theoretical question. In problem solving it is rather 
often necessary to write down the condition under which given num- 
bers constitute a geometric progression. Ordinarily, the condition is 
written this way: the numbers 6,, b., 63 constitute a geometric prog- 


ression if 


by: b, = 0510, 
or ; ; 
a9 @) 


It is easy to see that the latter equation is not equivalent to the 
definition of a geometric progression b,—b,g, b3;=b.g. Indeed, the 
triples 2, 0, O and 0, 0, 0 constitute geometric progressions (in the 
former case the common ratio is 0, in the latter, it is an arbitrary 
number), but (3) is meaningless for either of them. It is therefore 
incorrect to use (3) as a criterion of a geometric progression, particu- 
larly in cases when by and b, are certain functions of an unknown, since 
it is not known beforehand whether they are always nonzero or not. 

The required condition is more properly written as 62=6,03, which 
is meaningful for all values of b,, 62, bs (including the value zero), and 
not in the form of (3). This condition can be stated still more general- 
ly. As we know, the following property holds true: in a geometric 
progression, the square of any term (except of course the first and last) 
is equal to the product of the adjacent terms. It can readily be verified 
that the converse is also true: if n numbers are arranged in some order 
and are such that the square of each one (except the first and last) is equal 
to the product of the adjacent numbers, then these numbers constitute a 
geometric progression. Using this assertion we could straightway write 
down the condition (n — 2 equations) under which the given n numbers 
constitute a geometric progression. 

This property of geometric progressions is sometimes paraphrased 
by students as follows: any term (except the extreme terms) of a geo- 
metric progression is a geometric mean of the adjacent terms. It is 
quite evident that in this form the assertion is only valid for progres- 
sions with real positive terms. If we write it down, say, for the geo- 
metric progression 1, — 3,9, then we get the erroneous equation — 3= 


=V1-9. 

3. Prove that the three numbers a , cos a, tana, taken in that or- 
der, constitute a geometric progression only when a==t2/3-+2nk, k= 
=0, +1, +2,.... 

Although the problem is stated as a trigonometric problem, its 
solution reduces to the study of the roots of a third-degree polynomial. 
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The given numbers constitute a geometric progression if the fol. 
lowing equation holds true: 
cos? a= sin tan % (4) 
6 
Thus, the indicated three numbers constitute a geometric progression 
only if a satisfies equation (4), which may be rewritten as 


6 cos? a-+ cos?a—1=0 (5) 


Let us check to see if the given numbers do form a geometric progres- 
sion for e=+—n/3+-2nk. For that value of @ we have cosa=1/2 and 
substitution convinces us that this is a root of (5). 

The student who confines himself to this reasoning has not yet solved 
the problem. We have verified that for the indicated values of a the 
given numbers do indeed form a geometric progression. It remains to 
prove that no other values of a permit constructing a geometric prog- 
ression. Denote cosa=z and consider the polynomial 628-+-z?—1. We 
already know one root z=1/2 and we can factor the polynomial:* 


623 + 22— 1] = (2z2— 1) (827 + 2z+4 1) 


Since the discriminant of the resulting quadratic trinomial is negative, 
equation (5) does not have any real roots other than cosa=1/2. Con- 
sequently, (4), which is equivalent to the definition of a geometric 
progression, is only satisfied for the values of a indicated in the hypo- 
thesis, 

4. Find all the complex numbers x and y such that the numbers x, 
x-+2y, 2x+-y form.an arithmetic progression while the numbers (y+-1)*, 
xy+5, (x+1)? form a geometric progression. 

We now consider progressions with complex terms. 

Since the numbers x, x-+2y, 2x-+y form an arithmetic progression, 
we have the equation (x+-2y)—x=(2x-+-y)—(x+2y), whence x=3y. 
Since the numbers (y+-1)?, xy+-5, (x+1)? must form a geometric prog- 
ression, the following equation must be true: 


| (xy + Ayr = (x + 1)? (y+ 1)? 
Make a substitution «=3y and use the formula for the difference of 
two squares. Then we have an equation for determining y: 
(y—1) (8y° + 2y + 3)=0 


which has three roots: one real and two imaginary. The condition of 
the problem is thus satisfied by three pairs of numbers: 


x,=3, %,=—1+2V 2, x, =—1—2V 2, 
—14+2V 2% —{—2 Vi 
y=, ja y= 


* For example, by dividing the polynomial 62-+22—1 by z—1/2. Then, in the 
resulting factorization, we can make all the coefficients integral. 
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In the first case, the arithmetic progression has the form 3, 5, 7 and 
the geometric progression, 4, 8, 16; in the second case, the arithmetic 
progression has the form 


1427 Vo. a . cota 


( with common difference 24472 | and the geometric progression, 


—44+8VY2  8—4V2 8 
Sf -..- 


(with common ratio —2—i) 2). The progressions can be computed in 
similar fashion for the third case as well. 

5. Find a geometric progression of real numbers if it is known that 
the sum of the first four terms is equal to 15 and the sum of their squares 
is equal to 85. 

This problem does not present any difficulties as far as progressions 
are concerned, but the resulting equation merits special consideration. 

Denote the first term of the desired progression by a andthe com- 
mon ratio by qg. Then the other three terms are aq, ag? and ag’. By 
hypothesis, we have the following system of equations: 


a(l+q+q?-+4°)= 15 
a* (1+ 4? + q*-+ 9°) = 85 
Squaring the first equation and dividing the result by the second equa- 
tion, we obtain an equation in ¢: 
(I-+q+@+qy _ 45 
I+ qe+qi-+g® 17 
Simplifying in the ordinary way, we obtain an equation of the sixth 
degree. But let us approach it differently. Transform the left-hand 
member as follows: 


ety 
(l+9q+94 se oer 1) =), Cal OM) et! 
b+gitgt-+qe gah GP P= 1 gl gt) 
g—1 
—FtPtagty gt) _ P+29¢?+29?+ 29+ 1 
qi+i qg+l 
This yields the equation 
Gt 2g + 2g? +2941 = 
g+l 7 


which can be reduced tothe quartic (fourth-degree) equation 
14q*— 17q°— 179?—17g 4-14=0 (6) 
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This is a special kind of equation known as a reciprocal equation of 
the fourth degree: its coefficients equidistant from the ends are equal. 
The general form of a reciprocal equation of the fourth degree is 


Axt + BP+Cx?+ Bx+A=0 


and any equation of this kind can be solved by means of an artificial 
device. We will demonstrate how this technique works in our specific 
case* but its generality is apparent at once. 


It is clear that gq=0 is not a root of (6) and so both members of this 


equation can be divided by q?; then the left-hand member can be trans- 
formed as follows: 


ek) =H (04) tre (0 d)—3] (044) 
—1T=14(q+2) 17 (q+—)—45 
Denoting g+-1/q by t, we obtain the equation 14/—17t—45=0 whose 


roots are t,;=5/2, t,=— 9/7. It remains to solve two equations: 
1 5 1 9 
q+ T=]: iar aay 


The roots of the first equation are found without any difficulty: g,=2, 
g2= 1/2; the second equation does not have any real roots. Substitu- 


ting in succession the values of q into the first equation of the original 
system, we get a,:=1, a.=8. 


Thus the hypothesis of the problem is satisfied by the following 
two geometric progressions:* * 


1, 2, 4, 8 16, ... and 8, 4, 2, 1, >, 
Occasionally, the concept of a progression is linked up with some 
geometric fact. The following two problems are an illustration. 


6. For which values of the common ratio can three successive terms of 
a geometric progression be the sides of a triangle? 


It is quite obvious that for a common ratio equal to unity, any three 


terms of a geometric progression (with positive first term) can be the 
sides of an equilateral triangle. | 


* In our case B=C; in the general case the coefficients B and C are distinct. 

** It was no accident that the equation (6) obtained in the solution of this problem 
turned out to be reciprocal. Reciprocal equations have the following property: if a 
number ais a root, then \/a is alsoa root. The proof of this fact is carried out by direct 
verification. Equation (6) defines the common ratio of the progressicn. However, 
in this problem the order of the desired numbers is immaterial and so if some number 
gis acommon ratio that satisfies the condition of the progression, then 1/q is likewise 
a common tatio of a progression satisfying this condition (this progression consists 
of the same numbers as that corresponding to the common ratio g but written in 


reverse order). Hence it is natural to expect that the equation for q would be a recip- 
rocal equation. 
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Suppose we are given three unequal positive numbers a, ag, aq?. 
For which values of qg can these numbers be the sides of a triangle? 

As we know, three line segments can form a triangle if and only if 
each of them is less than the sum of the other two. Thus, to see if three 
given line segments will form a triangle, it suffices to verify that 
the largest one is less than the sum of the other two. 

Using this property we can solve the problem. Our task thus is to 
figure out for which values of g the largest one of the three numbers 
a, aq, ag* is less than the sum of the other two. Clearly, for q>>1 the 
number ag? is the largest number, and for <1, a is. We will consider 
two cases: ; 

(a) Let g>>1. Then the inequality 


aq? < aq -+-a 
must hold true. Since a is a positive number, we find that the ratio q 
must satisfy the inequality g@—q@—1<0. All the q’s in the interval 


Vt <q VE 


are solutions of this inequality. Noting that in the case at hand g>1, 
we obtain that g can vary in the interval 
l<q< yo 
Thus, the three numbers a, ag, ag* can be the lengths of sides of a tri- 
angle for all values of g. 
(b) Let O0<¢g<1. Similarly, we can find an interval over which the 
common ratio g must vary. But we will approach this differently. 
Rewrite the progression a, aq, aq? in reverse order ag*, aq, a and de- 
note its common ratio, 1/qg, by q*. Since g<1, then q’=I/g>1. We 
thus arrive at the earlier case and find that g’ must vary over the in- 


tervall<g’< V5-+1 , or I/q lies in the interval l<— < eee. . From 


€ 


this we find that g in the case at hand can vary over the interval 
aioe <q<l 


Combining all the foregoing cases, we find that the common ratio 
g of the progression can only vary within the interval : 


5 5-1 
ee 


7. A straight line is drawn through the centre of a square ABCD in- 
tersecting side AB at the point N so that AN: NB=1: 2. On this line 
take an arbitrary point M lying inside the square. Prove that the dis- 
tances from M to the sides of the square AB, AD, BC, CD, taken in that 
order, form an arithmetic progression, 
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Referring to Fig. 14, denote the distance from M to AB by x and 
to AD by y; then the distances to the sides BC and CD will be a—y 
and a—x, respectively, where a is a side of the square. 

If we draw AS||NP through point A, it is easy to see that 
tan /SAD=1/3. Now extend NP to intersection with the prolonga- 
tion of AD at point R and consider ARML. Since PD=2SD, we 


Fig. 14 


conclude, by the property of parallel lines, that RD=2AD=2a, and 


so RL=2a—(a—x)=a+x. Furthermore we have "= tan ZMRL 


LR 
whence y= or : 


It now remains to verify that for arbitrary 0<.x<a the four num- 
bers x, ats ,a— pea = oe a-—.x form an arithmetic progres- 
sion. This verification is performed directly on the basis of the defi- 
nition of an arithmetic progression: : 


At the examination, many students made the following serious mis- 
take. It was asserted that the four numbers MQ, ML, MK, MT form 
an arithmetic progression simply because the sum of the extreme terms 
MQ+MT=a is equal to the sum of the middle terms, ML+MK=a. 
This is quite illegitimate. If four numbers form an arithmetic progres- 
sion, then the sum of the extreme numbers is equal to the sum of the 
middle numbers. However, this may be true, yet the four numbers 
need ne necessarily constitute an arithmetic progression, as witness 
1, 6, 5, 10. ° 

In some problems the application of familiar formulas for arithme- 
tic or geometric progressions is only possible after certain special trans- 
formations. | 

8. Find the general term of the sequence 2, 4, 7, 11, ... having the 
property that the differences between successive terms constitute an arith- 
metic progression. 

We will indicate a technique for finding the general term of any 


sequence in- which the differences between successive terms constitute 
an arithmetic progression. 
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Denote the given sequence by @;, @2, a3, ...; then 


a,— Qy — Th, 
Q,-—-Q, =P, 
Qy—a;, =Sls, 


Qy — Ay Hl y-1 
and, by hypothesis, the numbers 7;, 7s, 73, ... form an arithmetic 
progression. Adding all these equations and collecting terms, we get 
A, =A, +r, rete ee BH 
In our case, the first term of the sequence is 2, and the sum of the 
arithmetic progression (the first term 2 and common difference 1) is 
readily found to be 


eee fF yay = EE (1) EOF?) 


And so 
jae Ga or) = 1 peer!) 


9. Find the sum of 
]-+2-24+3-2?+4.2315.244 ...-+ 100-2 
The proposed sum is not the sum of a geometric progression. Howe- 
ver, with a little ingenuity the solution is easily found on the basis of 
familiar formulas. Namely, write the proposed sum, call it S, as 
S=14+2-+ 224234... +2984. 299 
4+-2+-224-23-+ ,,, 4.295 1. 999 
--924-93-4.,,, 4.998 4.999 


+. 208 -t- 998 
|. 999 


It is apparent that.each of these lines is a sum of some geometric prog- 
ression. Applying the appropriate formula, we get 


1 (Q100__ 091) 2? ht 93 al 
§=-Ce) , 2e pas ae A is Cer » + 


298 (22 ]) 
2—1] 
+250 om 1p (m2 | 
-- (2190 92) + (210° _— 2°) - oe -+ (2100. 998) -+ (2100.99) 
= 100-229°—(14+-2-492-+,,, +209) 
— 100. 2100__ 1) = — 99.9100 | 


10. Find the coefficient of x” in the expansion ern 
© nx"), 
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Let us first try to figure out how terms in x” can appear in the ex- 
pansion. By the formula of the square of a polynomial, the desired 
expansion will contain, firstly, the squares of all the terms of the given 
sum and, secondly, all the doubled paired products of these terms. ‘It 
is readily seen that if n is odd, then the terms in x” in the expansion 
can only appear in the doubled products; but if n is even, the terms 
in x” in the expansion will also stem from certain doubled products, 


but besides the same kind of term will result from squaring the term 
ny 


It is natural, therefore, when solving this problem, to consider two 
separate cases: n even and n odd. 

We first consider the case when 7 is an even number. Then the pro- 
posed sum has n-+1 terms, which is an odd number, and. the given 
expression may be written as follows (isolating the “middle” 
term): 

a | alae 


2 n 2 


i n 
ee es (5—1)« +5 % 
es +l : 
+($+1)« feed past] 
Obviously, from among the squares of the terms of our sum, only the 
_ square of the “middle” term will yield a term in x”; and only the doub- 


led products of terms equidistant from the ends will yield the desired 
power. Thus, the desired coefficient is 


S==($)'+2Ln+2-1-(n—1)+2-2-(n—2) 4... 
n n n\2 
+2(5—1) ($+1)=(4) 42n+2-1-0 
42-2-n+2-3-nt ... +2 (g—1)n 
n n 
a ee ee (-}) ($-1) 
_ n 
=" 42n42n [1+24+3+...4+(4—1)] 
—2 [+e ap + (F—1)4] 
The sum in the first square bracket is computed as the sum of an arith- 
metic progression, the sum in the second square bracket is determined 


from the formula for the sum of the squares of integers: 


ee _ k(k-+ 1) (26-41) 
P+... pea kee Orr) 
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This formula is very useful and it is well to be able to prove it. A sim- 
ple computation shows that for even n the coefficient of x” is 


_ n(n® +11) 
5S=— 


Now let n be odd. The proposed sum has n+-1 terms, which is an 
even number, and the given expression has two “middle” terms 


n=} n+l 
figetoed... pte! x? oh an ee 
+ (a— 1) x71 + nxt]? 


It is easy to see that the terms in x" can now only appear from doubled 
products of the terms equidistant trom the ends. Consequently, the 


desired coefficient is 
S=:2-]-n+2-1-(n—1)+2-2-(n—2)+... 


$2-2-n42-3-nt 0.422 on 


n—l n—l 


—-2.-].J]—2-2.2—2.3.3—., Se eae 5 
=2n-+2n |14+24+3+...+75+] 
2 fiporgae... + (54)") eat 


It thus appears that the final formula does not depend on whether 
the number n is even or odd. | 

Many problems involving the setting up of equations are connected 
with progressions, but most of them do not use anything more than 
the definitions of progressions. We will consider here a so-called mix- 
ture problem. Problems of this nature in which a geometric progres- 
sion is implicit occur quite frequently and cause trouble. 

11. A total of a litres of pure acid were drawn from a tank containing 
729 litres of pure acid and were replaced by water. The result was thor- 
oughly mixed to obtain a homogeneous solution and then another a litres 
of solution were drawn off, and again replaced by water, and again thor- 
oughly mixed. This procedure was performed six times and the tank then 


contained 64 litres of pure acid. Determine a. 
The first time that a litres of pure acid were drawn off and replaced 
. by water left the tank with 729 — a litres of pure acid. It is also clear 
: , _  (29—a ,, : 
now that one litre of solution contains 0g litre of pure acid. 


; 29—a ;. : 
During the second procedure, os _ = litres of pure acid were 
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drawn off, and the tank then contained only 


729—a__ (729—a)* ,. 
729—A—@ - sag = "sg — litres 


of acid. Thus, after the second replacement with water there will be 


fe ' —a)*,. eat Se : ; 
e279 = oe litre of acid in one litre of solution. And so the 
; Su ce ; 29 — : 
- third reduction in acid amounts to a. dom ) litres, with 
(729 —a)* ater (729—a)* — (729—a)8 
729 7292 7292 


litres of acid remaining in the tank. 
It is easy to see that the amount of acid in the tank after the sixth 
operation should be 
(729—a)® 


7598-— litres 


True, this conjecture does not take the place of a proof. To obtain 
complete rigour, we would have to repeat this procedure six times and 
make sure that there is precisely that amount of pure acid left in the 
tank.* The equation 
(729—a)® _ 
"Fags = 84 


if we note that 2°=64 and 3°=729, yields a=243 immediately. Thus, 
243 litres of liquid were drawn off in each operation. 

In conclusion, a few words about infinitely decreasing geometric 
progressions. The important thing here is to realize the fundamental 
difference between the question of defining the concept of the sum of 
such a progression and the question of computing this sum. 

If we have a certain finite sequence of numbers, then the sum w,-t- 
-+ue+tust+ ... +u, of these numbers has a very definite meaning in 
accordance with the concepts of arithmetic. We have to find the num- 
ber S,=u,-++u,, then add the third given number to obtain Ss=S,-+- 


* It is also easy to prove that the amounts of acid in the tank after each drawing-off 


' operation are 

(729—a)?  (729—a)s 
| 729° 7992 tt 
. and constitute a geometric progression with common ratio 


729 —a, 


729 — a a 


729! 799: In- 
deed, if after the nth operation there remained &,, litres of pure acid in the tank, then 


there will be 799 litre of acid in one litre of solution and thus, as aresult of the (n-++1)th 


operation the amount of acid will be reduced by a litres and will be equal to 


R a-\ 4. 
hnt1=hy— 5h = (1~ 735) litres, 
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+-u3=,+U,--u 3, then add the fourth given number to obtain S,= 
=§,-++u,, and so on until all the given numbers have been exhausted. 

Now when there are infinitely many numbers, this definition of a 
sum is no longer applicable because we can never exhaust all the num- 
bers, and so, for the time being, the notation u,-+u.+u3-+ ...+u,+ 
+... is devoid of any meaning, for we do not know how to add an 
infinity of numbers. 

In this case we do as follows. We compute so-called partial sums, 
which are sums containing a finite number of summands: 


Stas 
Sq == Uy -t Ug, Z 
S,=U,-+u,+u,, | 


e @ @  @ @©  @ @ ee  «@# @  @ @  @® @ .@ 


e @ ee &©  @  @ @ @  @  @  @  @ @ 


They may be computed in the ordinary way for any value of &. Then 
the sequence of numbers 


Sipe Dag se ayes Ae 


either has a limit or it does not. If the sequence of partial sums does 
not have a limit as k—> oo, the sum of numbers wy, uz, U3, ..., Un, .. 
is not defined. /f such a limit exists, then, by definition, it is called the 
sum of the given numbers. If that limit is equal to S: 

lim S, = S§ 


k+o 
then we write 
ttu,tu,t...+u,-...=S 
Thus, the sum of an infinite set of numbers is quite a new concept 


that differs essentially from the notion of a sum as given in arithmetic. 
If we now consider the infinitely decreasing geometric progression * 


a, ag, ag?, ..., ag", ..., Jg{/<l 
then, as the textbooks demonstrate, the sequence of partial sums in 
this case does indeed have a limit, and it is equal to S= i . Thus, 
an infinitely decreasing geometric progression has a sum, and this sum 


, a 
is S = 7 

* A geometric progressfon with an infinite number of terms and with common 
tatio less than unity in absolute value is for short termed an infinitely decreasing 
progression. However this name is not quite exact: an infinitely decreasing progres- 
sion may not be decreasing, and may be truly decreasing only if its first term is po- 
sitive and the common ratio satisfies the inequality 0<q< 1. For instance, the in- 
finitely decreasing geometric progression 1, —1/2, 1/4, —1/8, ... is not a decreas- 
ing progression by generally accepted terminology. 
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The important thing to bear in mind is that one must be convinced 
of the existence of a sum of an infinite sequence of numbers before 
attempting to compute that sum. This is vividly illustrated in the fol- 
lowing example. Let us attempt to find the sum of the following infi- 
nite geometric progression: 2, 4, 8, 16,..., 2”, ... . If we fail to pose 
the question of the existence of a sum and denote it directly by § 


S=2+4+..,42"7-142"°4+.., 
then, multiplying both members of this equation by 2, we get 
| 448+... +2" 427t14 ,.,=28 
whence 2+2S=S and, hence S=—2. This strange result—the sum 
of an infinity of positive numbers is negative—is not difficult to ex- 


plain: the original sequence does not have any sum and so our compu- 
tations are meaningless. Indeed, the sequence of partial sums 


S,=2, 8,=2+4=6, 8,=2+4+4+48=14, . 
S,= 2-2, ... 


as k-»oo has no limit. 

12. Find an infinitely decreasing geometric progression having the 
property that its sum ts twice the sum of the first k terms. 

This problem is interesting in that we do not arrive at an unambi- 
guous answer, which is a situation that occasionally arises in solving 
problems involving progressions. 

Denote the first term of the progression by a and the common ratio 
by g; then, by hypothesis, we can write 


a - 2a(i—q*) 


‘I—q  Il—q 
where & is the number given in the problem. From this we have 


=2(1—0h, gtad 


eo °%9 


If k is odd, then the equation has a unique root (we confine ourselves 
to progressions with real terms) 


| qe Via 
which in this case is the common ratio of the progression; but if & is 
even, then we have two roots: 


g= x /1/2 
and both roots can be ratios of the desired progression. Thus, for k 
even, the common ratio of a progression is not defined uniquely. 

The first term of the progression cannot be found since we lack the 
conditions. This means that any infinitely decreasing geometric pro- 
gression with one of the indicated values of the common ratio and 
with an arbitrary first term has the property stated in this problem. 
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Exercises 


1. The first term of a geometric progression is equal to x — 2, the third term is 
x-+-6, and the arithmetic mean of the first and third terms stands in the ratio to the 


second term as 5:3. Determine ~x. 
be three successive terms of an arithmetic progres- 


een —— ¢ ! caren 
2% Let a--b , b--e aNlG c+a 
sion. Prove that in that case 5°, a? and c? are also successive terms of an arithmetic 


progression. 
3. Three nonzero real numbers form an arithmetic progression and the squares 
of these numbers taken in the same order constitute a geometric progression. Find all 


possible common ratios of the geometric progression. 
4. The sides of right triangle form a geometric progression. Find the tangents 


of the acute angles. 

5. Let x, and x, be the roots of the equation x?—3x+A=0 and let x, and x 
be the roots of the equation x? —12x-+B=0. It is known that the numbers 4X1, Xe; Xa, 
x, (in that order) form an increasing geometric progression. Find A and B. 

6. Along a road lie an odd number of stones spaced at intervals of 10 metres. 
These stones have to be assembled around the middle stone. A person can carry only 
one stone at a time. A man started the job with one of the end stones by carrying 
them in succession, In carrying all the stones, the man covered a total of 3 km. How 
many stones were there? 

7. Three brothers whose ages form a geometric progression divide a certain sum 
of money in proportion to their ages. If they do that three years later, when the youn- 
gest is half the age of the oldest, then he will receive 105 roubles, and the middle 
brother will get 15 roubles more than he gets now. Give the ages of the brothers. 

8. Let 5;, bg, 63 be three successive terms of a ‘geometric progression with com- 
mon ratio q. Find all the values of g for which the inequality 6,;> 4b, —35, holds 


ue. 

9, All the harvesting combines on a certain farm can take in the harvest in 
24 hours. However, according to the work plan, only one combine was in operation 
during the first hour, two during the second hour, three during the third hour, and 
so on, until all combines were in operation. All machines worked together for only a 
few hours before the harvest was completely taken in. The operating time provided 
by the plan would have been cut by 6 hours if all combines (except five) had started 
work from the very beginning. How many harvesting combines were there on the 


farm? 

10. A tank was filled with petrol during the course of an integral number of 
hours, and the ratio of the amount added each succeeding hour to the amount added 
in the preceding hour was a constant. An hour before completion of the job there 
were 372 litres in the tank. If from a full tank we draw off the amount of petrol that 
was put in during the first hour, there will be 186 litres left; then if that quantity 
which was added during the second, last and second to the last hours together is 
drawn off, then the tank will have 72 litres. How much petrol was added to the tank 
- during the first hour? 

11. To a vessel containing pure water are added 6 litres of a solution containing 
64% (by volume) alcohol. The solution is thoroughly mixed and an equal quantity 
(6 litres) of the solution is drawn off. How much water was there originally in the 
vessel if after performing this operation three times the vessel contained a solution 
with a 37% (by volume) concentration of alcohol? 

12. It is given that the numbers 3, 3 logy x, 3 log, y, 7 log , z form an arithmetic 
progression. Prove that xy?! 278, 

13. Solve the system of equations 

2x4 = fone 
XYZ = 


knowing that the logarithms logy x, log, y, log, z formn a geometric progression. 


7 -—3480 
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14, For an arithmetic progression ay, a), ..., ag, ... the equation s,,/s,=m?/n? 
(sz, is the sum of the first k terms of the progression) holds true. Prove that 
An 2m— 1 
a,  n—l 


15, Let the numbers a, Qe, 


.++, A, Constitute a geometric progression. Knowing 
the sums 


l l 1 
s=0,+a,+...+a, and aed Se weet 
1 2 ay 


find the product P= aya, 


sae 
16. For which values of x do the numbers 2x*, x4, 24 taken in that order form an 
arithmetic progression? 


17. For which values of x do the numbers 1, x?, 6—x? taken in that order form a 
geometric progression? 


1.8 Proving inequalities 


It is quite common, at examinations, for the student to be asked to 
solve certain numerical or literal inequalities. This section is devoted 
to an analysis of proofs of literal and numerical inequalities. It would 
be nice of course if there were some unified method for proving al] 
inequalities. Unfortunately, no such method exists. But we will give 
below a number of techniques that are of use in proving a rather large 
number of inequalities. 

First we take up some inequalities that are frequently used in prob- 
lem solving, such as the inequality between an arithmetic mean and 
a geometric mean, a consequence of this inequality concerning the 


sum of reciprocal quantities, and also the following trigonometric 
inequality: 


—Vae+b<asinx+bcosx<V art B (1) 


The relation between. an-arithmetic mean and a geometric mean of 
two numbers reads: 
For any two nonnegative numbers a and b the inequality 


Vab< i (2) 


holds true; equality occurs only when a=b. 
A special case of (2) is the inequality 


K— D2 


which is valid for all x>0. In this inequality, the equals sign holds 
for x=1 only. It is useful to remember the verbal statement of this 
inequality. 

The sum of two positive reciprocals does not exceed two, and is equal 
to two only when both numbers are equal to unity. 
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Also note that for any x54£0 the inequality 


l 
or 
+x" 
| 2x 2 | (3) 
holds true. 


1. Prove the inequality cat aee> 2. 


By the properties of logarithms, 1/log,2=log.2>>0, which means 
that the left member of our inequality is the sum of two positive re- 
ciprocals different from unity (log, =541). Such a sum is greater than 
two. Hence, the original inequality holds true. 

2. Prove that if a>0, b>0, c>0, then 


6 b 
—+F+SDatbte 
We take advantage of the following inequalities: 


1 {bc , ac 1 fac , ab 1 foc , ab 
a(F+F) So o(F+F) ee a(a+¢) 20 
(these inequalities are valid because the left members are arithmetic 
means and the right members are geometric means of positive num- 
bers). Combining them term by term, we get the inequality that we 
wish to prove. 

3. Prove that if a0, b>>0, c>0, then 


(a+ 6) (b-+c) (a+-c) > 8abe 
Taking the following inequalities [see formula (2)] 
at+b>2Vab, b+c>2Vbe, at+ce>2V ac 


and multiplying them termwise, we get the desired inequality. 
This inequality may be proved in a different manner by using the 
inequality between the arithmetic mean and the geometric mean for 
8 positive numbers [see. formula (5)]. Indeed, removing brackets in 
the left member of our inequality, we find that it can be rewritten as 
follows: | 
a®b-+ b°c---c?b+- ac + b2a-+c?a-t-abe +-abe > abe 


On the left side we have the arithmetic mean of 8 positive numbers; 
on the right, as can readily be verified, we have their geometric mean, 
which completes the proof of the original inequality. 

Before going on to the next problem, let us dwell on a typical mis- 
take that is rather often made in proving inequalities. It is this. The 


Ags 
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student writes the inequality to be proved, then performs certain 
(quite legitimate!) manipulations and finally arrives at an obviously 
valid inequality (say 1<(2 or (a— b)*?>0), and then concludes: “hen- 
ce, the inequality is proved.” This is a crude logical error: from the 
fact that a true inequality has been obtained, we can by no means 
conclude that the original inequality was true! To be more exact, we 
proved the following: if one assumes that the proposed inequality is 
true, then the inequality obtained via a chainof transformations is 
also true. But it is obvious that the final inequality is true as it stands; 
and we continue to know nothing about the inequality.which we set 
oul to prove. 

It is logically correct to reason in the reverse order. It is necessary 
to take some obviously valid inequality and perform manipulations 
(which of course must be legitimate from the viewpoint of algebra and 
trigonometry) that will bring us to the inequality to be proved. This 
is justified reasoning: we started with a valid inequality and via a 
chain of legitimate transformations arrived at the new inequality, 
which, hence, must also be valid. 

Of course there remains the most important question. From what 
inequality are we to proceed so as to transform it into the required 
inequality? To answer this question we can perform the transforma- 
tion of the proposed inequality that leads us to an obviously valid 
inequality. However, this stage in the solution of the problem must 
be regarded as an exploratory search for the proof, as an attempt to 
get the proper approach, but not as proof in itself. If as a result of 
this exploration (manipulations) we have obtained an obviously true 
inequality, then we can begin the proof proper: take this obviously 
correct inequality and manipulate it as we did in the exploratory 
search, but in reverse order; inverse the manipulations, so to say. If 
this “work backward procedure” is everywhere legitimate, then the 
inequality being proved is indeed valid. 

Incidentally, a somewhat different procedure is often followed. 
If, in the process of exploring the proof via a reduction of our inequality 
to an obvious inequality, we always replaced the given inequality 
by an equivalent one (see Séc. 1.10), then the last inequality will be 
equivalent to the original one, and therefore its validity implies the 
validity of the original inequality. Hence, if at each stage in the trans- 
formation we specifically verified and stressed the equivalence of the 
inequalities, then the “work backward procedure” is not neces- 


ary. 
We shall follow this reasoning in carrying out the proof of the fol- 
lowing inequalities. 


4. Prove the inequality 


3 8 
—- > (>) where a>0, b>0 
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Replace this inequality by the equivalent one 
a+b /atb\s3 
S4P (248) 50 


Removing brackets and regrouping, we can write it in the equivalent 


form 
= (a+b) (a—~b)? >0 


Since a>>0 and b> 0, this inequality is obvious and, thus, the vali- 
dity of the equivalent original inequality is proved. | 
5. Prove that if a>0, b>0, then for any x and y the following in- 


equality holds true: 
a2 +OVY+ISV FLV LT VRPT 


By hypothesis, both sides of this inequality are positive and so it 
is equivalent (see Sec. 1.10) to the following: 


(a-2* +5-3¥ +1)? < (4% +97 +1) (a? +0841) 


or to 
q?. 4* + b?.9Y + | -++ 2ab 2*3Y + 2a2* +. 263 
< 4a? + 4°60? + 4* + Wa? + 976? + OY +a? + 6?-+ 1 


Transposing all terms of this inequality to the right side, and then. 
collecting like terms and regrouping, we can write it in the equivalent 


form 
(a?9¥ — 2ab2*3Y +. 4*b?) + (4% —2a2* + q*) + (9% —2b.3¥ + 6%) > 0 


Since each parenthesis is a perfect square, the original inequality is 
equivalent to the following obvious inequality: 


(a3” — 62*)? -- (2*—a)* + (3’— 6)? BO 


Hence the original inequality is true. 
Note that this inequality is also true for any real values of a and 6 
(the proof of this fact is left to the reader). 
6. Prove that the inequality 
V 3sinx 


“S 2-+-c0s x <1 


is valld for arbitrary x. 

This inequality (see Sec. 1.4) is equivalent to the Inequality |(V 3x 
x sin x)/(2-+cos x)| <1. Since both members of this inequality are non- 
negative, then after squaring and multiplying by the positive expres- 
sion (2-+-cosx)?, we get an equivalent inequality: 3 sin’x< (2+cos x)’. 
Replacing sin?x by 1—cos’x and grouping, we finally get (2cosx + 
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--1)?>>0. This inequality holds true for all x, and since it is equiva- 
lent to the-original one, the original inequality is also true, which i 
what we set out to prove. 

The original inequality may be proved differently by making use of 
inequality (1). Indeed, since 2 + cosx=>0 for all x, then, after multip- 
lying by 2-+cosx, we get the following double inequality which is 
equivalent to the original one: 


—2—cosx<V 3sinx <2+cosx 
The inequality on the left may be written as 
—2<)V 3sinx+1-cosx 


It is now evident that this is a special case of inequality (1), which 
is a true inequality. The validity of the inequality on the right is 
proved similarly. 

7. Prove that for arbitrary a the inequality 4 sin30-+5>4cos2a+ 
+5sing is valid. 

One of the most crude errors made in proving this inequality is the 
“proof” by substitution of specific values. 

At an examination, a number of students reasoned something like 
this: “Fora=0° the inequality holds because 5>>4, for a=30° the 


inequality is true because 4-+5 >4. > +5. = , for a=45°, 60°, 90° it 


is also obviously true, which means it holds true for all values of @.” 
Actually, of course, these students proved the inequality only for 
several separate values of a and offered no proof whatsoever for the 
remaining values of «. A correct proof is as follows. 
We know that sinde—3sina—4 sin’a, cos2a=1—2sin’a, and so 
the original inequality may be rewritten as 


4(3sina—4 sin? a)+5 >4 (1—2sin?a)+5sina 
or . 
16 sin? «—8 sin?a—7 sina—1<0 
The latter inequality should be valid for all values of a. Denoting 
sina by x, we rewrite it as 
16x —8x?—7x—1 <0 


We now have to prove that this inequality is valid for arbitrary 
values of x in the interval —l<x<l. 


Let us apply the grouping method illustrated earlier. The latter 
inequality can then be rewritten as 


8x? (x— 1) +- 7x (8 —1) + (x8— 1) <0 


or (x—1)(4x+1)?<0. This inequality is clearly valid, and so the 
original inequality is proved. 
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The srool of certain inequalities requires skill in utilizing the pro- 
perties of functions that enter into the inequalities. 

8. Prove that the inequality 

cos (cos x) > 0 
is true for all x. 

For all x we have —l<ccosx<1. Put a=cosx toget—l<a<l. 
Since — n/2<—1 and 1<x/2, it follows all the more so that @ sa- 
tisfies the condition — n/2<¢a<‘1/2. The properties of the function 
y=cosx imply that cosa is positive for all these values of a, which 
actually is what we set out to prove. 

9. Prove the inequality cos(sinx) >sin (cos x). 

It can be rewritten as 


cos (sin x) —cos ($—cos x >0 


or 
Gein Ftr== *) ain (q-Se) > 0 


We will show that the factors in the left-hand member are positive. 


Since _ : 
|sinx—cosx|=|V/2 sin (x—2/4)|< V2 < n/2 


it follows that . 
AIF sinx— cos XxX 


It 
a 


and therefore 
TN sin x—cosx 


YS aa ee 


Consequently | 
aie (f+ =) S0 


for all x. A similar proof is given that 


: nm sinx--+cosx 
sin (7-S) > 0 

A decisive factor in the examples which follow is the use of proper- 
ties of the exponential function y=a*: if a>1, a larger value. of 
the argument is associated with a larger value of the function and, hence, 
a greater value of the function is associated with a greater value of the 
argument; if a<<1, to a greater value of the argument corresponds a 
smaller value of the function and, hence, to a larger value of the function 
corresponds a smaller value of the argument. 

10. Prove that for positive numbers c and d and arbitrary a>0, the 
inequalities c<id and c*<.d* are equivalent. 
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Let c and d be positive numbers and «>0. Consider the function 
y=(cld)*. 

Ifc<d, then 0<¢c/d<1. By the property of an exponential func- 
tion with base less than unity, we have 


c\a@ c \o0 
(a) <(a) 
whence follows c%/d*<1, or c?<d’. 
Conversely, if c*<¢d*, then c#/d*< 1, or 


This means that the larger value of the argument (@ > 0) of our func- 
tion is associated with a smaller value of the function. But this is 
true only when the base is less than unity, that is, c/d<<c1, whence 
C<d, , 

‘The statement we have just proved is ordinarily formulated as 
follows: an inequality between positive numbers may be raised to 


any positive power; in particular, a root of any degree may be extrac- 
ted. 


11. Prove the inequality 
(a% + 6% )i/e < (gb 4 OB 1/6 
for ax=0, b> 0, a>B>O0. 
If a=O or b=0, then the proposition is obvious. Now let 


a>0O and b>0. It is clear that one of these numbers does not 


exceed the other. Suppose, say, O0<a<b. Then 0<a/b<l, and 
since « >, it follows that 


0 < (a/b)* < (a/b)? and 1+ (a/b)*< 1+ (a/b)? 
From the latter inequality we get (see Example 10) 
[1 + (a/b)* ]/P < [Lh + (a/b) v8 
Furthermore, since 


[+(a/b)*>1 and 0<I/a< ip 
it follows that 


[1+ (a/b)* Vex (1 + (a/b)*] 1/8 
Now we can write 
(1 + (a/b) | #/% SS (1 + (a/b)= | 1/8 << (1 + (a/b)8 }1/8 


Qt $2\ 1/a% a? +. 3 \ 1/8 
( b* </( 63 


whence 
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Since b>0, the inequality being proved follows from the last 
inequality, 

12. Prove the inequality 0<sin* x-+-cos4x< 1. 

It is quite obvious that sin* x-+-cos'* x 0. But the equality sin? x-+ 
--cos!4x=0 is valid only if we simultaneously have sin? x=0 
and cos!*x=0, which, of course, is impossible. Therefore, the strict 
inequality sin’ x-+cos'*x>>0 holds true. 

The properties of trigonometric functions imply that sin?x<1 and 
cos?x<1 for arbitrary real x. But since 8>2 and 14> 2, it follows 
therefrom that : 

sin? x < sin?x and cos!4* x < cos? x 


Combining these inequalities termwise and noting that sin’x+-cos?x= 
=1, we obtain 
sin'x-+cos#@x< | 

It is obvious here that, say, for x=/2 we have equality; in other 
words, the weak inequality cannot be replaced by the strict inequali- 
ty sin’ x-+cos#x< 1. 

One of the techniques used in proving inequalities consists in the 
following. For instance, let it be required to prove the inequality 
A<B, where A and B are certain expressions. If we succeed in 
finding an expression C such that A<C and at the same time C< B, 
then the required inequality A< B will have thus been proved. 

13. Prove that for every positive integer n the following inequality 


holds true: 
l 


11 
Sgn ene (Qn 1p <7 
Noting that 
2 ] ] 
(2k-- 1)? < Qk R+2 
we replace the sum in the left member of the inequality to be 
proved by the greater expression 


1,1 | 
gtpe ts 1 One Tp 
ffi oot 1 ft l 
<3|(s—-4) + (4-3) + oe +(s5—a 43) 
However, this latter expression is equal to 
1f 1 71 | 
ieee " 4 4n+4 
and, obviously, is less than 1/4. Hence, the sum 
1,1 i 
Ttet + Tay 


is all the more so less than 1/4. 
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14, Prove that for any positive integer n> 1 the inequality 
l 1 l ——— 
eae! yg ee toe > 2Vatl—l) 


holds true. | 
To prove this, reduce each term of the sum in the left-hand 
member: 


1 2 ee 
VE > VERVE V A+ IV) 


Therefore, the left side of the inequality we want to prove can be re- 
duced: 


l l | = - 
a gt gre ee +e > 2V2—V1) 
+2(V3—V2)+...+2Vn—Va—1+2Vn+1—Va) 
Since the right side of this latter inequality is exactly equal to2V n—-1— 
—2, the original inequality is valid. 
In the next example, an apt combining of factors leads us to the 
result we need. 
15. Prove that ni<(*) , where n is an integer exceeding unity. 


The validity of this inequality will follow from the validity of 
the equivalent inequality ) 


(nty < (SE) 


Let us multiply the number n!=1-2...&... (n—1)n by the number 


nl=n(n—l) ... (n—k-+1) ... 2-1, arranging them one above the 
other: 


ED ca k .». (n—I)n 
n(n—1)... (n—R+1)... 2 l 
Multiplying the numbers in each column, we get 


(1+) [2(n—1)]...[R(a—k+1)]... [(2—1)-2] (2-1) 
In order to obtain (n!)? we nave to multiply the terms of this row. 
Applying inequality (2) to each term of this row, we get 
Vi (nh) <p gyn 
equality being achieved only when k=n—k-+-1, that is to say, for 
k=(n-+1)/2. In other words, only for n odd; and only then for one 
term of our row in this inequality is equality possible. Hence, for 
all brackets except possibly one, the inequalities 


[e(n—h-t 1) < (24)! 
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hold true. Since there are n terms in the row, we get 
21% 
(nlpr< |(} 

A sufficiently large number of inequalities can be proved by the 
method of mathematical induction. 

16. Prove that for any real number a2—1 and any positive integer 
n the inequality 
(1+) >l+nae (ch) 
holds true. ; 

The inequality is clearly true for n=1. Suppose that the inequality 
(1-++a)*2>1-+ka holds true; we will prove that in that case the ine- 
quality (l-+a)*tt21+(k+I)a@ is valid. Indeed: (1-+a)*+!=(1+ 
-}-a)*(1-+-a) > (1-+ka)d+a)=1+(k+]latke?>1+(k+1)a. This 
means that the original inequality holds true. 

17. Prove that the inequality |sinnx|<n |sinx| is valid for any po- 
sitive integer n. 

For n=] the inequality is obviously true. Assuming that |sinkx|< 
<k-|sinx], we will prove that |sin(k+1)x]<(k+1): |sinx]. In- 
deed, taking advantage of the inequality |cos kx|<1, we have 

{sin(k+1)x|=|sinkx-cos x-+ sin x-cos kx | 
<|sinkx|-|cosx|+-|sinx]|-| cos kx| 
<|sinkx|+ |sinx|<A|sinx]+ sin x] 
=(k-+1)-{sinx| 
Hence, the original inequality is true. 

18. Prove the following theorem: if the product of n==2 positive num- 
bers is equal to 1, then the sum of the numbers is greater than or equal to 
n, that is, if | 
NXeevakp = 1, Aye Ue Ke 0} cng ey 0; then 

Xt Xe ti... FX, BN 

If n=2 we have to prove the statement: if x,x,=1, then x,+%+,2>2. 
But this is obvious since the arithmetic mean (x,-+-.,.)/2 of two posi- 
tive numbers is greater than or equal to the geometric mean V x,x,=1, 
Or X;-+.x,>>2. Besides, equality (that is, x,-+-x+,=2) is attained only 
when x,=x,=1. 

Using induction, we take any positive numbers x, ..., X%_,Xp4¢t 
which satisfy the condition x, ... Xn -1XpXp41=1. Tf each of these num- 
bers equals 1, then the sum x,;-++ ... +%,-+24,41:=A+1 so that in this 


case the original inequality is valid. 
If this is not so, there will be a number among them less than 1 and 


a number greater than 1. Suppose that x, >1, %,41<<1. We have the 
equality 
yee Xpor (XX p41) = | 

This is a product of k numbers and so the induction hypothesis is ap- 
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plicable and we can assert that 
But then Xyten ee HX pi TX X p41 ek 


cs rare +X port Xp t Xpa1 S R—-XpXpart Xt Xpar 


=k-+ 1+ (x,—1)(1—x,41) >R+1 
since x,—1>>0 and 1—x,41>>0 which completes the proof. 

Note that we also established the fact that equality in the relation 
at hand is only possible if all x,=1; now if not all x, are equal to uni- 
ty, then the strict-inequality sign holds true in this relation. 

From this theorem follows the generalized inequality between the 
arithmetic mean and the geometric mean for n==2 positive .numbers: 


teh in thy Hy > 0). 20, My > 0 (5) 
Indeed, denote j/%1....%, by c and x,/c by y,. Then y: ... yn= 
=(X,...%n)/c"=1. By what has been proved, y+ ... -+ Yn 22, when- 


ce (x,-+ ... +x,)/n2c, and this completes the proof. 

This inequality is widely used in the proof of other inequalities. 
For example, if we apply it to the numbers 1, 2,..., n, then we imme- 
diately get the inequality 


n/a, oe Lt 24+... 0 
VTE on <ibehe te 


or /ni<(n+1)/2, whence n!<[(n+1)/2]". We proved this inequa- 
lity ie Problem 15 via a special technique. This new proof is clearly 
simpler. 

The foregoing examples. show that the method of mathematical 
induction can successfully be applied in the proof of a variety of in- 
equalities. At the same time, one should not overestimate the power 
of the induction method: there are many problems that would seem 
particularly suited to this method, whereas attempts to employ it 
encounter insuperable difficulties. 


To illustrate, let us try to use induction on the inequality 
| ] l 1 
gtgt T Grip <7 
For n=1 it has the form 1/9<1/4, which is true. Suppose that this 
inequality is valid for n=k: 
i l l l 
gtBt T ELI <7 
For n=k-+-1, the left side is 
1,1 ee ore ! ! 
gv o5T TEL Sp = lgtyst ape toner | T e-3p 
By the induction hypothesis, the sum in the square brackets is less 
than 1/4 and therefore 


i 4 ! l to 
Tet T Geta <7 + Gers 
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Quite obviously this inequality does not in the least imply that the 
left-hand member is less than 1/4. Thus, proof by induction has come 
to an impasse, whereas the inequality is very simply proved by an 
entirely different method. This is done in Problem 13. 

In conclusion we offer two inequalities in the proof of which the 
techniques suggested above and certain others are used; these inequa- 
lities can be solved by several methods involving algebra, trigonometry 
and even geometry. 

19. Prove that if +y°=1, then —V2<xty< V2. 

Algebraic solution. Let us write the obvious inequality (x—y)?>0. 
or x?-+-y? > 2xy, whence 2 (x?+y?) > x?-+ 2xy+y". Insofar as x?-+-y?=1, 
from the latter inequality we have (x-+-y)?< 2, whence (see formula 
(3), Sec. 1.4) |xtyl<V2 or —V2<x+y< V2. 

Trigonometric solution. If x and y satisfy the condition x?+y?=1, 
then we can find an angle w such that x=cosa, y=sina. Then we have 


to prove that for any value of a 
—V2<cosa+tsina<V2 


Since cosa-+sin a=) 2sin (a-+1/4) and —I<sin (x+n/4)<1, it 
follows that —V2<YV 2sin (a+-1/4)< V2 for all values of a, which 
completes the proof of the required inequality. 


Fig. 18 


Geometric solution. We will consider x and y as coordinates of points 
in a plane in a given system of coordinates, Then the condition x?-++ 
-+-y?=] is satisfied by the points (x, y) lying on a circle of radius 1 
centred at the origin (Fig. 15). The points which satisfy the inequality 
xty<V 2 lie on the straight line y=V 2—x and below that line 


(cf. Problem 27, Sec. 1.13). 
Let B be the point of intersection of this straight line with the axis 


of abscissas and OA_a perpendicular dropped on this line from the 
origin. Then OB=)/ 2, “ABO=45° and theréfore OA=1. Hence, the 
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point A lies on the circle and the straight line y=) 2 —x is perpendi- 
cular to the radius OA at its endpoint, which is to say it is tangent 
to the circle. _ 

Similarly, the inequality -V2<x+-y is satisfied by points lying 
on the straight line y=—V2 —x and above it; this line is also tangent 
to the circle x?+-y?=1. 

Thus, the double inequality to be proved is satisfied by points lying 
in the strip between the straight lines y=/2— x and y=— V 2— x 
(these lines included). But the circle x?+-y?=1 lies entirely inside this 
strip and so the coordinates of any point of it satisfy the inequality 
—V2<x+y<V 2. The proof is complete. 

20. Let a-+b==2, where a and b are real numbers. Prove that at-- 
+b'> 2. 

Note that if one of the numbers, a or b, is negative, the inequality 
is almost obvious. Suppose, say, 0<<0. Then a>>2 and the inequality 
a’+-b*>2 is true,-since b‘=>>0 and at>>16. We will therefore assume 
that aSO and b20. | 

First solution. Since a4-b=2, then (a+6)?=4. Using the inequality 
between the arithmetic mean and the geometric mean, ab< (a?+-6*)/2, 
we have 4=(a--b)?=a?+-6?-+ 2ab< 2 (a?+6?), or 2<a*-+- 6. Squaring 
this inequality (this is legitimate since the numbers on the right and 
left are positive), we get 

4< (a+) 

On the basis of the inequality between the arithmetic mean and 
the geometric mean, a?b?< (a'+-b*)/2. Therefore we have 4< (a?+ 
-+b*)?=a'-+-b*+ 207b? < 2 (a*-+|-b') whence 2<a'-+-b1, and the proof 
‘is complete. 

Second solution. We again assume that a0 and b>>0. Since at+b= 
=2, then (a+b)!=16, or 

(a + b)4 = (a? + 2ab + b*) (a? + 2ab + 6?) 
=a‘ + 64 + 4ab (a? + b?) + 6a2b? = 16 
But since a?-+b?’=4—2ab, the last equality can be rewritten 
a‘ + b* = 16— 16ab +- 2a2b? 


If we are able to demonstrate that 16—16ab—2a2b? > 2, then our ine- 
quality will have been proved. 


By hypothesis, ab<1. Indeed, Vab<(a+0)/2. Since at+b=2, 
it follows that Vab<1, whence ab< 1. And so we have to prove the 
inequality 16—16ab+2a°b*>2, provided that ab<1. 

We set x=ab. Then we have to prove the inequality x*—8x+7 >0 
with the proviso that x<1. The roots of the quadratic trinomial 


xX?— 8x-+-7 are X;=1, X2=7. Therefore the last inequality may be writ- 
ten as (x—1)(x—7) >0. 
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But for x<1 this inequality is obvious. We have thus obtained 
16 —16ab-}+2a"b? > 2, which is what we set out to prove. | 

Third solution. Let a=1-|-c, b=1—c. Since we earlier assumed that 
as 0 and b> 0, it follows that —1<c<1 and so we can take advan- 
tage of inequality (4) (see Problem 16 of this section): 


(l+c)$2>1+4c, (1—c)t>1—4e 
Thus 


at +b =(1+c)#+ (1 —c)* > (1 + 40) + (1 —4c) =2 


In conclusion we note that a more general statement is valid: -if 
a+b=2, then a"-+-b" > 2 for any positive integer n. This can easily be 
proved by, say, the third method given above. 


Exercises 


1. Prove that for all real numbers a, 6, and c 
a® -+- 6? +-c? => ab--bce-+ca 


2. Prove that if a, 6, c are positive and unequal, then 
(a) (a+b+e) (a-*+b-*+e-1)>9, 
(b) (a-+b+c) (a®-+6*-+-c) > 9abe. 
3. Prove that a*-+6?+-c?+3>2(a+6+o). 
4, Prove that for all x in the interval 0 <x < 1/2 the inequality tan x-+-cot x>>2 
holds true. i 
5. Prove that if a and 6 are positive numbers different from unity, then | log, 6+ 
-+-logs, a| > 2. . 
6. Prove that (1/log,)+(l/log,, 1) <2. 
7. Prove that for all real x and y, the inequality x?-+2xy+3y?+-2x+6y+3 =0 
is valid. 
8. Prove that sintx—6 sin®?x+5>0 for all x. 
9. Prove that the polynomial x8— x5+-x?— x--1 is positive for all real values of x. 
10. Prove that if a+b=c, a>0, b>0, then a’/#+9'/s> c/s, 
It. Let n be a positive integer. Prove the inequality 


(1-+-1/n)" < (1+ 1/2n)2" 


12. Prove that the following inequality holds true for every positive integer n: 
I ] I 
Fat pao Ti >I 


13. Prove that (n!)?> n”, where n> 2 is a natural number. 

14. Prove that n! > 2"-1, where n> 2 is a natural number. 

15. Prove that for arbitrary positive a and 6 and any positive integer n, the 
inequality (a+b)" <2" (a"+6") is valid. 

16. Prove that the sum of the legs of a right triangle does not exceed the diagonal 
of a square constructed’ on the hypotenuse. 

17. Prove that the sum of the cubes of the legs of a right triangle is less than the 
cube of the hypotenuse. 

18. Prove that of all rectangles with a given perimeter the square has the largest 
area. 
19. Prove that the area of an arbitrary triangle does not exceed one fourth the 


square of its semiperimeter. 
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Find the largest and smallest values of the following functions: 
20. y=5cos 2x—4 sin 2x. 21. y= 3*~14 3-*-1 
x 2x 
22. Y= SITT , 23. FT 
24. Prove that 25! * +. 90S * = 2 V2 for all x. For which values of x is 
equality attained? | 


25. Prove that for all x in the interval O<x<n/2 the inequality 
cot (x/2) > 1-+cot x holds true. 


1.9 Solving equations 


At examinations a rather strange situation would appear to deve- 
lop around solving equations. These problems are ordinarily not con- 
sidered difficult and most students handle them fairly well. Yet many 
serious mistakes are made. 

This situation is strange only at first glance. The point is that very 
often there is a big gap between computational techniques and a con- 
scious grasp of the logical foundations that underlie them. 

Most students can of course simplify an equation by means of clear- 
cut manipulations, but by far not every student is capable of realizing 
that a solution has been lost or acquired, and many don’t even give 
thought to such things. Still others may know certain parts of the 
theory pertaining to these matters but the knowledge is only formal 
and such students are often completely helpless in a slightly altered 
situation. 

Let us say that the student is quite familiar with the fact that squa- 
ring both sides of an irrational equation can give rise to extraneous 
roots. Yet time and again students square trigonometric equations and 
-then fail to discard extraneous roots! This mistake would not be made 
if the student realized why squaring leads to the introduction of ex- 
traneous roots. 

Or take checking. There seem to be two opposing opinions among 
students here. Some regard checking as a whim of the teacher, some- 
thing that simply has to be done in order to pass, while others regard 
checking as necessary in all cases.without exception. They even go 
on to check the roots of quadratic equations. Both views are based on 
a total misconception of what checking really is and what place it 
occupies in problem solving. 

In short, the student should have a firm grasp of the fundamentals 
of the theory that is needed in the solution of equations. Let us exa- 
mine this minimum of theoretical knowledge. 

First some definitions. 


1. The domain of the variable of an equation is the set of values of the 
variable (unknown) for which its left and right members are meaningful 


(defined); it is thus the set of all eligible replacements for a variable 
in an equation, 
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2. A number a is a solution (root) of an equation if when substituted 
for the unknown (variable) makes the equation a true staternent (con- 
verls it into a true numerical equation). 

According to this definition, the soltition set (all the solutions) of 
an equation is a subset (a part) of the domain of the variable, other- 
wise substitution: in place of the unknown would not yield a true 
statement and would be meaningless. 

3. To solve an equation means to find all the roots or prove that there 
are no roots. 

4. If all the roots (solution set) of one equation are the roots of another ° 
equation, then the latter equation is a consequence of the former. 

5. Two equations are termed equivalent if each is a consequence of the 
other. From this definition it follows immediately that equivalent 
equations have the same solution sets. 

6. Two equations are equivalent on some set of values of the variable 
(unknown) if they have exactly the same solutions belonging to this set. 

Let us illustrate these concepts with two examples. 

The domain of x in the equation x—3=) x consists, according to 
the definition, of all x for which the left member «— 3 and the right 
member x are meaningful. Clearly, the left member is defined for 
any x and the right member for x20. Therefore the domain of x in 
this equation consists of x20. 

Yet many students erroneously state that the domain of the variable 
is x>>3, since “for x<¢3 the left member is negative and the right 
member cannot be negative.” The quoted part of the statement is true 
and it is used in the solution of the-given equation. It shows that the 
roots of the equation are not less than 3. But it does not follow there- 
from that all permissible values are less than 3, because not all permis- 
sible (eligible) values are roots! 

Consider the two equations 


log, (x—2) + log,(x+3) =2 and log, (x—2)(x-+3) = 2 


Obviously every root of the former equation is a root of the latter one, 
so that the latter equation is a consequence of the former. The latter 
equation can readily be solved to yield the solution set (roots) +; =6 
and x,=—7. The root x, does not satisfy the first equation, it is not 
even in the domain of the variable. Thus, the two given equations 
are not equivalent, but they are equivalent in the domain of x of the first 
equation (in this domain they have the one root x = 6). 

It is easy to see why this is so. The domain of x in the first equation 
consists of x => 2, while the domain of x in the second equation is broa- 
der, including these x and also x << —3. It is therefore natural that in 
passing from the first equation to the second an extraneous root x=—7 
appeared that does not belong in the domain of the variable of the 


first equation. 
8—3480 
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How do these newly introduced concepts operate in the solution of 
equations? The point is that in most cases a solution is obtained afte; 
a long chain of manipulations and transformations from one equation 
to the next. Thus, in the solution process, each equation is replaceg 
by a new one, and quite naturally the new equation can have a new 
solution set (new roots). The prime task in a correct solution of any 
equation is to follow the variations in the solution set and not to alloy 
for any loss of roois or any failure to discard extraneous roots. 

The best method is clearly, each time, to replace the given equation 
with an equivalent equation. Then the roots (solution set) of the last 
equation will be the roots (solution set) of the original equation. Ip 
practice however this ideal version is rare. As a rule, an equation js 
replaced by a consequence that is not equivalent; then, by the deff. 
nition of consequence, all the roots of the first equation are the roots 
of the second, that is to say there is no loss of roots, but extraneous roots 
may appear (on the other hand, they may not). And when in the process 
of manipulations the equation is replaced by a nonequivalent conse. 
quence, the roots have to be investigated. This is a check and it jg 
necessary. Note here and now that, as we shall see later on, this in. 
vestigation does not at all mean that we have to substitute the roots 
obtained into the original equation. | 

To summarize then, if a solution is carried through without an in- 
vestigation of equivalence and sources of extraneous roots, then ve. 
rification is a necessary part of the solution without which it cannot be 
regarded as complete even if no extraneous roots appeared in actual] 
fact. Of course, if they did appear and were not discarded, the soly- 
tion is simply incorrect. On the other hand, if each time the equation 
was replaced by an equivalent equation (which, incidentally, is an 
extremely rare case), and this fact is stipulated at each stage in the 
solution, then no verification is required. We thus see that the notion 
of checking plays a very definite and extremely essential role in the 
solution of equations and does not by any means merely reduce to q 
simple checking through of computations. 

As for checking computations, that is up to the student. He may 
do it or he may not according to how carefully he feels the computa- 
tions have been carried through. It is of course always best to check one- 
self at an examination, but this should be done on a separate sheet of 
paper and there is no need to include it in the solution. 

It must be stressed that it is not permissible to replace a given equa- 
tion by one which is not a consequence of the first, because.then there 
is a root of the first equation which is not a root of the second, and so sol- 
ving-the second equation does not yield all the roots of the first. A root 
will be lost for good. That is the essential difference between loss of 
roots and the introduction of extraneous roots. 

Such is the theory. In practical situations, one has to know the 
specific sources of introducing or losing roots. In the main, these sour- 
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ces are of two types: the so-called “identity transformations” and 
the performance of operations such as raising to a power, taking lo- 
garithms, antilogarithms, etc. in both members of an equation. 

At first glance, “identity transformations” are quite harmless, but 
actually they often lead to nonequivalent equations since they change 
the domain of the variable (unknown). Say, if in the solution of an 
irrational equation we replace (V 2x-4-1)? by 2x-+1, we immediately 
extend the domain of the variable since 2x-++1 is meaningful for all 
x, while (V 2x-+1)? is valid only for x>>—1/2. The same goes for the 
example that we analyzed earlier: the use of the formula for the lo- 
garithm of a product led to an extension of the domain and, as a re- 
sult, to the introduction of an extraneous root. 

There is nothing strange in this: it is simply that most formulas 
used in transformations are such that their left and right members 
are meaningful for different values of the letters used. Such, for 
example, are the formulas 


Vab=VaVb, (Vx)?=x, log, xy= log, x-+ log, y, 
log, x" =n log, x, 


| ; 2tanx 
log.b — agrees oe era ania 
8: 5b, cotx sry? Sin 2x tanee? 


tan x-+ tan 
tan(x¥-+y)= an ans 


Therefore, replacing one part of a formula by another leads to an ex- 
tension or narrowing of the domain of the variable. Extending the 
domain opens the way to acquiring extraneous roots, while narrowing 
(restricting) the domain makes possible the loss of roots, so that nar- 
rowing is never permissible. As for extraneous roots, if they are acqui- 
red through the extension of the domain, then it is not necessary to 
substitute them directly in the original equation in order to separate 
them from the roots of the original equation; it suffices to check to 
see whether they are in the domain of the variable. If they are not, 
discard them, if they are, leave them. 

This fact is of exceptional importance in the solution of equations 
and so we will dwell on it in more detail. 

A. If in the process of transforming an equation, extraneous roots ap- 
pear only due to extending the domain of the variable, then those roots 
(and only those) which appear in the domain will be the roots of the ori- 
ginal equation.’ 

This rule relieves us of the necessity to substitute the roots found 
into the equation and the purely mechanical checking of numerical 
equations, which at times is exceedingly difficult or even sometimes 
completely impossible due to the fact that there are an infinity of 


numbers to be verified. 
&* 
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Thus, in place of direct substitution we can employ a test for member- 
ship in the domain, but only when the source of extraneous roots is 
extension of the domain of the variable, this case and no other. There- 
fore, when using the membership test the student must explicitly 
state in the solution process where and for what reasons extraneous 
roots can appear. 

As to taking functions of both members of an equation, we consider 
only two of the more important cases: squaring and the taking of anti- 
logarithms. 

It often happens (especially in the solution of irrational equations) 
that one has to pass from a certain equation f (x)=g (x) to the equation 
[f(x)l?=[g(x)?. What happens to the roots in this transition? First 
of all it is clear that the second equation jis a consequence of the first: 
if the number a is a root of the first equation, that is f(a)=g(a), then 
[f (a)? =[g(a)}*, and a is a root of the second equation. But, generally 
speaking, the converse isnot true: the second equation is satisfied also 
by the roots of the “extraneous” equation f(x)=—g(x). Thus, in squa- 
ring, roots are not lost but extraneous roots may appear. 

A very important practical consequence follows from this state- 
ment, 

B. If both members of an equation are nonnegative on some set of va- 
lues of the argument, then, upon squaring, we obtain an equation that is 
equivalent to the original one on that set. 

Indeed, in this case the “extraneous” equation clearly has no roots, 
except for those for which both sides vanish, but such are not extraneo- 
us for our equation. How this is done practically will be demonstrated 
in concrete examples below. 

Similarly we consider taking antilogarithms in equations, that is, 
passing from the equation log, f(x\=log, g(x) to the equation f (x)= 
=g(x). Let a be a root of the original equation, that is log. f(a)= 
=log.g(a). Then cio M2)==cloes a(@), or f(a)=g(a). Hence, any root 
of the original equation is a root of the second equation. On the other 
hand the domain of the variable of the second equation is greater than 
that of the first and so it is natural to expect extraneous roots, but 
they will be due precisely to the extension of the domain. Hence, it 
suffices to find the roots of the second equation and test them for mem- 
bership in the domain of the first equation. , 

Such is the theoretical foundation that the student needs. It is also 
worth stressing that it is not always advisable to employ the whole 
theory; moderation is the best advice and one should strive for the 
simplest solution. If, say, in the solving process it becomes apparent 
that a simple verification of the resulting roots is not difficult, then 
there is no reason to seek out the sources of introducing roots or take 
an interest in the variation of the domain in the solution process, or 
even to find the domain at all. But if this verification is complicated, 
then theoretical reasoning can save the day: at the proper time (and 
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in the final version) the student should investigate the transformation 
that might lead to extraneous roots. 

At the same time, in any solution we must make sure that no loss 
of roots occurs. It is useful to state this explicitly, particularly if the 
transformation employed is sufficiently complicated. 

Below we will illustrate the more typical cases and also the most 
insidious sources (though not all of them, naturally) that give rise 
to extraneous roots. They include the formulas for transforming ra- 
dicals, the fundamental logarithmic identity, and the formulas for 
taking logarithms of a product and a power, clearing of fractions, the 
cancellation of similar terms, the replacement of an equation by a col- 
lection of simpler equations, and certain “verbal” arguments. We will 
then consider some sources of loss of roots. Some of the last and more 
involved problems will be analyzed with the aim of indicating cer- | 
tain difficulties of a different nature, not connected with the acquisi- 
tion or loss of roots. 

1. Solve the equation V 2x—6-+\V x+4=5. 

Squaring both sides and using the formulas for transforming ra- 


dicals, we get the equation 


2x—6 +2V (2x—6) (x +4) +444 = 25 


(OV 28 Lx — 04 = 27 — 3x (1) 


Again squaring and getting rid of the radical, we arrive at the equa- 
tion x? —170x + 825=0 whose roots are x,=5 and X,= 165. Direct sub- 
stitution of these values in the original equation shows that x, is a 
root and x, is not. 

The above solution is almost exactly what any student would put 
down in his rough draft. With regard to this equation, there is no 
need to go into the theory and, say, investigate the source of the extra- 
neous root; simply, when copying the solution onto the final clean 
sheet of paper, the student should indicate that in the process of trans- 
formations no roots could be lost and, at the end, he should check this 
by direct substitution. The solution will then be complete. | 

Still, it is well to’note that the extraneous root appeared due to 
the squaring of equation (1), as a root of the “extraneous equation”. 

The following problem is just as simple as this one, but in the chec- 
king of a “good” root we suddenly come up against cer tain difficulties 
of a fundamental nature. 

2. Solve the equation 


V 5x + 7—V 3x +1 =Vx+3 
Squaring both members and manipulating, we get 
2V (5x +7) (8x-+ 1) = 7x +5 


or 
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whence, again squaring we obtain the quadratic equation 11x?-+ 
4:34x+3 = 0, whose roots are x;=—I/I1 and x,=— 3. Direct verifi- 
cation shows that x=—1/11 is the root of the original equation. 

Checking the value i= 3, many students at the examination got 
the equation V — 8—) —8 = 0. They considered this statement to be 
true on the grounds that the left member is a case of “equals subtracted 
from equals”. Thus, the valuex =— 3 proved to be a root of the origi- 
nal equation. But this argument is baseless since the expression / — 8 
‘s devoid of meaning: as we know, irrational equations are only con- 
sidered in the domain of real numbers, and the symbol V ais used for 
real a only to denote the principal square root of a nonnegative number 
a. Therefore, the value x=—3 does not lie in the domain of the vari- 
able and, hence, is not a root of the original equation. 

The situation is quite different in the problem which now follows. 
Here, checking the “bad” roots: is very involved and the simplest ap- 
proach toa solution is by applying the theory we have developed, when 
the sources of extraneous roots are taken into account in the very pro- 
cess of solution. — 

3. Solve the equation Vx+3+V 2x — 1= 4. 

Both members of this equation are nonnegative in the domain of 
the variable, and so after squaring we obtain an equation which, ac- 
cording to Statement B, is equivalent to the original one in the do- 
main of the variable:* 


(VV x+3)?+ 2Vx+3V 2x—14 (VV 2x—1)? = 16 


Using the formulas for transforming radicals, which clearly extend 
the domain, we get the equation 


2 V 2x? 4-5x—3 = 14—3x (2) 


In these transformations, extraneois roots could appear only due to 
the extension of the domain of the variable. 

Then we reason as follows. The left member of (2) is nonnegative for 
every (permissible) value of x; but the right member is negative for 
x~> 14/3. It is quite obvious that these values of x cannot be solutions 
of the equation, and so from now on we will consider equation (2) 
only in the domain x< 14/3. But in this domain, both members of 
(2) ‘are nonnegative (for the permissible values of x with respect to 
(2), naturally) and, according to the Statement B, squaring yields an 
equation that is equivalent to (2) on the set x< 14/3: 


(2V 2x? £5x— 3)? = (14— 3x)? 


_* Actually, these equations are equivalent because the domains of th les 
coincide, but this is not important since later on we will extend the lente ee that 


ee be able to dispense with a test for membership in the domain of the 
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From this, once more extending the domain of the variable, we get 
the quadratic equation x*—104x-+208=0 whose roots are x; .=52 + 
-++ 8) 39. Both these roots, as will readily be seen, lie in the domain of 
the variable of the original equation and for this reason we have only 
to check that they satisfy the condition x< 14/3. It is easy to compute 
that x, > 14/3 and x,< 14/3 so that x, is the only root of equation 
(2), and, consequently, of the original equation. = 

We once again stress that one should resort to this kind of detailed, 
“theoretical”, solution only in case of necessity, only when working 
through the rough draft as the student sees that the roots are “bad”, 
which is to say that a direct substitution into the equation leads to 
a rather complicated problem: the proof or disproof of the equations 


V 554+8V39+YV 103-+16V39=4, 
V 55—8V 39+) 103— 16/39 =4 


Incidentally, the first of these equations is clearly not true. The 
second one can easily be proved if one knows the formula for transfor- 


ming expressions of the form V ALVB. The alternative approach of 
squaring involves considerable computational difficulties. It is quite 
clear that both these methods are more complicated than the one we 
gave, where all we had to do-was to test the roots x, and x, for their 
validity under the condition x< 14/3. Nevertheless, in this problem 
it is still possible to overcome the difficulties of direct verification 
and avoid application of the theory. 

However, in equations containing a parameter, direct verification 
is appreciably more difficult, and practically the only way out is to 


employ the theory. 

4. Solve the equation x —1=Va— x. 

The right side is nonnegative for all (permissible) x, and the left 
side is nonnegative for x21. Therefore, the given equation is, in the. 
domain x>>1, equivalent to the equation (x — 1)?=(V a— x*)* which 
can be reduced to 
2x°—2x+1—a=0 (3) 
(in the process, the domain of the variable was extended and we will 
finally have to check the resulting roots to see if they lie in the do- 
main). And so we have to solve equation (3) and choose the roots for 
which x>>1 and a—x?>0. The discriminant of this equation is equal 
to 2a— 1, so that for a<<1/2 it does not have any real roots; all the 
more so, the original equation has no roots for these values of a. 

Now we assume that a> 1/2; the roots of (3) are x, 2=(IAV 2a—1)/2. 
The root x, clearly does not satisfy the condition x1 and so is not 
a root of the original equation. In order to find out about x, we have 


to solve the inequality (1+) 2a—1)/2>1 or V 2a—1 1; it clearly 
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holds true for a1. And so for a<<1 the original equation does not 
have any roots, but for a1 we still have to verify the validity of 
the inequality a—x{20, which is equivalent to the inequality a> 
>V 2a—1. Both members of this inequality are nonnegative (we are 
considering a= 1) (see Sec. 1.10) and they can be squared, yielding 
a? > 2a —! or a? —~ 2a + 1 20, which is valid for all values of a. 

And so for a<<1 the original equation has no roots, but for a> 1 
it has the root x=(1+V 2a—1)/2. 


Note that the verification of the last condition a— x?>>0, which 
logically speaking is obligatory, can be conducted without any com- 
putations at all. Indeed, x, and x, have been obtained as roots of the 
equation (x —1)?=a — x? and hence for x=x, and x=x, the right side 
is nonnegative. 

We once again stress the fact that a direct substitution as a check 
of the roots would have reduced to equations in a: 


a+ VY 2a—! a eee 
= — 2 = 


the outward aspect alone of which is quite saddening. Thus, without 
a conscious mastering of the approach given here to the solution of 
equations, such problems can cause great difficulties. 

One of the most common sources of extraneous roots is the use of 
various logarithmic formulas, in particular, the formula for taking 
logarithms of a product. Indeed, replacing log, [(x)+-log, g(x) by 
log, (x) g(x), we extend the domain of the variable, permitting values 
of the unknown x for which we simultaneously have f(x)<<0 and 
g(x) <0. And so extraneous roots can appear, but only due to exten- 
sion of the domain of the variable, so that to discard them, on the 
basis of Statement A, it suffices to verify their membership in the 
domain. Also note that the converse replacement—the logarithm of 
a product ‘by the sum of the logarithms—can lead to.a narrowing of 
the domain of the variable, and so ‘is not permissible. 

5. Solve the equation log, (x-+2)-+-log, (8x — 4)= 4. 

Passing to the logarithm of a product, we get log, (x-+-2)(3x — 4)= 4, 
whence (x-+-2)(3x — 4)=16. The roots of this equation are x; »=(—I-- 
+-) 73)/3. It is easy to see that only x, lies in the required domain of 
the vriginal equation and, on the basis of Statement A, is its root. 

A direct substitution of the “bad” root x, would not have required 
very cumbersome computations but there would be unpleasant enough 
“irrational-logarithmic” manipulations, whereas the employment of 
Statement A yielded the answer at once. 

The appearance of extraneous roots as a result of applying the 
fundamental logarithmic identity ordinarily surprises the student, 
although there is actually nothing strange here. It is due to the exten- 
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sion of the domain when replacing the expression a!%«° by 6 if a or 6 
contains the unknown. 
6. Solve the equation x%yz 2*=4. 
Replacing log,— 2x by log, (2x)? (see Rule IV of Sec. 1.6), we get 
vlogs (2x)? — 


Now employing the fundamental identity, we get (2x)?=4, which 
mneans x,=—I, x,=1. But neither x, nor x, lie in the domain of the 
variable of the original equation: x, <<0, and x. =I1 cannot be a lo- 
garithmic base. Hence, the given equation does not have any roots. 
The appearance of extraneous roots may not be so noticeable as 
in the problems given above. As a rule, this is due to the fact that the 
reasoning and computations employed lead to an extension of the 
domain of the variable. In the next problem, extraneous roots appear 
in a mutual cancelling of like terms. Again there is no cause for surp- 
rise: in cancelling, we remove the restriction that the eliminated terms 
must be meaningful and thus extend the domain of the variable. 


7. Solve the equation logy)V 1+x+3 logy, V I—x=logy) V. 1—x?-+2. 
We transform logy 1—x: 
log,, V1 — = log, VI +-*xV1—x = log, V1—x + log, V1 +x 


It is easy to see that this manipulation does not change the domain 
of the variable, and the transformed equation 


log, V1 +x +3 log,, V 1—x = log,, V 1—x -+ log,, V1+-4 +2 


is equivalent to the given one. Eliminating logio V 1+. in both mem- 
bers, we obtain the equation 


2 log,, VV 1—x =2 


whose domain consists of the numbers x<1, which, as is evident, is 
greater than that of the original equation. We should thus expect ex- 
traneous roots. Solving the last equation we get the root x=— 99, which 
does not lie in the domain of the original equation and therefore is 
not its root: Thus, the given equation does not have any roots. 

One of the sources of mistakes is the (explicit or implicit) clearing 
of fractions. But this causes an extension of the domain of the variable— 
those values of x are included for which the denominator is equal to 0. 

8. Solve the equation 
l ae 2 1ogo.25 (4—%) __ l 
logy (3 ++) log, (3--x) | 


Taking all logarithms to the base 2 and manipulating, we get the equi- 


valent equation 
log, 6— logs (4—x) __ 
logs B+)! (4) 
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whence log, 6 — log, (4—x)=log,(3+x) and then 
6 
4—% 


=3+4% (5) 


This last equation is reduced to a quadratic equation and its roots 
are found to be: x,=3, x,=—2. 

During the solution process, extraneous roots could have appeared 
only due to an extension of the domain of the variable because of 
clearing of fractions in equations (4) and (5). It is therefore sufficient 
to test the resulting roots for membership in the domain of the variable 
of the original equation. We thus find that x, does not lie in the domain, 
but x, does and, hence, it is a root of the original equation. 

Mistakes that occur in solving equations in which the left member 
is a fraction and the right member is zero are due to this disregard for 
the domain of the variable. Frequently, the student simply discards 
the denominator in such cases and equates the numerator to zero. For 
a correct solution, one should equate the numerator to zero, find the 
roots of the resulting equation and discard those for which the deno- 
minator vanishes. 

9. Solve the equation tan3x=tan 5x. 

Rewrite the equation as 

sin3x  sinSx __ 0 
cos3x  cosbx 
whence, after a few elementary manipulations, we get 


sin 2x 0 
cos 3x cos 5x 


Now, solving the equation sin 2x =0, we getx =kn/2, R==0, +1, .... 
Now discard extraneous solutions, which is to say, those for whic 
the denominator cos 3xcos5x vanishes, which obviously happens when 
the values of & are odd. The solutions of the original equation wil! 
then be the angles x=kx/2, where k iseven: k=2n,n=0, +1, +2,.... 
That is, ; 

x=nn, n=O, +1, +2, ... 


Quite obviously it is a grave mistake to take the set of values x = 
==kn/2 for the answer. 

It is the same disregard for the domain of the variable that accounts 
for mistakes in equation solving in which the left-hand member has 
been factored and the right-hand member is zero. In solving such an 
equation, the student ordinarily equates each factor to zero in succes- 
sion and combines the. solutions obtained, completély disregarding 
the fact that for certain values of x which make one of the factors 
vanish the other factor may be meaningless, and in that case such 
values of x will not be roots of the proposed equation. Therefore a pro- 
per solution requires a check to see that all the values of x obtained 
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do indeed lie within the domain of the variable. This can occasionally 
give rise to considerable difficulties. 
10. Solve the equation 


sin 2x cos? 2x sin? 6x tan x cot 3x = 0 


Equating each factor to zero in succession, we finally get five groups 


of roots: 


r=, x= (2k+1)5, ge X= kn, x= (2k 1) 


- 


where, throughout, & is any integer. 
But this is not yet the answer, the point being that tanx and cot 3x 


are not defined for all values of x and therefore many values of x in 
these groups may prove to be extraneous. Let us consider each group " 
separately. 

(1) x=kn/2. If k is even, k=2/, then x=/n and cot3x is meaning- 
less; if R is odd, R=2/+1, then x=/n-++n/2 and tanx is meaningless, 

Thus, not a single angle x of the first group is actually a solution 
of the equation. 

(2) x=(2k+1) 1/4. Then, as is evident, tanx is meaningful. Besides, 
3x==(6k+3) x/4 so that cot 3x is likewise meaningful. 

Thus, all angles x of the second group are solutions of the equation. 

(3) x==kn/6. It is easy to see that, in the trigonometric circle, the 
terminal side of the angle x coincides with the vertical diameter for 
k=6/-+3 and, hence, tanx is meaningful for k=46/+3. Furthermore, 
38x=khn/2 and cot 3x has meaning only for odd values of k&. Hence, the 
only suitable values are odd numbers & not equal to 6/+3, or numbers 


k of the form k=6/+1, R=6l-b5. | 
Thus, of the angles of the third group, the following angles are solu- 


tions: 
xX=In-+n/6, x=In+5n/6 


where / is any integer. 
(4) x=kn. In this case cot 3x is meaningless and so there are no 


solutions. 
(5) x=(2k+1)x/6. By the trigonometric circle, it is evident that 


the terminal side of the angle x coincides with the vertical -diameter 
for k=3/-+1, and, hence, tanx will be meaningful for k=3/, R=3/+2. 
Thus, in the fifth group we have the angles 


X=In-+n/6, x=Iln-+527/6 


where / is any integer; these are the same angles as in the third group. 
The final answer can be written as follows: 


X=(2n-+1)n/4, x=nn+n/6, x=nn-+5n/6 
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n an arbitrary integer, or, more compactly, 
X= (2n+1)n/4, x=nntn/6 


nan arbitrary integer. 

Acquiring extraneous roots is not always so explicit as occurs in 
the last two examples. Sometimes the cause is what would appear at 
first glance to be quite harmless reasoning. 

For example, the equation tan3x=tan5x that was analyzed earlier 
is frequently solved as follows: “The tangents of two angles are equal 
if and only if the difference of the angles is equal to an integral mul- 
tiple of m; hence, 2x=kn, x=kn/2, R=0, +1, £2,....” But we know 
‘that this answer is not correct. 

Where does the mistake lie? 

The explanation is rather simple: the assertion on which the solution 
is based is incorrect, although it is quite common among students, 
Indeed, if tana=tanB, then a—f =n, where & is an integer, but the 
converse is not true: ifa—pB=&n, then the equation tane=tanp 
may simply be meaningless (say if a=x/2, B=— 1/2). Therefore, in 
the replacement of equation tan3x =tan5x by 2x=kn, there was no 
loss of roots, but certain extraneous roots appeared. 

Let us now consider some sources of the loss of roots and appropriate 
measures for avoiding such loss. Students most often lose roots when 
replacing a given equation by a new one having a more restricted 
domain of the variable. Such a restriction (narrowing) of the domain 
results, as we have already seen, from the use of logarithmic formulas, 
trigonometric formulas and certain “verbal” reasoning. 

As we have already noted, replacing the logarithm of a product by 
a sum of the logarithms (Rule I of Sec. 1.6) leads to a narrowing of 
the domain, just as does Rule II] which has to do with taking the lo- 
garithm of a power. To avoid such restrictions, one should employ 
Rules 1* and III * instead of Rules J and III. The use of the former 
can at worst extend the domain, that is, lead to extraneous roots. 
And we already know what to do with extraneous roots. 

That is how we will solve the following problem. 

Il. Solve the equation 


S logis (x -+- 2)?—3 = log,;,(4—x)* + log.;4 (x +6)? 
Since 
logis, (+ 2)? = 2 logy, [x+2], 

logis (4—x)?= 3 logis. (4—.x), logiss (x -+ 6)? = 3 logiyy(x + 6), 

the equation takes the form 
logis |* + 2|—1 = logy), (4—x) + logis (x + 6) 
whence 
logiya4| x -+2| = logy4(4 x) (x +6) 
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and consequently 


4|x+2|=(4—x)(x+ 6) 


(there is an extension of the domain in the last two transformations 
and so we can expect the appearance of extraneous roots!). The roots 
of this equation are x¥,=Z, x,=1— VY 33. 

Extraneous roots could appear during the process of solution only 
because of an extension of the domain of the variable and so, on the 
basis of Statement A, all we need to-do is test the values x, and x, . 
for membership in the domain. It is readily seen that all the expres- 
sions under the sign of the logarithm in the given equation for x =x, 
and for x =x, are positive so that both these numbers lie in the domain 
and are roots of the equation. 

The restriction of the domain and, hence, the Joss of roots can also 
occur when passing to a new logarithmic base. 

12. Solve the equation 


logo.sx x? — 14 logie6x x? -|- 40 logax Vx= 0 


Here is a student’s solution. Taking advantage of the change-of- 
base rule and taking x as the new logarithmic base, we have 


log. x? ‘(14 log, x° é 40 log. Vx 
log, 0.5% = log, 16x log, 4x 


But it is quite evident that the new equation is devoid of meaning 
for x=1, whereas the original equation not only is meaningful for 
x= 1 but has unity as its root. This is precisely where most students 
lose the root x= 1. 

We must therefore reason as follows: we want to pass to the base x; 
to do this we must be sure that x«>0 and x=41. Since all the x of our 
domain are positive, the first condition x>0 is satisfied; on the other 
hand, unity lies in the domain and substitution shows that x =1 is 
a root. Thus, one root of the original equation has been found: x =1. 
Now let us seek roots that differ from unity. Then we can pass to 


the base x without losing roots. 
From now on the solution is not difficult. Using the properties of 


logarithms and denoting log, 2 by y we have 


—— 


2 42 20 
fy ea oo 


This equation is reduced to the quadratic 2y?+-3y—2=0, whose 
roots are y,=1/2, y,=— 2. Then we get log, 2==1/2, whence x = 4 and 
log,.2=—2, whence x=1/V2. Both of these values, 4 and 1/2, are 
roots of the original equation. Hence, the original equation has three 


roots. : 
A common and very grave mistake that results in a loss of roots is 


the cancelling of a common factor from both sides of an equation. It is 


‘ 
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clear that in the process, roots may be lost which make the common 
factor vanish. 

In such cases it is best to transpose all terms to the left side, take 
out the common factor and consider two cases: (1) the common factor 
is equal to zero; (2) the common factor is not equal to zero; then of 
course the expression in the brackets is zero. It is also possible to 
consider first the case when the common factor is equal to zero and 
then cancel the common factor. 

13. Find all the solutions of the equation 


x2Qrtl + D|X—-3|4+2% —— y29|x-3] +4 | Ox ~1 


We consider two cases. 
(a) Let x>>3. Here we have the equation 


x29% +1 +- Ox 1 — x2Q* +1 +. Dx 1 


which is evidently satisfied for every x, and so in this case the solu- 
tions of the given equation will be all values of «>=3. 
(b) Let x<<3. Then the equation takes the form 


x22*+1 ao Os -% x2Qi-« + Ox = 1 
whence 
2*-1 (4x2— 1) = 2°-* (4x2— 1) 


It was precisely at this point where many of the students at the exa- 
mination were taken in by the exponential (“main”) expressions and 
disregarded the “insignificant” power expressions and simply cancelled 
them obtaining the equation 2*~!=2°-*, They then obtained the 
root x=3 and, what is more, failed to notice that it does not satisfy 
the condition x <3. 

It is abundantly clear that before cancelling out 4x’—I the stu- 
dents should have considered the case of 4x?—1=0. Then they would 
ou found the roots x1,.==-+1/2 which also satisfy the condition 
X< 0. 

Thus, the solutions of the given equation are: any x >3, x,=1/2, 


; X= —1/2., 


A common mistake made by students is the incorrect use of the 
following statement: “If two powers are equal and if their bases are 
equal and different from 0 and 1, then their exponents are equal as 
well.” What is usually forgotten is the phrase “different from 0 and 
1”. The result is a loss of roots, namely those for which the base is 
equal toO orl. | 

14. Solve the equation Vx =V x*, 

This equation may be rewritten as 


xV% == yx/2 


Thus, the powers are equal and the bases are equal. So as not to 
lose any roots, let us see whether the base can be 0 or 1. Since the ex- 
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pression 0° is meaningless, the number 0 is not an element in the do- 
main set and therefore x= 0 is not a root of the equation. Contrariwise, 
x =| isobviously a root. Now let us seek roots that are different from 
0 and 1. Using the indicated rule, we obtain / x =x/2, whence we find 
the second root of the equation, x =4. 

One sometimes hears the erroneous assertion: “If the power of a 
number is 1, then the exponent is equal to zero.” This is only true if 
the base is different from 1, but if the base is 1, then for any exponent 
the power will be I. 

sinty — 3 sin x +5 

15. Solve the equation |cosx| —~ =], 

We reason as follows: if |cosx|=1, then the power will be equal to 
1 no matter what the exponent. But if |Jcosx|541, then the exponent 
must necessarily be equal to zero. Thus, our equation separates into 


two: 
e 3 J 
[cosx|==1 and sin?x—+-sinx-++=0 


The first equation yields x,= kn, where & is any integer, and the 
second equation yields 


: 1 
sinx=-5, whence x, = (—1)* = +-ha, 
sinx=1, whence x; => + Qkn 


A check shows that the angles of the second group do not lie in the 
domain of the variable (we get 0° in the left member, which is mea- 
ningless), the remaining roots satisfy the equation. 

Finally, the solution set of the equation has the form 


X= kin, x,=(—1)4 m/6-+kxn (k an integer) 


Let us summarize: when applying the rule for passing from an equa- 
tion of powers to an equation of exponents, it is necessary to consider 
three cases! the base is 0, the base is 1, and the exponents are equal. 
Reasoning in this manner we can avoid any loss of roots. 

However, extraneous roots may appear. Indeed, in each case we 
have to solve an equation, and since all three equations are solved in 
isolation from one another it may happen that some of the solutions 
will not lie in the domain of the variable of the original equation. 
This is what occurred in the last example where some of the solutions 
of the second equation did not lie in the domain of the original equa- 
tion and were therefore discarded. 

For this reason, after applying the rule for passing from an equation 
of powers to an equation of exponents and after solving the respective 
equations, make a check. It will suffice to establish that the root be- 
longs to the domain of the original equation, in which case it automati- 
cally satisfies the given equation. 
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A frequent source of loss of roots is the use of trigonometric formu- 
las. It will be seen (see Sec. 2.2) that the left and right members of 
a trigonometric formula may have different domains of the variable, 
Such, for example, are the formulas of so-called “universal substitu- 
tion” which express the sine and cosine in terms of the tangent of 
one-half an angle. In these formulas, the léft member has a larger 
domain of the variable and therefore, when replacing the left member 
of the formula by the right, we restrict (narrow) the domain and run 
the risk of losing roots. 

16. Solve the equation sinx—2 cosx =2. 

Passing to the tangent of one-half an angle, we get 


x ae 4 
2 tan > 2 (1—tan? 5) 
ne a oe 9 


3 % 9% 
{+ tan m7 1 -- tan 5 
whence 
tan>=2 and x=2arctan2+ 2nn, n=0, +1, +2, ... 


However, this formula does not include all solutions: as can readily 
be verified, all the angles x =(2n+1)x, n=0, +1, +2, ... are also 
solutions. These angles were lost when we introduced the tangent of 
half an angle. The original equation was meaningful for all values of x, 
while the second equation is meaningful only when tan (x/2) is mea- 
ningful, that is, for x54 (2n-+1)n. 

For more details on trigonometric formulas see Sec. 2.2. Roots may 
be lost when solving equations by the ¢rial-and-error method. The 
following are some illustrative examples. 

17. Solve the equation 3*4+-4*=5*, 

It is obvious that x=2 is a root of the equation. Is the equation 
thus solved? Of course not, for we may easily have not noticed some 
other root. Therefore, it is a grave mistake to stop at this point. Let 
us continue as follows: we divide both sides by 5* to get 


“3 \x 4 \x 

(s) +(3)=! 
whence it is evident that if x<2, then, by the property of an expo- 
nential function with base less than unity, (3/5)* > (3/5)?, (4/5)* >> 
> (4/5)? so that (3/5)*-+-(4/5)* > (8/5)?-+- (4/5)?=1, consequently, x< 2 
cannot be a root of the equation. Similarly, for x>2 we will always 
have the inequality (3/5)*+-(4/5)* <1. 
_ Thus, the chosen root, x =2, is the only one. Now the equation can 
be considered as solved. We found a root (it is immaterial just how 
this was done) and then proved that there are no other roots. 


It is quite evident, as this example shows so clearly, that trial-and- 
error solutions are legitimate if after guessing one or another of the roots 
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we give rigorous proof that there can be no other roots. Using this tech- 
nique, it is very easy to solve the equation given in Problem 1: 


V2x—6+Vx+4=5 
[It is easy to choose a root x=5. But if x>5, then VW 2x—6> 


>V 10—6 =2, Vx--4 > 3, which means that for x>>5 the left mem- 
ber exceeds 5. Similarly, for x<<5 the left member is less than 5. 
Hence, x =5 is the only root of the equation. 

However, if we confine ourselves to guessing and do not prove that 
there are no other roots, then roots will very often be lost. Such, for 
instance, is the danger in the problem that follows. 


? 


18. Solve the equation 3*-8**+?=6. 
Some students solved this equation thus: rewriting it as 
3x 


3.2 F42 = Btn 


they chose a root x so that the exponents of the respective bases were 


the same: 
ai, fe) 
ar x-+2 — 


whence the “answer” x =1. 

But this “answer” is incorrect in the sense that only one root of the 
equation is found and nothing has been said about any other roots. 
Actually, if the exponents on the ‘appropriate bases are equal, then 
the products of these powers are equal, however the converse is not 
in any way implied and is simply incorrect. For instance, the equation 


31, 91 — 32. Dlogs (2/8) 


is valid, but 1542 and 15 log, (2/3). Therefore, the foregoing reasoning 
may lead to a loss of roots, and this is exactly what occurred in the 


equation at hand. | 
Taking logarithms of both members of the original equation to the 


base 10, we get : 
x log,, 3+ aap log, 2 = log,, 6 


or 

x? log,, 3+ (3 log,, 2-+ 2 log,, 3— log, 6) —2 log,, 6.=0 

We now have to solve this quadratic equation. This can be done using 
a familiar formula, but we will try to simplify the solution by an 
ingenious device, since we have already seen, by trial and error, that 
x,=1 is a root of the original equation and, consequently, satisfies the 
equivalent quadratic equation. For this reason, by Viéte’s theorem 
the second root of the quadratic equation is ¥,=(—2 logy) 6)/logis 3== 


9—3480 
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——2log,6 and so the original equation has two roots: x,=1, ¥2= 
=2logs 6. 


Thus, it is useful to be able to guess a root, but never consider the 
guessing as the whole solution. 

The main difficulty often consists not in the loss or the introduction 
of roots but in other things that are no less involved, as will be seen 
in the next few problems. 

19. Solve the equation 


: l 
logi/(s cos® x) sinx = 7 


By the definition of a logarithm, we get the following equation: 
i 

V8 cos? x 

This equation is a consequence of the original one, but clearly has 


a larger domain; indeed, the domain consists of all values of x for 
which cosx= 0, whereas the original equation requires that two other 


conditions be satisfied as well: 1/V 8cos?x 41 and sinx>0. Neverthe- 
less these equations are equivalent since every root of the second 
equation lies in the domain of the original. one. Indeed, if sin x»= 
=1/Y 8cos?xo, then, firstly, sinx»>>0 and, secondly, 1/8cos?x)=41, 
otherwise we would have cos? x»=1/8 and sinx»=1, which of course 
is impossible. _ 

We now have sinx |cosx|=1/(2V 2) (see Sec. 1.4). To solve this 
equation it will be convenient to consider two cases. ; 

(a) cosx>>0. We then have the equation sinxcosx=1/(2V 2) or 
sin2x=1//2. Its solutions are given by the formula x=(—1)*n/8+ 


sinx= 


Fig. 16 


-+-kn/2, where Rk is any integer. But of these values we have to select 
only those that satisfy the condition cos x >0. To do this, determine 
the values of & for which the appropriate value of x lies in the first and 
fourth quadrants. This is easily done by depicting the solutions in 
the trigonometric circle. For values k= 0, 1, 2, 3, the corresponding 
angles are shown in Fig. 16 (for other values of &, the angles repeat 
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every four units). The only angles that suit us are x=2/8 and x,=. 
== (—m/8) + (1/2) =3n/8 and the groups which they generate (for k= 
=-4n and k=1+4n), that is, the angles 


3 
x= 5+ 2nx, x= 4 Qnn 


where rn is any integer. 
(b) cos x<<0. This case is examined in similar fashion. 


It yields four groups of solutions: 
x= = Qna, x= E+ na, x= Onn, 


x= 24 Onn 


n any integer. 
These groups can be combined into two: 


x,=(—1)" 3 +n, x,=(—1)" = +n 
20. Solve the equation tan(ncosx)=cot(ncos 2x). 
Transform the right member: 


cot (x cos 2x) = cot [m (2 cos? x— 1)] = cot (27 cos? x) | 
= tan (%/2— 2x cos? x) 


Thus, we get the equation 
tan (1 cos x) = tan (1/2 —2n cos? x) 
whence 
2 


where & is an arbitrary integer. Note right off that in passing to this 
equation we extended the domain of the variable; in the original equa- 
tion the domain is defined by the condition 


1 COS X = (0/2) + kn, (/2)— 20 cos? x H (n/2) +10 


Tt A 
Jt COS x—(F—20 cos? x | = kr 


That is, cosx = (1/2)+-k, cos’x 4 —I/2 (where k, J are integers), while 
in the new equation the domain includes all values of x. 
Furthermore, we have the equation 2cos?x+cosx—1/2=k or 


4cos?x-+2cos « — (2k+1) =0, whence 
ogee re AEE 
We now have to determine for which values of & the equations 


—l!— VY 8k-+5 — 
cos x= and cos ne EV HS 


have solutions. It is clear that &>0 (otherwise 8k-+5<0), 


Q* 
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The first equation has a solution for 
—1— pV 8k+5 
Sg 


The right inequality is automatically valid, and from the left we have 


V 8R+5 <3 or 8R+-5<9, whence k<1/2<1. Hence, the first equa- 
tion has a solution only when k =0, and its solutions are 


x == -t arccos (= 12) + 2nn, n any integer (6) 


All these values of x clearly lie in the domain of the variable of the 
original equation because 


_—!-V5 _1 84+ V5 ! 
COSX=——j otk, cos YS 
and consequently are its solutions. 

The second equation has a solution for 


eee 


or —3< V 8k-+5 <5 whence k<5/2. Hence, the second equation 
has a solution when k=0, 1, 2, and its solutions can’ be written as 


—1) 8k 
X= + arccos Se er 2nn (k=0, 1,2; n any integer) (7) 


All these values of x lie in the domain of the variable of the original 
equation and consequently are solutions of that equation. 


Thus, the solution set of the original equation is given by the for. 
mulas (6) and (7). 


Exercises 
Solve the following equations: 
1 Vx—34+ VaxtiHs 2. V4e—-1— VP x—2=3, 
3. Vx—14+V xp2=4. 4. Vx 142 V2x—-3=— 3. 
5. Vx—14 Vet 2= V34+x—V74Fe. 
6. Vxpl—1=V x—Vx+8. 
7. V 4—x= Vx—44+ Vax-l. 
8. (2x-+ 1)8/? — (13x/2) = 1. 
9, x1 / x2 / x3, | 
10, 6)/x—3-+ / x—2=5 VW (x—2 (x—3), 
I. aVitz42 V 14x35 Vx. 


12, 22%+2--§%¥— 2.32% +2 —=0, 


l 
aoe 
. logig x8 —20 logyy Vx +1=0. 

. log, 3+ log yg 3-+ log,,,, 3=0. 

. 1-+2 log, 2-logy (10 —-+) = 2/log, x. 
ee Th ee, 

, log, (X+3)8 = 16. 


V/ tt. Ve — 10, 


_ xflogs x83 logs x__ 378 log vr ges 


: log, 
. 1/2 logs (—x— 16)— log, (VY —*x—4)=1. 
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, 8X — 3.4% 3.204148 —0, 
4X 22. 148-41 3.49%, 


; (24-V3) mONtl (920 3 )* OVE 


. logs (4% -++ 15-2* 4-27) —2 log, (4-2* —3) =0. 
. (1+ x/2) log, 3—log, (8*— 13) =3 lob yas 5 -L 4, 


» logs (8% — 1) logs (8%+!— 3) =6. 

zs ! 
. logs [(2-+ V5) —(V 5—2)*] => —3 log, ,, 2. 
| dogs (8/x?) 


10] 


———_ 


(log, x)? - 
tf 3/7. 
( oV = 19.2°V 4.1) 3 (log, y~49—1). 


2 
les x*~ log, CRIED At) OB 4 2)? es 


1 
—logs ¥+-————= 
3 = ( Vx) log, Vx : 


i (log; x)! 


31. 
V logy ¥+ logiy Vx =— 1/2 - 
. logy (I— VT x) = loggs (3— V1 x). 


x 
glogax 3. l0ka8 — 9. 


(2x—3) = 2 logs 4 + log, (1/j/2), 


2x—1 


I-+logs(x—4) 
logy (Vx-+3—V x—3) 


. Vi- log, x«-+- V Flog, x—2=4. 

: V 1-+ log, V 27 log, x+1=0. 

: 1087 (*—1) + logy ;g(x-+ 1) —log, Vr (7—x)=1. 

: log, IVETE 10 -logi (x? —3x-4+- 2) =—2-+ log, IViEz [0-logiy (x—3). 
° logs (—x? —8x—~ 14)+log ys, 54 479 = l, 

» 2 logs (2x) + logs (x? + 1 — 2x) = 4/3, 

» logy +1 (x?-+-x—6)* = 4. 

. logs (Vx-+| Vx—1 |) = log, (4 Vx—3-+44] Vx—1]), 
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45. 2 loge x—log,;_(13—x) = log, (x— 10)?+ 2 log, (8—~). 
46 gi +2 cos Bx 16 sin? (5x/2) 29: 
ss: goin 2x+2 cos? gta 2x+2 sin? x 98. 


l sin x 
—__-+ 16 SSS 
48. x coo (£42) 
16 2 4 


49, 3 (log, sin x)? -+ log, (1 —cos 2x) =2. 
50. (logsin x COS ¥)° =I. 


BI. V/ logsin x cos x=! 

52. logy-=.i, x (i + 0s x)= 2. 

53. logy sin 2x— logy, sin x= logy) cos 2x — logy, cos x -+-2 logy 2. 
54. log, cos 2x—log, sin x—log, cos x= 1, 

55. logo sin (x/2) = logy, (cos x— sin x) + logyy (cos x-+- sin x). 

66. log, sin x— log, cos x — log, (1—tan x)—log, (1+ tan x)=1. 
57. (sin x)7 1" *—1 =cot? x. 

58, (tan x)°S * = (cot x)" *. 


3 
59. ” 5 +2-—— > 


Vxt+ax—10 __ 1 


sin 5x—sin x = 


— cos! = 
60. (cos 2x— cos* x) cot 3x -+ 8 sin ae 0. 
. cos*x 
61. cos? x sin 6x-+-2 sin? x-sin 3x-cos 3x + (s ea sin? x) sin 6x =0, 


62. (1 + ~e8 =) sin 2x cos 2x cot 3x-=0. 


63. V sinx-+cos x=0, 

64. sin 4x sin x—sin 3x sin 2x = 1/2 cos 3x+-(1-+-cos x)!/2. 
65. (tan x-++ sin x)}/? ++ (tan x—sin x)!/? =2 VW tan x cosx. 
66. 5% + 12% == 13%. 


67. (V24 V3) +(V 2-V3)* 2%, 


1.10 Solving inequalities 


A great deal of mistakes are made in the solution of inequalities. 
The point is that in most cases the solution of inequalities given at 
examinations does not require any particular ingenuity or artificial 
techniques, and so, as a rule, the student sees at a glance what steps 
must be taken. However, in carrying out the manipulations, the stu- 
dent makes serious mistakes due to a failure to recognize the funda- 
mental theoretical propositions involving inequalities. 

Actually, solving inequalities hardly requires anything more than 
the ability to reduce an inequality to the solution of elementary ine- 
qualities (without either losing a solution or introducing any extraneo- 
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us ones), and then to solve these elementary inequalities. To carry out 
the latter part, the student has to know the fundamental properties 
of the functions studied at school (algebraic, exponential, logarithmic 
and trigonometric functions); to carry out the former part, the student 
must be able to handle the basic concepts involving the equivalence 
of inequalities, the sources of loss of solutions and of the introduction 
of extraneous solutions. | 
The basic definitions needed in the solution of inequalities repeat al- 
most word for word those required for equations (Sec. 1.9). Note the 
following two differences in terminology however: the term “root” 
is not used when speaking of inequalities; one always uses the term 
“solution”; also, for the sake of brevity, one speaks of the 
solution being a certain set of values of x, for instance, the interval 
a<ix<<b, whereas in actuality every value of x of the set is a solu- 
tion. 
The similarity of equations and inequalities is quite naturally not 
confined to that of the basic definitions. It is obvious, for example, 
that everything that has been said about transforming equations which 
extend or restrict the domain of the variable is just as valid when ap- 
plied to inequalities. | 
However, it must be stressed that solving inequalities has its pecu- 
liarities in that the same manipulations applied to equations and in- 
equalities lead to different results. For instance, when multiplying 
both members of an equation by some nonzero factor (which is mea- 
ningful in the domain of the variable), an equation is replaced by an 
equivalent equation, whereas for inequalities we have to deal with 
the additional restriction that the factor be nonnegative in the domain 
of the variable. In the same way, squaring both sides of an equation 
does not lead to a loss of roots, while squaring an inequality can lead 
either to a loss of solutions or to the introduction of solutions. Stu- 
dents often lose sight of these peculiarities and make mistakes in the 
solution of inequalities that they never would make when solving 
equations. 
It is a matter of wonder that so many mistakes are made by stu- 
dents when solving the simplest kind of inequality. Apparently this 
is due to a formally understood analogy between equations and ine- 
qualities. The reasoning goes roughly like this: “Since the solution of 
the equation log,/,x=1 is x=1/2, the solution of the inequality 
log:/,x> 1 constitutes the values x> 1/2.” Similarly, solutions to the 
inequalities (1/5)*<<2 are written as x<log 1,2, and so on. Yet the 
actual solutions to the two foregoing inequalities are different: in the 
first case, O<x< 1/2, in the second, x>log1;,2. A false analogy bet- 
ween equations and inequalities led to these mistakes. . 
Actually, when the student tackles an elementary inequality, he. 
should consciously take advantage of the properties of the functions 


participating in the inequality. 
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Let us now consider examples in solving some elementary inequali- 
ties. 

We wish to note first of all that the solution of linear (first-degree) 
and quadratic (second-degree) algebraic inequalities is usually quite 
thoroughly explained in textbooks and hardly ever causes any trouble: 
The solution of inequalities involving absolute values was discussed 
in Sec. 1.4. 


Here .we wish to dwell on elementary exponential, logarithmic, and 
trigonometric inequalities. 

An elementary exponential inequality is an inequality of the type 
a* >a’ (a*¥ <a’). When handling such inequalities, it must be re- 
membered that the properties of an exponential function differ for 
bases greater than unity and less than unity. 

1. Solve the inequality —1< (1/3)* <2. 

To solve a double inequality means to find all the values of x which 
simultaneously satisfy the two inequalities: (1/3)* = —1 and (1/3)*< 2. 


Fig. 17 


Since an exponential function is always positive, the first of these 
inequalities is valid for all values of x. 

Rewriting the second inequality as (1/3)* <(1/3)!%¢,/,2, we take 
advantage of the property of an exponential function: to a base less 
than unity, the greater value of the function is associated with the 
smaller value of the argument and conversely, to the smaller value of 
the function corresponds the greater value of the argument. This in- 
equality is therefore equivalent to, the inequality x> log:,, 2. 

This solution is well: illustrated by the graph shown in Fig. 17, 
namely, the solutions are those values of x for which the graph of the 
function y=(1/3)* lies below the horizontal straight line y =2; that 
is, all x to the right of the abscissa of the point of intersection of these 
graphs (this abscissa is a solution of the equation (1/3)*= 2). Thus, 
the solution of our inequality is the interval «> log:,, 2. 

When solving inequalities containing the unknown under the sign 
of the logarithm, one must also bear in mind that the properties of 
a logarithmic function differ depending on whether the base is less 
than or greater than unity. However, another essential point in sol- 
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ving these inequalities is that the logarithmic function is not defined 
for all values of x. This is lost sight of by many students when sol- 
ving an inequality like log,x<<1. They reason this way: “We rewrite 
the inequality as log,x< log, 2. The greater number to a base greater 
than | has the larger logarithm, and so the inequality is valid for 
Y= 2" 

Nothing would seem to be wrong in this argument, but still the 
answer is faulty because extraneous solutions were introduced. Indeed, 
any negative number is less than 2, but the original inequality is 
meaningless for negative values of x (because negative numbers do not 
have logarithms). : 

Why were extraneous solutions introduced? When “solving” the 
inequality, we passed from log, x<log,2 to ¥<2. The latter inequa- 
lity is meaningful for all values of x while the original inequality has 
meaning only for those values of x for which log, x is meaningful, that 
is to say, for x>>0. Hence, extraneous solutions were introduced 
simply because the fact was disregarded that a logarithmic function 
is defined only for positive values of x. 

A correct answer is obtained if we choose from among the solutions 
of the latter inequality those whose values of x>>0; thus, the solution 
of our inequality is the interval O<x<2. 

This simple example makes it abundantly clear that one should 
bear in mind, when solving logarithmic inequalities in this manner, 
that a logarithmic function is only defined for positive values of x. 
However, these inequalities may be solved in a different way: instead 
of using the domain of definition of the logarithmic function and 
its property of monotonicity we can immediately take advantage of 
Properties VII and VIII of logarithms (Sec. 1.6). 

Thus, using Property VII in the above example, we can directly 
replace the inequality log.x<log,2 by the equivalent inequality 
O<x<(2, which yields the answer. 

Taking into account the simplicity of solving logarithmic inequali- 
ties by means of Properties VJI and VIII, we will henceforth solve 
such inequalities by using these properties. 

2. Solve the inequality logs, x > logs,, x. 

Taking the logarithm of the right member to the base 1/2 (Rule V, 


Sec. 1.6), we get an equivalent inequality: 
] 
logis2X (1 —logus7) > 0 


Since 1/2> 1/3, it follows that logs,, 1/2 <log:,, 1/3 or 1—log:/,1/2> 


> 0. 
Noting that O=log:,, 1, we find that the original inequality is 


equivalent to logs,,x > log:,,1. 
Applying Property VIII to this inequality, we get the solution of 


the original inequality: O<x<1. 
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Now let us examine trigonometric inequalities. Despite the fact that 
the solutions of the more elementary trigonometric inequalities are 
thoroughly explained in the standard textbooks, students continue 
to make serious mistakes even when solving the simplest inequalities. 
We now examine a few typical mistakes of this nature. . 

(a) Knowing that the solutions of the equation sinx=a(|a|< 1) 
are given by the formula x=(—1)* arcsina+kn, where k=0, +1, 
+2, ..., many students write that “the solution of the inequality 
sinx <a consists of all values of x<(—1)* arcsina+An, k=O, £1, 
+2, ....” 

It is quite often difficult to convince the student of the absurdity 
of such an answer. 

(b) Many mistakes are made that are connected with the formal use 
of the symbols arcsina, arccosa, etc. These symbols are frequently 
employed when the student has not yet investigated whether they are 


Fig 18. 


meaningful or not. For instance, the solution to the inequality sinx< 
< log,5 is written as arcsin (log, 5), which is meaningless since log, 5 > 
> 1. Yet this inequality is valid for all values of x; this is evident from 
the very start because log,5>1. 

(c) Mistakes occur due to improper use of the trigonometric circle. 
For example, when solving an ‘inequality like sinx<—)/ 2/2, the 
students correctly indicate the angles that yield the solutions of the 
inequality (Fig. 18) but err when they give the analytic notation as 


ht Oka << —T42ka, k= 0, +1, £2, ... 


It is clear that this notation is meaningless since the left member 
of the inequality is greater than the right member for all values of 2. 

When solving elementary trigonometric inequalities, it is best 
to make use of the graphs of trigonometric functions. This is a prac- 
tical guarantee against mistakes and makes for a pictorial represen- 
tation of the regions in which the inequality is valid. When giving 
their analytic notation, it is convenient to take advantage of the fol- 
lowing fact: if f(x) is a periodic function, then to solve the inequality 
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f(x) >a it suffices to find the solution in any interval that is equal 
to the length of the period of the function f(x), then all values of x 
thus found and also all x that differ from these values by an integral 
number of the periods of the function f(x) constitute a solution of 
our inequality. 

3. Solve the inequality sinx> 1/2. 

We construct the graphs of the functions y,=sinx and y,=1/2 
(Fig. 19). This inequality is satisfied for all values of x for which the 


Fig. 19 


first graph lies above the second one. Since the period of the function 
sinx is 2x, it is sufficient for us to solve the proposed inequality on. 
some interval of length 2. It is easy to see that the most convenient 
interval is that from 0 to 27: the solutions can most simply be written 
then as n/6<cx<c5a/6. | 

Thus, the complete solution of the inequality is 


Rp oen<cx< 4 kn, k= 0, #1, +2)... 


This notation is to be understood as follows: there is a certain interval 
for each integer &, and the set of all these intervals constitutes the 
solution of the inequality. 

4. Solve the inequality cosx>—1/2. 

We construct the graphs of the functions y,=cosx and y,=—1/2 
(Fig. 20). The period of the function cosx is also equal to 2x, but 


Fig. 20 


the drawing shows us that it is no longer convenient to take the interval 
from 0 to 20 for the basic interval because the solution of the inequa- 
lity there will consist of two “pieces”. It is therefore more convenient 
to seek the solution of this inequality on the interval from —n to x. 
This is the interval —2n/3<x<2n/3. Consequently, the complete 


solution is 
— FR enn B+ lke, k-=0, +1, 42,... 


5. Solve the inequality |tanx|< 1/7. 
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The period of the function |tanx| is equal to x. We consider the 
inequality on the interval from — 1/2 to 1/2 and construct the graphs 
of the functions y,;= |tanx| and y.=1/7 (Fig. 21). It is evident that 
the solution will consist of all x lying in the interval] —Xy<OX< YX 
where x» is the abscissa of the intersection point of the graphs ‘ide 
consideration that lies between 0 and 1/2, that is, the root 


f th : 
tion tanx=1/7 located in the interval O<x<y/2, Hence ce 


Fig. 21 
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-F Xo O\Xo F 
=arctan (1/7). Taking into account the period of the 
[tanx|, we find that the solution of our inequality co 
values of x located in the intervals 


] ] 
—arctan kt C¥.< arctan = -+ kn, where k=0, +1, +2, .., 


Note that the original inequality can be written as a doubl 

lity —1/7< tanx<1/7 and solved by using the graph of the 
= tan. 
: 6. Solve the inequality sinx —cosx>0. 

Using a consequence of the addition formula and 7/4 as an auxiliary 
angle (we call this the auxiliary-angle formula), we get the inequality 
V 2sin[x—(x/4)]=>0. Of course it can be solved by considering the 
graph of the function y=sin[x—(m/4)]. However, it is best to do other- 
wise. Denoting x—(m/4) by z, let us consider the inequality sinz>0. 
Its solution 2nk <z<n+2nk, k=0, £1, +2,... isdirectly obtained 
from the graph of the function y=sinz. Now, substituting x—(m/4) 
in place of z, we find the appropriate intervals of variation of x: 


Loken x< B+ Okn, k=O, 1, £2, 00. 


function y= 
nsists of all 


e inequa- 
function 


This technique—replacing x— (x/4) by z—enabled us to: dispense 
with constructing the graph of the function y=sin[x—(mn/4)]. Its 
convenience is still.more evident when solving elementary trigonomet- 
ric inequalities with a complicated argument. For example, it allows 
us to get around constructing an extremely involved graph when sol- 


ving inequalities like sin (V 2x+-7) > —1/2. Here of course it is easier 
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to denote / 2x+-7 by z and solve the inequality sin z>—1/2 using 
the graph of the function y =sin z, and then pass to x. | 

Higher-degree algebraic inequalities can also be classed as elementary 
inequalities. Students sometimes solve them by investigating various 
cases, which is to say, by passing to a solution of several systems of 
inequalities. Confusion often begins when the student is not able to 
find the common portion of the solutions and is undecided about whe- 
ther or not to combine these solutions, yet there isa unified standard 
method for solving such inequalities. It is the so-called method of in- 
tervals that we now give. 

Suppose, for example, we have to solve the inequality 


(x —X,) (x—x,) eee (¥—X, 1) (x—X,,) < 0 
where xi, 2, »»+, Xn are distinct real numbers. We will assume that 
RX te SO 


Plot these points on the real number line (Fig. 22) and consider the 
polynomial 
P(X) = (XX) (X—Xq) 6. (XX q—1) (%— Fn) (I) 


[t is clear that for all x>>~, all the parenthetic expressions in (1) 
are positive and, hence, for x>>.~, we have P (x) >0. Since for x -1< 
<x<(x, the last parenthesis in the expression P(x) is negative, and 
Fig. 22 = Sane 
Xe X2 Xe Xa Xt Xn 

all the other parentheses are positive, it follows that for x, 1< «<x, 
we have P(x) <0. Similarly we obtain P(x) >0 for x, -¢<0x< Xp -1, 
and so on. : 

That is the underlying idea of the method of intervals. On the num- 
ber line, the numbers x1, x2, ..., %, must be arranged in order of in- 
creasing magnitude. Then place the plus sign in the interval to the 
right of the largest number. In the next interval (from right to left). 
place the minus sign, then the plus sign, then the minus sign, etc. The 
solution of the inequality P(x)<0 will then consist of intervals ha- 
ving the minus sign. 

7. Solve the inequality 


x(%-+ 1) (—x+V 2) (x?@—x + 1) (8x + 1)? (x +V 17)? 
x (1— x) (2x —n?) (— x -+ 0) (x— sin? 1) <0 


It is quite obvious that if we reduce this inequality to systems of 
inequalities, then we will have a large number of cases to consider. 
Let us solve it by the method of intervals. First, we have to reduce 
it to the proper form. Note that x2—x-+1>0 for any value of x and 
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for this reason this factor can be cancelled from -both members of the 
inequalities. Further note that (3x-++1)?=>0 for x54—1/3 and there- 
fore this factor can likewise be cancelled. Remember however that 

=—1/3 is not a solution of the inequality. Besides, it is clear that 
the sign of (x+)/17)* coincides with that of x+//17 and therefore 
we can replace (x-+V/ 17)? by x+-V 17 without impairing the inequality. 
Finally, represent each factor as x —a, where a is a number. 

All these manipulations result in the inequality 


(x—0) [x—(—1)] («V2 [x—(— V7] 

Xx (x—1) (x ~ 5) (x—n)(x—sin® 1) > 0 
which is equivalent to the original one for all x 34 —1/3 (since we mul- 
tiplied three parentheses by—1, the sense of the inequality is reversed). 


Fic. 23 + A = NEY NZ - NZ 
18: -Vi7 -7 0 j, 1¥2 n mg? 
sing e 


Plot the numbers 0, —1, —V17, 1, 12/2, x, V2 and sin? 1 on the 
real number line (Fig. 23). Then the last inequality is true for x located 
in the intervals 

xc —-V17,-l<x<0, siml<x<l, 
V2<x<a, x <x 


The solutions of the original inequality are these values of x, with the 
exception of x=—1/3, that is, 


r< VII, ~1<e<—z, —a <x <0, 
: a nv 
siml<x<l, V2Q<x<n, <x 
It is.also to be noted that the weak inequality . 
(x—%) (x—%,) ... (x—x,) <0 


can also be solved by the method of intervals, but the answer is writ- 
re form of the intervals x,;< x<x,4, with the endpoints in- 
cluded. 

_Frequently, problems involving inequalities can be reduced to 
elementary inequalities by means of simple algebraic manipulations 
and the introduction of a new unknown. 

8. Solve the inequality 


9x 10-3°+9<0 


Denoting 3* by y, rewrite the inequality thus: y2—10y+9<0. This 
quadratic inequality is true for all values of y in the interval l= y<9. 
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Substituting 3* in place of y, we obtain that the original inequality 

holds true for all x satisfying the double inequality 1<3*<9. 
Solving this elementary exponential inequality, we get the answer 

O<x<2. 

' 9, Solve the inequality 


log? x+3 log, x 2 = log, yz 16 


Denoting y=log.x and noting that 5/2 logyvy16 = 4, we rewrite 
our inequality thus: y?+-3y — 420. The solution set of this quadratic 
inequality is made up of all y>1 and also all yx —4. Hence, the 
original inequality will hold true for all x for which log,x>>1 and 
also for those x for which log. x«< —4. Solving these elementary lo- 
garithmic inequalities by means of Property VIII of logarithms, we 
get the answer: x22, O<xq274. 

10. Solve the inequality 


] (xt-axt+1)! ] 1 
(z) <(z, 


If we disregard the exponents, we can say that this is an elementary 
exponential inequality with base less than unity: (1/2)*<(1/2)°. 
Solving it, we find that the original inequality is equivalent to the 
inequality (x®—2x3-+ 1)!? > I1—vx. 

Since (x®—2x3-+-1)*=V (x3—1)?= |x°—1| (see Sec. 1.4), it follows 
that we have yet to solve the inequality 


| x8—1| > 1—x 


Since the left member here is nonnegative, it is automatically sa- 
tisfied for 1—x<<0, that is, when x>1. 

We now consider x< 1. In this case, x3<1, and so |x®—1|=1—x3 
and we have the inequality I1—x3> 1—x or 


x(x—1)(x+1) <0 


Solving this inequality by the method of intervals, we find that it is 
true for x<<—1 and for x located in the interval O<¢x<1. All these 
values of x lie in the domain x< 1 under consideration and so are so- 
lutions of the original inequality. 
Thus, the original inequality is valid for x<—1, O0<x<ll, x>1. 
11. Solve the inequality 


5-+2 cos 2x<3(2sinx—1| 


Taking advantage of the formula for the cosine of a double angle 
and denoting sinx by y, we can rewrite our inequality as 7—4y°< 
<3 |2y—1|. To get rid of the absolute-value sign, consider two cases: 
y= 1/2 and y<1/2. 


/2 
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(a) Suppose y > 1/2, then our inequality is written 7— 4y? <3 (2y—1) 
or 2y°-+3y — 520. The solution set of the latter inequality is y>1 
and y< — 5/2. But taking into account that we only consider y > 1/2, 
we find that this condition is satisfied by y= 1 alone. 

(b) Let y< 1/2. Then the original inequality is rewritten 7—4y?< 
< —3(2y—1) or 2y’—3y—2 0. The solution set of this last inequa- 
lity consists of y>2 and y <—1/2. But Condition (b) is satisfied so- 
lely by y<—1/2. 

Thus, the solutions of the inequality in y are yx —1/2 and y>1. 

If in these inequalities we replace y by sinx, we find the solutions 
of the original inequality to be all x that satisfy the elementary tri- 
gonometric inequality sinx< —1/2 and all x satisfying the inequality 
sinx > 1. 


The solution set of the first inequality consists of all x lying in the 
intervals 


2 4 kn <x <—F 4 kn, k=0, £1, +2,... 


The second inequality will be true only for those values of x for 
which sinx=1; that is, for 


x=4+2Qkn, k=0, +1, +2,... 


Thus, finally, the solution set of the original inequality consists 
of all x==2/2-+-2kn and all x located in the intervals 


4 hn eS E+ he, k=0, +1, +2,... 


12. Solve the inequality 
log,.sinx > logy, (3 sin x —2) 
Noting that log, sinx=log,., sin?x, we rewrite our inequality as 
logis, Sin? x > log,,, (3 sin x — 2) | 
Now applying Property VIII of logarithms (see Sec. 1.6), we see that 


our inequality is equivalent to the inequality sin? x>3sinx—2>0. 
Denoting y=sinx, we arrive at the system of inequalities 


y°—3y+2>0 
38y—2>0 
Regrouping, represent the left member of the first inequality as 
y? — 3y + 2 = y (y?— 1)—2 (y—1) 
=(y—1) (¥r-+y—2) 
= (y— 1)? (y+ 2) 
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It then follows that this inequality is true for all y>>»—-2 with the 
exception of y =1. 

The second inequality of this system is valid for y>> 2/3. Hence, the 
solution of the system includes all y>> 2/3, except y =1. 

Returning to x, we find that the original inequality is equivalent 
to the following double inequality: 2/3<sinx< 1. 

The solutions of this elementary trigonometric inequality are given 


by the intervals 
arcsin 2/3 +-2kn <x < n/2 + 2kn, 
m/2+2kn <x < m—arcsin 2/3 +-2kn, 
k=0, +1, +2,... 


13. Solve the inequality 
cos [x (x? — 10x)} —V 3 sin {a (x?— 10x)] > 1 


Putting y=ax (x?—10x), rewrite the inequality as 


I V3. l 
7 COSY —-5-SINY > > 

Using the auxiliary-angle formula, we get cos [y-+-(x/3)]> 1/2. The 
solution of this elementary inequality consists of the intervals 


FH 2kn << y+ < z+ ka, k=0, +1, +2,... 


Reverting to x, we find that for every integer & we have to solve the 
following system of quadratic inequalities: 


x? —~ 10x-—2k < 0 
x?— 10x— 2k + 2/3 > 0 


The first inequality has solutions if and only if the discriminant of 
the quadratic expression x?—10x—2k is positive, that is, 25+-2k>0 
or k>>—12 (k an integer). And so the second inequality of the system 


will also be considered only for k >—12. a 
Note that for these &, the discriminant of the second inequality is 


also positive. For any fixed & => —12, the solution of the first quadratic 
inequality is the interval 5—//25-+-2k<x*x<5+V 25+2k while the 
solutions of the second one consist of two infinite intervals: x>6 -P 
+V 25-+2k—(/,) and «<5 — VV 25+2k—(?/,). The common portions 
of the solutions of these two inequalities (in the terminology of set 
theory we would say “the intersection of the solutions of these two 
inequalities”) yield the solution of the system and, hence, of the ori- 
ginal inequality. Clearly, V 25+-2k—(?/,)< VY 25+2k for all k2>—12. 


10—3480 


146 Ch. | Arithmetic and algebra 


Taking this remark into account, it is easy to write out the answer: 
5—V 25+ 2k <x <5—V 254+ 2k--2/3, 
5+V 25+ 2k—2/38 << x <5 +V 254 2k 
where & is an integer => —12, 

Besides inequalities that are combinations of elementary inequali- 
ties, the student often has to deal with inequalities in the solution of 
which he has to apply various transformations and the associated con- 
cepts, 


In the following simple examples we will show how the concept of 
the domain of the variable is used. 


14. Solve the inequality V x >—1. 

Since the left member is a nonnegative expression, the inequality 
is true for all values of x for which it is meaningful, that is to say, in 
the domain of the variable x. But the domain of this inequality con- 
sists of the set x20; this is the solution of the inequality. 

15. Solve the, inequality V logso x>0, 

This time again, the expression on the left-hand side is nonnegative 
and so the inequality holds true for all x in the domain of the variable, 
with the exception of those for which the left member vanishes. This 
domain is determined by the condition log,,x20, which is to say 
it is the set x>1. But when x =1, the left-member vanishes and so 
this value of the unknown is not a solution of the inequality; the in- 
terval x>>1 constitutes the solution of the eee inequality. 

16. Solve the inequality logs - x (¢—8) >— 5. 

The domain of the variable here is defined by the conditions x—3> O, 
2—x>0, 2—x=41. But the inequalities x—3>>0 and 2—x>0 do not 
have common solutions. Hence, the domain of our inequality does 


not contain a single number and so the inequality does not have a 
solution. 


17. Solve the inequality Vx-+24+Vx—5 SV 5 —2 =f. 

The domain of the variable is defined by the inequalities x+-2 >0, 
x—5>0,5—x20. But this system of inequalities has the sole solu- 
tion x=5. Hence, the domain of the original inequality consists 
of the unique solution x = 5. Therefore, no transformations are needed 
to solve this inequality since it is sufficient to verify that it is satis- 
fied for x = 5. A direct verification shows that x = 5 is the solution. 

18. Solve the inequality V 2+-x—x? > x4. 

The domain of this inequality is the interval —l<x< 2. Thus, 
the left member of the original inequality assumes real and nonnega- 
tive values for —l< x<2. It is meaningless for other values of x. 
But it is obvious that the r right member of the inequality is negative for 
all x<¢4 and, in particular, for all x in the interval —l< x< 2; thus 


the proposed inequality is valid. Hence, the solution of the inequality 
is the interval —l< x< 2, 


1.10 Solving inequalities 147 


19. Solve the inequality V sinx-+-2cotx<—l. 

The left member of this inequality is nonnegative for all permissible 
x and, consequently, it cannot be true for any value of x, which means 
there are no solutions. 

The foregoing examples make it clear that we cannot give a general 
recipe of how to employ the notion of the domain of the variable of 
an inequality in various specific cases. In the first two examples we 
simply could not have found the solutions without computing the 
domain, in the third, fourth and fifth we first found the domain and 
this immediately gave us our answer. On the contrary, in the sixth 
example it would have been a complicated job to find the domain; 
what is more, it would have been senseless since there were no solu- 
tions anyway among the permissible values of x. 

For this reason, when solving complicated problems, it is sometimes 
useful to find the domain at the start, but occasionally this is useless 
since later on it turns out to be superfluous for the given case. A general 
piece of advice may be given: if computing the domain is not compli- 
cated, then it is best to do so (since it will never do any har m), but if it 
is a complicated affair, then put off computing the domain until it is 
really needed. 

At examinations one often encounters problems that require ¢rans- 
formations which can result in a loss of solutions or the introduction 
of extraneous solutions. Here again, as in the case of equation sol- 
ving, a principal role is played by the concept of equivalence. In Sec. 1.9 
we examined the equivalence of equations and demonstrated why the 
student has to be sure that the newly derived equations and the origi- 
nal equations are equivalent. All this basically holds true for inequa- 
lities as well, in fact it is still more important than for equations. - 

Indeed, for equations-it usually suffices to point out that for a cer- 
tain transformation certain extraneous roots may be introduced and 
then to check the roots. In the case of inequalities, it is not possible 
to verify solutions by substitution since ordinarily there are an infi- 
nity of solutions. It is therefore necessary to pay special attention 
to the derived and original inequalities being equivalent. 

It is to be noted that the transformations which lead to nonequiva- 
lence of equations (see Sec. 1.9) naturally lead to nonequivalent ine- 
qualities. 

Certain manipulations only extend or restrict the domain of the 
variable of the inequalities. A general procedure can be suggested for 
such transformations: manipulations restricting the domain are for- 
bidden since that might result in a loss of solutions; as for manipula- 
tions extending the domain, first carry them out and then choose 
from the solutions of the final inequality those values which enter 
into the domain of the original inequality. These will yield the answer, 

The most common types of transformations that alter domains are 
the “identity transformations”, which have already been mentioned in — 


Lo* 
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Sec. 1.9. Besides these, the solution of inequalities involves other 
transformations as well: clearing of fractions, taking certain functions 
of both members. These include powering, taking logarithms, anti- 
logarithms, and the like. We will now take these up in more detail. 

We start with the most “harmless” one, that of clearing fractions. 
Recall equations. There is no loss of solutions when clearing fractions, 
and extraneous solutions are introduced only due to the extension 
of the domain of the variable, which is to say, via adding to the domain 
of the original equation those values of the unknown which make the 
denominator vanish. 

Many think that the same holds true of inequalities, and so they 
“solve” the inequality 1/x<1 this way: “clearing fractions we get 
1< x; all these values of x yield the solutions of the original inequality 
since the denominator of the original inequality. does not vanish for 
any value.” 

But it is easy to see that the original inequality holds true for all. 
negative values of x-as well. All these solutions are thus lost by the 
student because clearing of fractions in equations is quite different 
from that operation in inequalities. 

Actually, clearing of fractions in an equation (or inequality) con- 
sists in multiplying both members of the equation (or inequality) by 
the expression in the denominator. In this operation, equations remain 
equivalent if they are multiplied by a nonzero expression, but for 
inequalities this property is more involved: multiplication of both 
members of an inequality by a positive expression does not change the 
sense of the inequality, multiplication by a negative expression re- 
verses the sense of the inequality. 

Therefore, when multiplying both members of the inequality at 
hand by x, one should have taken into account that the x could have 
assumed negative values as well as positive values, and then he should 
have reversed the sense of the inequality in the latter case. 

Thus, in every case when we wish to multiply both members of an 
inequality by an expression that is dependent on x and assumes both 
positive and negative’ values, the student should examine the two 
appropriate cases. This rule is often forgotten and is the cause of a lot 
of trouble. 

20. Solve the inequality 


(x—— 2)/(x + 2) D> (2x—3)](4x—1) 


The domain of the variable in this inequality consists of all values 
of x except x =— 2 and x=1/4. From now on we will consider only 
those values of x which lie in the domain. At the examination, many 
students cleared fractions and wrote that it can be replaced by the 
following inequality: 


(x—2) (4x— 1) > (2x—3) (x42) (2) 
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This is clearly wrong since the manipulation actually amounts to 
multiplying both members of the original inequality by the expres- 
sion (x--2)(4x—1), which may be negative as well as positive. The 
original inequality may be replaced by (2) if and only if the expres- 
sion (x-+2)(4x —1) is positive, and so also we have to consider the case 
when it is negative. Thus, the solution of the original inequality re- 
duces to solving systems of inequalities. 

It is simpler however to do as follows. Transpose all terms of the 
original inequality to the left side and reduce it to a common denomi- 
nator: ee 

X°— OX 
(+R) eI) > 9 


The roots of the quadratic expression x?— 5x-+-4, i.e. x,=1 and x,.= 
= 4, are the solutions of our inequality. 

We will now assume that x544 and x=41, and we will solve the in- 
equality ‘ 

(x— 1) (¥—4) 
ed 1/5 > 9 (3) 

At this point, students often reduce the inequality to two systems 
of inequalities: the numerator and denominator are both greater than . 
zero or are both less than zero. It is simpler however to solve it by the 
method of intervals. 

Multiply both sides of the last inequality by the expression (x-+-2)? x 
x (x—1/4)?, which is‘positive for the x under consideration. Then for 
all these values of x our inequality will be equivalent to the following 
one: 

(x-+ 2) (x— 1/4) (x—1) (x—4) > 0 (4) 

This inequality is in a form convenient for application of the method 
of intervals. Fig. 24 shows us that the solutions of the last inequality 
+ +: 

-2 1f 4 


Fig, 24 


consist of all x in the intervals x<c—2, l/4<ix<l, 4<cx. Since we 
have already found that x=1 and x=4 are solutions to the original 
inequality, we get the answer: 


x<—2, o<x<l, 4<x 


In the foregoing solution, we replaced the inequality (3) by the 
inequality (4) by multiplying the first one by the square of the deno- 
minator. Similarly, we can assure ourselves that, generally, the in- 
equalities 


P 
aay > 0 and P(x) Q(x) >0 
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are equivalent. Therefore, to solve the inequality 
P (x) 
0 (x) > 0 


where P(x) and Q(x) are polynomials, one applies the method of in- 
tervals to the inequality P(x) Q(x) >0, which need not even be writ- 
ten out explicitly, it being sufficient to locate the roots of the polyno- 
mials P (x) and Q(x) on the number line and affix the appropriate sign 
to each of the resulting intervals. 

21. Solve the inequality 


ox -+-4 ont 
logua pay > tan=p 


Noting that tan (5/4)=1 and applying Property VII of logarithms 
(Sec. 1.6), we see that our inequality is equivalent to the double in- 
equality 0< (5x+-4)/(x—2) < 1/2 or, what is the same thing, to the 
system of inequalities , 

x - 4 

x—2 >0 

Bx-+4°_ | 

x¥—2 < 3 


Transposing 1/2 to the left member of the second inequality and car- 
rying out the obvious manipulations, we rewrite it in the form [x-+- 
-+-(10/9)1/(x—2) <0. 

We use the method of intervals to solve each of the inequalities of 
this system and find that the first inequality holds true for x >2 and 
for x<<— 4/5, while the second one is valid for x located in the inter- 
val —10/9<cx<2. We now have to find the common part of these 
solutions (their intersection, in the terminology of set theory). This 


~ Foe ww 
i nD e 
niga - 4 OD 2 
a) 


is conveniently done on the number line (Fig. 25). Plotting the points 
—10/9, — 4/5 and 2, we denote the-solutions of the first inequality by 
the broken line and the solutions of the second one by the solid line. 
The overlapping (common) portion of these two ranges is readily 
found to be —10/9<¢x<c— 4/5. This is the solution of the original 
inequality. 

22. Solve. the inequality 


(log, 2) (log,,, 2) (log, 4x) > 1 


Using the properties of logarithms, this inequality may be rewrit- 

en 
log, 4x 

log, 10g; 2x >i 
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Denoting log, x by y, we rewrite the last inequality as 
2+y 


Ce 


y(1+y) 
Transposing all terms to the right and reducing to a common denomi- 


nator, we get 

y*—2 

ya+H <9 
Factoring the numerator, we locate the roots of the numerator and 
denominator on the number line (Fig. 26) and then apply the method 
of intervals to get the solution of the inequality: all values of y in the 


intervals —V2<y<—1 and 0<y</V 2. 


+ + 


Fig. 26 a ae 


Recalling that y=log,x, we see that the solution of the original 
inequality includes all values of x that satisfy either the inequality 
—V/2<log,x<—I or the inequality 0<log,x<V2. The solution 
of the first inequality consists of the x in the interval 2-”? <y<271; 
the solution of the second inequality consists of the values of x lo- 
cated in the interval l=<x<2”?. 

Now let us consider raising to a power. In the sequel we will frequent- 
ly make use of the following statement. | 

Theorem. /f f(x)2>0 and p(x)S0 on some set of values of x, then 
the inequalities f (x) > (x) and [f (x)? >I (x)]? are equivalent on that 
set 


Proof. Let x) be an arbitrary solution of the first inequality taken 
from the set of values of x under consideration. If @(x.)>>0, then from 
the validity of the inequality / (xo) > (x) follows, on the basis of the 
theorem on raising numerical inequalities to a power, the validity of 
the inequality [f(x.)]?=>[@ (x)}?. But if @(x%.) =0, then it is obvious 
that the validity of the inequality f(x.) >>0 implies [f(x,)]?=>0. This 
proves that every solution of the inequality f(x) > (x) is a solution 
of the inequality [f (x)]?=> Iq (x)]*. . | 

The converse is proved in similar fashion: that every solution of the 
inequality [f (x)]? > I[@ (x)]* is a solution of the inequality f(x) > (x). 

The proof of the theorem is complete. 

Note that in the statement of the theorem the strict inequalities 
f (x) > (x) and [f (x)]?=>[@ (x)]? may be replaced by the weak inequa- 
lities f(x) > q(x) and If (x)]?>[p(x)}?. The proof of this fact is car- 
ried out in the same way as the proof of the theorem. 

As shown in Sec. 1.9, when equations are raised to a power, it is 
only possible to introduce extraneous solutions, which may occur due 
to an extension of the domain of the variable or when the signs of the 
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two sides of the equation are disregarded. Similarly, extraneous so- 
lutions can be introduced in the solution of inequalities; they too are 
introduced because of an extension of the domain of the variable and 
also when the signs of the two members of the inequality are disre- 
garded. Below are some examples which illustrate how extraneous 
solutions are introduced in both cases. 

However, unlike the case of equations, raising an inequality toa po- 
wer can result in the loss of solutions as well. The reason why students 
make mistakes here is that they remember that raising an equation 
to a power cannot result in the loss of a solution but forget that raising 
an inequality to a power can result in the loss of solutions. We will 
show below how it is possible to lose a solution when raising an ine- 
quality to a power. 

Let us begin with an example that illustrates how extraneous solu- 
tions are introduced due to extension of the domain of the variable when 
raising an inequality to a power. 


93. Solve the inequality V (x—3)(2—x) >V 4x°+12x+11. 

Some students gave this solution: “Since the right and left members 
of this inequality are nonnegative (this is because we have principal 
square roots on the right and left), the inequality may be squared to 
obtain the equivalent inequality 5x?+-7x+17>0. The quadratic 
trinomial in the left-hand member of this equation does not have any 
real roots and therefore this inequality holds true for all real values 
of x. It then follows, because the inequalities are equivalent, that the 
original inequality too holds true for all values of x.” This reasoning 
appears to be correct, but there is one serious defect. It is true only 
in the domain of the variable of the original inequality. 

The proper solution is: in the domain of the variable, both members 
of the original inequality are nonnegative; for this reason it is equi- 
valent, in the domain, to the inequality 5x?-+7x-+17=>>0 and hence 
is true for all values of x in the domain. It is now easy to find the 
domain of the original inequality and thus to obtain the answer: 
2 x*<3. 

In the problem that follows, extraneous solutions are introduced 
not because of an extension of the domain of the variable but because 
of raising to a power without investigating the signs of both members 
of the inequality. 

24. Solve the inequality x-+1>V x+3. 

Here is an instance of reasoning that gives rise to extraneous solu- 
tions: “The domain of the variable of our inequality is x2 — 3. For 
any x in the domain we have a nonnegative number (principal square 
root) on the right; hence, the number on the left is a positive number. 
For this reason, squaring yields the equivalent inequality x?-+-x—2>0, 
the solution of which is x>>1 and also x<—2. Taking into account 
the domain of the original inequality, we get the answer: the solution 


1.10 Solving inequalities : 153 


of the original inequality consists of all values of x>>1 and also of 
all values of x located in the interval —3<*x<(— 2.” 

Actually, all values of x in the interval —3<x«<(—2 are not so- 
lutions to the original inequality. The point is that for x in the domain, 
the-right member of the inequality is indeed nonnegative, whereas the 
left member is negative for certain values of x located in the domain 
and is nonnegative for others. It is clear that for those values of x 
in the domain for which the left member is negative, the inequality 
is invalid and so there are no solutions of our inequality among them. 
It is thus necessary to seek solutions of the original inequality among 
those values of x in the domain for which the left-hand member of 
the inequality is nonnegative, which is to say among «>> —1. 

For these x, both members of the inequality are indeed nonnegative, 
and it can be squared to obtain the inequality x?-+-x— 2>>0, which 
is equivalent to the original inequality on the setx=>—1. It is now 
necessary to choose from among the solutions of the inequality x*-++ 
+x — 2>>0 those which satisfy the condition x2>—1. They will yield 
the solutions of the original inequality, which are x>1.. 

The mistake that was made in the earlier reasoning was due to the 
fact that the student did not notice the shift in concepts. It is true that 
for any value of x which is a solution of the original inequality there 
is a nonnegative number (principal square root) on the right and a 
positive number on the left. However, it is obvious that not all 
values of x located in the domain will be solutions of the original ine- 
quality, and so the number on the left will not be positive for all x 
of the domain. The student replaced the words “for any x which is a 
solution” by the phrase “for every value of x in the domain.” This was 


his mistake. 

25. Solve the inequality 

V/ 4—V1I—x-V2—x>0 

Difficulties here spring up when we begin to compute the domain. 
of the variable. The domain of this inequality is defined from the 
conditions: 2—x>>0, |—x>=0, 42>>V1—x. The first two of these 
inequalities are true for x< 1. But both sides of the third inequality 
are nonnegative for these values of x, and so it can be squared to get 
an equivalent inequality: x2=—15. Thus, the domain of the original 
inequality is —1l5<x< 1. We rewrite our inequality thus: 
V 4—Vi—x>V2—«. Within the domain, both members of - 
this inequality are nonnegative, therefore squaring yields an in- 
equality, 2-+-x«>)/ 1—x, that is equivalent in the domain. For values 
of x<<—2 and such that enter into the domain, the left member of 
this inequality is negative, while the right member is nonnegative, 
which means that there are no solutions to the original inequality 
among these values of x. It remains to consider the values of x in 
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the interval —2<x<1.For these x, both members of the inequality 


2+x>)V 1—x are nonnegative, and so squaring yields the quadratic 
inequality x?-++-5x-+-3>0, which is equivalent to the original inequa- 
he on the set —2<x<1. This latter inequality holds true for «> 

—5-+V 13)/2 and for x<(— 5 —V13)/2. Now to get the answer we 
ae to choose from among vate solutions those which lie in the in- 
terval —2<.x<1. These consist of all values of x in the interval 
(—5-+V Tay <x<1. They are the ones which constitute the answer 
to this problem. 

Note that if we had not taken the domain of the variable into ac- 
count, we would have introduced extraneous solutions, for example, 
all x>>1; and if we had not taken into consideration that. the inequa- 
lity 2+x%>)V1—x has solutions only for—2<x< 1, we would also 
have introduced extraneous solutions, for example, all the values of 
x<(—5—YV 13)/2. 

Let us now examine some problems in which one can lose solutions 
by raising the inequality to a power. 

26. Solve the inequality V x+2 >x. 

If we square this inequality at once, we will lose solutions-even if 
we take into account the domain of the variable. Indeed, the domain 
for this inequality is x2 — 2. Squaring, we get the inequality x+2> 
>x?, whose solution will consist of all the values of x in the interval] 
—l]<x<2. All these values of x enter into the domain, and so some 
students wrote that these values constitute the answer to the problem. 
Actually, in thus reasoning they lost the solutions —2<x<—1, 
because it is easy to see that for any number in thjs interval the left 
member of the inequality is nonnegative, while the right member is 
negative. 

So as not to lose solutions, the student must keep careful watch of 
the signs of the left and right members. The proper solution of this 
inequality is as follows. , 

The domain of the variable in this inequality consists of all x2>— 2, 
The left member of the given inequality is nonnegative in the domain, 
while the right member may be positive or negative. Clearly, the ori- 
ginal inequality will be.true for all those values of x in the domain for 
which the right member is negative. Hence, all the values of x in the 
interval 0>x2>— 2 are solutions of the original inequality. 

Now let us consider the remaining values of x, that is, x0. Both 
members of the original inequality are nonnegative for all these x, 
and so the inequality can be squared to obtain x-+2 > x?, which is an 
equivalent inequality for all x0. 

The solution of the last inequality consists of all x in the interval 
—l<x<2. In this case, the solution of the original inequality con- 
sists of all values of x in the interval 0m x<2. 

Combining these two cases, we find that the solution to t he original 
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inequality will consist of all values of x lying in the interval —2< 
<x4<2. 

In the next problem, it will be possible to lose solutions if one fails 
to take into account the signs of the right and left members of an in- 
termediate inequality. 

27. Solve the inequality 


VP +3x49<14-V8—x+1 


The domain of the variable here consists of two intervals: x< —2 
and x >> —1. In the domain, both members of our inequality. are non- 
negative and so squaring yields the equivalent (in the domain) in- 
equality 2x<)V x*—x-+l. 

(a) For xq —2 and —l<x<0, this inequality is true since for 
each of these - values of x there is a negative number on the left and a 
positive number on the right. Thus, all these values of x are solutions 
to the original inequality. 

(b) For x>>0, both members of the inequality 2x <Vx?—x-+] are 
nonnegative and so squaring yields the equivalent (for these x) in- 
equality 3x?-+-x—I1<0. The solution of this inequality consists of 
values of x in the interval (~1—V 13)/6<x<(—1+V 13)/6. 

Taking Condition (b) into account, we find that in the iatter case 
the solution of the original inequality will consist of all values of x 


in the interval O<x<(—14V 13)/6. 
Combining both cases we get the answer: x< —2 and also —1< 


<x <(1+V 13)/6. 

It will be mh that those students who did not consider the cases 
(a) and (b) and squared the inequality 2x¥<Vx?—x-+1 from the start 
naturally lost some of the solutions, Most likely what happened was 
‘that since at the beginning of the solution of the inequality the signs 
of the left and right members had already been investigated, there 
was a kind of loss of “vigilance” in the second squaring. 

28. Solve the inequality 


/3+2tanx—tan?x > 


retne 


Denoting tanx by y, rewrite the more, as 
2V3+2y—y > 1+3y (5) 


The domain. of the variable in (5) is the interval —l<y<3. Our 
inequality is obvious ‘for those values of y in the domain for which 
1+3y<0; that is, all values of y in the interval —I1<y<—1/3 are 


solutions of inequality (5). 
It remains to consider Case (b): —1/3<c.y<3. Here both members 


of (5) are nonnegative and so squaring in the case at hand yields the 
equivalent inequality 13y°— 2y—l11<0. 
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The solution of the last inequality consists of all values of y in the 
interval —11/183<y<1. Taking into consideration Condition (b), 
we find that in this case the solution of inequality (5) consists of al] 
values of y in the interval —1/8<y<]. 

Combining both cases we find the solution to inequality (5) to be 
all values of y in the interval —l<y<l. 

Returning to x, we find the solution of the original inequality to be 
all x satisfying the inequality —1< tanx<1. We solve this elemen- 
tary trigonometric inequality to get the answer: 


hax +ha, where k=0, +1, +2,... 


Ordinarily, taking antilogarithms of inequalities is only employed 
in the solution of inequalities involving the unknown under the loga- 
rithmic sign. We have already considered the solution of elementary 
logarithmic inequalities and have seen that they are very simply solved 
by taking advantage of Properties VIT and VIII of logarithms (Sec. 1.6). 
The more complicated logarithmic inequalities should therefore also 
be solved on the basis of these properties. This will help the ‘student 
to avoid many mistakes. 

One more remark is in order: despite the fact that taking antilogs 
is always involved in the solution of logarithmic inequalities (either 
with regard for the domain of definition of the logarithmic function or 
by Properties VII and VIII), that term is not always used and we 
find phrases like this: “on the basis of the properties of logarithms (or 
the logarithmic function) we have...”. 

Taking antilogarithms is investigated in the next few problems. 


29. Solve the inequality 
24 — 2x — x? 
loges—xt (=) > ] 
16 = 


The natural thing to do is to take antilogarithms. Since the loga- 
rithmic base contains x and since the properties of a logarithmic func- 
tion differ according as the base is greater than or less than unity, we 
cannot take antilogs straight off and will have to consider two cases, 

—y2 

(a) Let ca > 1, that is, x? <9. In this case the given inequality 

is equivalent to 


24—2*— x? 25— x? 
14 > 16 


This inequality may be rewritten as x?+- 16x —17<0. The solution of 
this inequality consists of all values of x in the interval —17<x<l, 
but the condition of this case (that is, —3<x< 3) is only satisfied 
by those x located in the interval —3<.x<1. All these values of x 
constitute the solution of the original inequality in the case at hand. 
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(b) Now let 0< (25—x)/I6<1. Here, the original inequality is 
equivalent to the double inequality 


24—2x—x? | 25 — x? 
ag “16 
Thus, in this case we have to solve the following system of double 
inequalities: 
O< oo <I 
24—2x—x? | 25—x? 
Saas <% 
_The first one is readily reduced to 9< x?< 25 and its solution con- 
sists of two intervals: —5<x<— 3 and 3<x<5. The second double 
inequality is equivalent to the system of inequalities 
x3 -+ 2x—24 <0 
x3-+- 16x—17 >0 
The first inequality of this system has the solution —6<«<4, the 


solution of the second one consists of two infinite intervals x>1 
and x<<—17, so the solution of the latter system is the interval 1< 


<x1<c4. 
We now have to choose from these values of x those which satisfy 
the first double inequality; they are the values of x in the interval 


S<ox<4, 
Thus, combining the two cases, we have the solution of the original 


inequality, which consists of two intervals: —3<x<] and 38<x<4, 
30. Solve the inequality 
loge cosx VI+2cos2x < | 
Vs 


Denoting cos x by y and taking advantage of the formula for the co-’ 
sine of a double angle, we rewrite the inequality as 


lok wyz V4yr-—T<] (6) 


The domain of this inequality is defined by the conditions y?> 1/4, 
y>0, yXV3/2, or y> 1/2 and yAV3/2. 

Since the logarithmic base may be greater than I or less than I for 
various values of y, we consider two cases: 

(a) Let 1/2<Cy< V 3/2. Then the base is less than 1 and we obtain 
the equivalent inequality /4y*—1>2y/V3 or, since both members 
are positive, 4y’— 1 > 4y?/3. This inequality is true for y? > 3/8, or 
y>\V 6/4. Taking into account the condition of the case at hand, we 
find the solution of inequality (6) to be the interval V6/4<y<V 3/2. 
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(b) Let y>V 3/2. Then we get the equivalent inequality V4y2—1< 
<2y/V3 whence, after squaring, follows y*< 3/8. But under the con- 
dition of our case y? >> 3/4, that is, we do not obtain any new solutions 
to inequality (6). , 

It thus remains to solve the elementary trigonometric inequality 


V6/4<cos x< V 3/2, which is satisfied for all values of x in the in- 
tervals 
V6 


— arccos —4~ + 2kn x < —> + 2k0, 


= +2kn<x< arecos +- 2kx 
where k is any integer (Fig. 27). 

With respect to faking logarithms of inequalities, it is easy to see 
in which cases this.operation leads to an equivalent inequality. Howe- 
ver, it is well to bear in mind that unwise logarithm-taking of inequal- 
ities can result in a restriction of the domain of the variable and a loss 


Fig. 27 


of solutions. Therefore, prior to taking logarithms always check to see 
that both members of the inequality are positive. Only then (and na- 
-turally with regard for the base of the logarithm) are we able to gene- 
rate an equivalent inequality. 

Earlier (see Problem 1) we solved the elementary inequality (1/3)*< 
<2, using the properties of the exponential function. Let us now solve 
this inequality by taking logarithms. Since both members of the ine- 
quality (1/3)*<<2 are positive, we can take advantage of Property 
VIII of logarithms (Sec. 1.6) and take logarithms of the inequality 
to the base 1/3 to get log,/s(1/3)* > log,/3 2 (note that the sense of the 
inequality has been reversed!), whence x> logy/;2. 

Thus, the solution set of the inequality is the set x>log,/; 2. 

Note that all the elementary exponential inequalities discussed 
above could have been solved via logarithms. 

Let us solve a few problems by taking logarithms. 

31. Solve the inequality 

4 log /3° — log 5 
x4. 7 7 <5 1/x 


The domain of the variable here consists of all x>>0, except x= 1. 


Since 7!°8,1/, 5= 5 and log,/.5 = —log,.5, our inequality may be 
rewritten in the form 


x4.59 < Sloges 
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Both members are positive within the domain of the variable and 
so we can take logarithms of both sides of the inequality to the base 5 
(greater than unity) and obtain the equivalent (in the domain) inequa- 
lity 4log,x-3<log,5. Denoting log;x by y and transposing all 
terms to the left-hand side, we rewrite the inequality thus: 4y + 3— 
—I1/y<0 or, reducing to a common denominator, thus: (y -- 1)(y— 


—— 1/4)/y<0. 
Now we apply the method of intervals and find the solution to be 


y<—I and y in the interval O<y<1/4. 

Now reverting to x, we see that the original inequality is true for 
those values of x for which log; x< —1 and also for those x for which 
O<log, x< 1/4. Solving these elementary logarithmic inequalities, 
we get the answer: O0<x< 1/5, l<x<j/5. 

32. Solve the inequality 

(xP 1) <1 

For arbitrary real x, the quadratic expression x?-+ x + 1 is positive 

and therefore the domain of the variable consists of all real values 


of x. 
Since both sides of the original inequality are positive for all x, 


we take logs to the base 10 to get the equivalent inequality 
x logio (x?-+x-+ 1) <0. This inequality holds true in two cases: when 


x satisfies the system of inequalities 
x>0 
logy (9 +%-+1) <0 
and when «x satisfies the system of inequalities 
| x<0 
logy (2? +x+1) >0 
Let us solve the first system of inequalities. From the properties of 
logarithms we find that it is equivalent to the system 
x>0 
Vtx+l<! 
Since the solution of the second inequality of the system is —I<x<0 
and the solution of the first is x>>0, this system is inconsistent, 
which means that in this case the original inequality does not have a 


solution. 
The second system is equivalent to 


x<0 
Vtitxtl >! 


The solution set of this system consists of all «<< —1, whence the so- 
lution of the original inequality is the set of all values of x<—I. 
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A different solution of this inequality may be suggested. Since the 
properties of a power depend on whether the base is greater or less 
than unity, it is natural to consider two cases. 

(a) Suppose that x?-+ x + 1<1, or —1<x <0. For all these values 
of x, the quadratic x?-+ x-- 1 is raised to a negative power x. And 
since for all these values of x the trinomial x?+- x -+1<c1, it follows 
that for them (x?-+x-+1)* >1, which contradicts the condition. 
Hence, these values of « cannot be solutions of our inequality. 

(b) Suppose that x?-+-x-+ 1>>1. This is clearly valid for x>>0 and 
for x<c—1. Therefore we have to consider two cases here. 

Let x>0. Then x?+ x + 1>>1 and after raising the expression to a 
positive power x the sense of the inequality remains unchanged, which 
means that for these x we have (x?+ x -+ 1)* > 1. Hence, neither can 
these values of x be solutions of our inequality. 

Let x<c—l. Then x*-+x+1>1. If the quadratic expression 
x?-+x-+1 is now raised to a negative power x, the result will be less 
than unity, which means that for all x << —1 we have (x?-+ x + 1I)*< 1, 

Thus, the solution set of the original inequality consists of all va- 
lues of x<c—l. 

We have been making considerable use of the concept of domain 
of the variable of our inequalities. However, with the exception of 
just a few very elementary cases, we did not stress whether this has 
been helpful or not in solving inequalities. We will therefore consider 
two examples involving inequalities to see whether it is necessary to 
compute the domain of the variable beforehand. _ 

In the next problem, the-solution will be appreciably simplified if 
the domain of the variable is found beforehand. 

33. Solve the inequality 


4x—5 l 

loge (F=31) 23 
The domain of x here is defined from the conditions (4x — 5)/|x —2|> 
>0, x?>0,x?41, whence x > 5/4 and x542. But for all these values 


of x we have x*> 1 and so our inequality, by the property of loga- 


rithms to a base exceeding unity, is equivalent (within the domain 
of x) to 


Since x42, the expression |x —2| is positive and therefore the origi- 
nal inequality is equivalent, within the domain of x, to 


4x—5 >x|x—2| 


We now consider two cases. 

(a) Let x>>2. Then our inequality will be rewritten as 4x—5> 
> x?—2x or x°—6x +5<0. The solution set of the last inequality 
consists of all x in the interval 1< <5, and the solution set of the 
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original inequality in this case consists of all values of x in the interval 
Q<ox<5. 

(b) Now let 5/4 <x<{2. Then our inequality takes the form 4x— 
—5 > — x24 2x or x°-+ 2x—520. Its solution set will consist of 
all values of x in the intervals x>/V6—1 and x<—/V6—l1. The 
solution set of the original inequality will in this case consist of all 
values of x in the interval V6—I<x<2Q. | 

Combining both cases, we find the solution of the original inequa- 
lity to consist of all values of x in the intervals VY6—l<x<2 and 
Q<x<O. 

In the next problem, it is not advisable to establish the domain of 
the variable beforehand since it does not simplify the solution and is 
a rather complicated matter. 

34. Solve the inequality 


log, 2x <V log, (2x5) 


Without finding the domain of x, we note only that in the domain, 


x>>0 and x1. 
Denote log, 2 by y and rewrite the inequality as 


yt+1<Vy+3 (7) 


Here the domain of y consists of all y2>— 3. But the inequality is 
obvious for y in the interval — 3< y< —1, which means that all these 
values of y constitute the solution. 

Now let y==—1. Tien both members of (7) are nonnegative; this 
inequality may be squared to obtain the equivalent (for y2—1) 
inequality (y+ 1)?<y-+3, whose solution consists of all y in the 
interval —2<y<1. In this case, the solution of (7) consists of all 
values of y in the interval -—lxy<l. 

Combining both cases we see that inequality (7) is satisfied for 
—3< ysl. 

Now returning to x we find that the original inequality will. have 
solutions for all x that satisfy the double inequality —3< log, 2<1. 

This inequality may be solved in two ways. 

First solution. Since the properties of logarithms differ for bases 
greater than or less than unity, we consider two cases: x>1 and 0< 


<x<il. 

(a) Let'x>>1. Then log, 2>0, and all the more so log, 22>— 3. 
It remains to solve the inequality log, 2<1, whence 2< x. Thus, here 
the solution set of the original inequality consists of all values of x > 2. 

(b) Let O<x<<1. Then log, 2<0 and all the more so log, 2<1. 
It remains to solve the inequality —3<log,2, whence x~* 22, or 
x<27'/, Thus in this case the solution set of the original inequality 


consists of all x in the interval O<x< j/1/2. 


It --3480 
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Combining both cases we have the solution of the original inequa- 
lity: O<x<j/1/2 and x>2. | 

Second solution. Since log, 2= 1/log,x, then, by denoting log, x 
by z, we get the system of inequalities 


|—z 


ge 


eG 


z 


Solving each of these inequalities by the method of intervals, we 
find that the system will hold true for z21 and also for z<—1/3. 

To get the answer we have to solve the elementary logarithmic 
inequalities log,x2=>1 and log,x<—1/3, whence we obtain x>2 
and 0<x<j/ 1/2. 

We conclude this section with a problem containing two danger 
spots at once: the introduction and loss of solutions. 

35. Solve the inequality 

V4 sin? x—1 logsin s => 0 

At the very start, many students made the mistake of discarding 
the first factor. Their reasoning probably went like ‘this: since 
V 4sin?x—1>>0, it is necessary for the second factor to be nonnega- 
tive as well. This argument contains two mistakes at once: firstly, the 
domain of the variable is extended when the radical is discarded; 
secondly, when the first factor is zero, the inequality is valid even when 
the second factor is negative. The first mistake introduces extraneous 
solutions, the second mistake results in a loss of solutions. 

A proper solution must take into account both of these items and 
can be carried out as follows. The given inequality is valid in two cases: 
when the second factor is greater than or equal to zero and when the 
first factor is zero. Then, we naturally have to take only those solu- 
tions of the resulting inequality and equation which enter into the 
domain of the variable of the. original inequality. 

This domain is defined by the system of inequalities 


4sinr?-x—1 >0, 0O<sinx< 1, x > 0 

From the first two inequalities it follows that 1/2<sinx< 1; the 
third is satisfied for x< 1/2 and x>5. | 

Let us begin with the inequality log sin ,[(x--5)/(2x—1]>0. 
Since’ sin x< 1, it follows that the inequality is equivalent, in the do- 
main, to the inequality (x—-5)/(2x—1)<1, the solutions of which 
are x< —4 and x 21/2. Of these values of x, only x<¢ —4 and x>5 
lie in the domain of.x. It remains to take into account the inequality 
W/2<ssinx<l. 
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The graph shown in Fig. 28 makes it evident that the solution of 
this double inequality consists of the intervals 


nn LK 22 4 Onn, n=0, +1, +2,... 
with the points x= 1/2 + 2nn eliminated. Since we only need x< — 4 


and x>5, it follows (this too is found from the graph) that the values 
n=0 and n= — 1 do not satisfy us, and there remains a portion of the 


Fig. 28 
th A i i 
6 6 6 6 
interval corresponding to n= —1:—(ilm)/6<x<—4 without x= 


= — 37/2. 


We now consider the equation 4 sin?x—1=0, from which, taking 
into account that sin x>0 in the domam, we get sin x = 1/2. However, 
we have just solved an inequality which is clearly satisfied by the so- 
lutions of the equation sin x = 1/2. Therefore all the solutions of the 
equation at hand have been obtained and there would be no reason to 
include them if (and this is yet another underwater reef of the given 
problem) the solutions of the double inequality 1/2<sin x< 1 had 
not partially been discarded because of the conditions x<—4 and 
x>>5. In this operation, the values — 7/6, 1/6 and 5/6 were elimina- 
ted; the latter two do not enter into the domain of the original inequa- 
lity, and the first one, that is, x= — 72/6, is to be adjoined to the in- 


tervals obtained above. 
We thus get the answer: 


44 Onn << E+ Onn, x 1/2 + Inn 


where n is any integer except 0 and 1, — lln/6<-x< —4 and also 
x= —7n/6. 


Exercises 
Solve the following inequalities. 


1, log, #8 > I. 


2. logo. (x?-+-1) < logo,, (2*—5). 
nam \* mu \-* 
3. (tan z) — (tan 3) <3. 


1+ loga x 0 
4, erm re al <a<l. 
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. cos? x(tanx-+1)> 1. 
. (1.25)! Clogs **  (0,64)° * VE 


5\2 
. (log, x)#— (tog 7) — 20 log, x+- 148 < 0, 


logslogyss (-4) 
l 5 
€ < 1, 


on OD 


2 
10. log, (2*—1)- log, ,. (2¥+1—2) > —2, 
I. 1—J/1—8 (log, ,, x)? < Blog, 4 x. 
12, 4224.30" +14 y.gV* <oyt.gY 4 ov 4 6. 
13. log,2(2-+x) < 1. 
14, 4 logy, cos 2x-+-2 log, sinx+ log, cosxt+3<0 (0 <x < n/4). 
15, | x|*?-*-2 < 1, 
16. log, ,,V x-+1 < log,,, V4—2 +1. 

VW 511/2 

17,  Sieigacteoe 2) V2 a4 


2Y 2—sinx—cosx 


oe 
21. 2 sin? x-+ T sin? 2x > cos 2x. 


22, cos? x < 5 ; 


x sin x —2 cos x 
28, lan > > Sin x-+2cosx 
24. 4% < Q*t14.3, 


5. Yl—x< V/ 5px. 
] ] 


Fi eel eee —— 
loge x loge V x+2 
5 
27. logy a <—l. 
28. (log, 4. g)2)- loge (x? —x—2) >}, 


— 
[P—4x|4+3_ 9 


29. logs ae 8] = : 
30. 3sin 2x > sinx-+-cos x-+-1. 


31. logy ;2(x-+ 1) > log, (2—x). 
82, V3—x—Vixt+l > = 


(O<x< 7). 


: ee — 


1.10 Solving inequalities 


3—2x 
loga 5 — — 


Lis 


: ie t= ox > sin. 


21 


< cos =. 


. Logg (V 25—x? — 1) log, (|x| -+ 1). 
. Vx—5— V 9— x S 1. 


lo VV sin’ Bigs <—l. 
* 108 tan x 12 


x 
+ Ob yaaa 6 @ eu 
- 2cos 2x-+- sin 2x > tan. 
| 3fan Ae g)= tani | 2. 


- (logs, x 2)® < logy, y (4 sin? x). 
. log, —; 1)— log, (2x —1) <—tan a ‘ 


4 
, logax41 2m oy 7 (%/3) “3° 


xI— 4 


. Vtanx—T [log,,, -(2-+4 cos? x)—2] = 0. 
+ Log¢ax741) 2 < 1/2. 


x! B10 sin X> | (x > 0). 


- logs sg (2x? —x—3/8) > 1. 

9 c+ V e+ 1850. 

» 108 sin x—cos x (SiN ¥—5 cos x) SI. 

. cot (5-+-3x)-(cot 5+ cot 3x) => V cot 3x —1, 


V 24—2x— x 
<i, 


x 
x2°—| 3x42) +x 0. 


, 25% — 97 !ogs O= 1 & 19.5 ¥-1, 
_ Vo V3tx < V FFs. 
. i 4 
: log, in xi % —8x-+ 23) > fog, [sin x] : 


log, x 


: log y/2 8+ log.14 B8< log, x? —4" 
. 2tan 2x << 3 tan x. 
. V5—2Qsinx > 6sinx—1, 
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1.11 Systems of equations 


In the solution of systems of equations, as in the solution of single 
equations, equivalence and the associated notions discussed in detail 
in Sec. 1.9 play an important role. Sec. 1.9 however discusses only such 
questions as apply to single equations. The point is that despite the 
total logical similarity of theoretical reasoning pertaining to the 
equivalence of equations and the equivalence of systems of equations, 
practical application in the case of systems (simultaneous equations) 
involves much greater difficulties than in the case of single equa- 
tions. For this reason, we will not, as arule, make use of this con- 
cept. 

The special difficulties that occur when solving systems of equations 
are of course connected solely with the transformations of the system 
which. involve several equations (in everything that pertains to a 
single equation, we can of course make full use of the notions and re- 
commendations given in Sec. 1.9). There are many such manipulations, 
as every student knows. It is easy to recall the great variety of ingeni- 


ous devices that one often has to employ in the solving of systems of 
equations. 


For this reason, in solving systems of equations the student ordina- 
rily applies one of the two approaches indicated in Sec. 1.9: the deriving 
of consequences that are not necessarily equivalent to the given system, and 
the subsequent discarding of extraneous roots. In this procedure we do 
not even pass to systems which are consequences of the original sys- 
tem, but to separate equations, each one of which is a consequence of 
the original system, that is, such as is satisfied by any solution of the 
system. By combining these equations, we obtain systems that are 
consequences of the original system, and finally we get certain sets 
of unknowns. Then by means of a check (direct substitution, as a rule), 
we discard any extraneous solutions. 

To do all this, it is of course necessary to be able to avoid transfor- 
mations that would lead to a loss of solutions (such as, say, the division 
of both members of an equation by both members of another equation), 
for it is clear that in the process the solutions of the system for which 
both sides of the second equation vanish will be lost. On the other 
hand, most of the frequently employed transformations such as addi- 
tion, subtraction, multiplication of the equations, substitution of the 
unknown of one equation into another one, and the like, cannot result 
in a loss of any solutions and are therefore permissible. Ordinarily 
one has to examine each case as to whether or not a more or less in- 
volved transformation can result in a loss of solutions. 

Direct verification of the final solutions can undoubtedly present 
considerable difficulties in certain cases. To avoid them, one can, as 
arule, take advantage of the suggestions given for the solution of single 
equations. The following problem will illustrate this point. 
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1. Find all complex solutions of the system 


oer 
ped (1) 
ify 


It will be noticed that by inverting the fraction in the left members 
of the two equations and by replacing the right members by 1/y and 
1/x respectively, we obtain a simple system in u=1/x and v= 1/y: 


2 | 
yty=0 
(2) 


But is such inverting of the equation permissible? How do the solu- 
tions fare in that case? It is easy to see that this manipulation does not 
introduce any extraneous solutions, but it can result in a loss of solu- 
tions. Solutions in which both members of the equation are zero will 
be lost. Thus, in order to avoid any loss of solutions, this possibility 
must be investigated prior to passing to system (2). 

The left member of the first equation vanishes when x = 0, and the 
right member vanishes when y = 0. Hence, the only solution that can 
be lost (and indeed is.lost) isx=0, y= 0. Therefore, having found the 
solution x =0, y=0, we can find the remaining solutions from sy- 
stem (2). 

Subtracting the second equation of (2) from the first, we get the 
equation uw?—v? = 2(v—u), whence either u—v=0 or u-+u=— 2. 

In the first case, substituting v = u into the first equation of system 
(2), we get u = 1. Direct substitution convinces us that the pair u,= 1, 
v,== 1 satisfies the second equation as well, and, hence, system (2). 

In the second case, substituting v= —u—2 into the first equation, 
we get uw?-+ 2u-+5=0, whence u,,=—l +2i and v,,=—1l -2i. 
Direct substitution of the values w,,, and v,,, into the second equation 
results in two equations: 


(—1—2i)?+1=—2+4i, (—14+2i)?+1=—2—4i 
Their proof only requires removing the brackets. 
Thus, the system of equations (2) has the solution set 
w=1l, y,=1, 4=—l1+2i, 1, =—l—2i, 
u,=—1—2i, vu, = —1 +2 
Recalling that x= 1/u and y= 1/v, we obtain the solution set of the 
original system of equations (1): 
I 1 
4=1,%= L, ss aaa BT 9, — TH! . 


l 
“=—TpH write 
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Aside from these solutions we must not forget the earlier found solu- 
tion, X4= 0, y, = 0." 

We now take up the question of investigating a system of two linear 
equations in two unknowns. Such systems confront the student with 
serious logical difficulties. And as usual the first stumbling block is 
the definitions. What is a system of two linear equations in two unknowns? 
What is the solution set of such a system? In what case is such a systern 
termed determinate (indeterminate, consistent, inconsistent)? For many, 
these questions are insurmountable. Very often the student gives a 
correct general definition but gets entangled as soon as he is asked to 


state whether, say, the following systems are systems of linear equations 
in two unknowns: 


x-+y=1 2x—y=1 x=0 0-%¥+0-y=0 
x+y=1 Q—y=2 y=1 0-x+0-y=0 


All these systems fit the general definition. The difficulty stems from 
the fact that they are “too simple”. It is immediately evident that the 
first system is indeterminate, the second is inconsistent, the third cle- 
arly has the unique solution x =0, y= 1, and the solution set of the 
fourth system of equations consists of any pair of numbers x, y. 

In studying this topic, it is often necessary first of all to realize 
under what restrictions on the coefficients can a system of two linear 
equations in two unknowns be investigated. And most important, 


pay special attention to the fact that after the manipulations performed 
on the original system, say, 


ax + by=c, 
A,X + Dy = Cy 
we obtain a system like ~ 


(a,b,—a,b,) x =0,b,—c,b, (=A) 
(a,b, —a,b,) y =a,c,—a,¢, (=A,) (3) 


which is a consequence of the original system but in the general case 
-is not necessarily an equivalent system, so that in passing to it we do 
not lose any solutions but we may introduce some extraneous solutions. 

If A=a,b.—a,b;40, then this system is clearly determinate, 
that is, it has the unique solution x =A,/A, y=A,/A. Direct sub- 
stitution (verification) makes it clear that this solution is the solution 
of the original system as well. | 

If A=0O but A, 0 or A,=40, then this system is inconsistent, 
which means it has no solutions. Hence, the original system of equa- 
tions does not have any solutions. : 


* It is advisable to reduce to real-imaginary form the complex numbers x, yz, x3 
anid Ys: x9==(1+2%)/3, etc. 
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Finally, if A=0O and A,=0, then in this case A,=0 as well so 
that system (1) is of the form 
O-r=0 
0-y=0 


Consequently, the solution set of (1) is obviously any pair of numbers 
x, y. But this does not yet mean that the original system of equations 
is satisfied by any pair of numbers because we might introduce extra- 
neous solutions. That actually is the case: when A=A,—A,= 0, 
it can readily be shown that the following equation holds true for the 


original system: 


—— 
— —— —_ 


Consequently, the first and second equations of the original system dif- 
fer solely in the coefficient; for this reason the original system is 
equivalent to a single equation. But then it is evident that it is inde- 
terminate, that is, it has an infinity of solutions: by taking arbitrary - 
values of one unknown, we can use the equation to obtain correspond- 
ing values of the other unknown. | 
An investigation of this kind is not always sufficient. We now give 
the necessary definitions and will consider a complete investigation of 
a system of two linear equations in two unknowns with arbitrary 


coefficients. 
Definition 1. A system of two linear equations in two unknowns is a 


system of two equations of the form 


a,x+ y=, 
A,X + by =C, (4) 


where a1, do, b;, 62, C1, C2 are arbitrary real numbers.” 

Definition 2. The solution set of the system is a pair of real numbers 
(or complex numbers, if the coefficients are complex) xo, Yo which satisfy 
each of the equations of the system. 

In other words, the solution is a collection of two numbers xo, yo 
such that substitution into the original system (4) of x» in place of the 
unknown x and of yo in place of the unknown y results in two true nu- 
merical equations: 

: A,X + Oy, =C, 
A,X + OYy= Cy 

It is thus necessary to distinguish two meanings with which we in- 

vest the words solution of a system (of equations): the solution of a sys- 


tem is to be understood as the process of seeking the values of the un- 
knowns and also any collection of values of the unknowns which 


* There is nothing to prevent considering linear systems with complex coeffici- 
erits, All subsequent investigation (except the geometric interpretation) remains 
valid in this more general case as well, 
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transform the equations of the system into true numerical equations. 
To solve a system of equations means to find all the solutions (the solution 
set).* 

Only a misunderstanding of the term “solution of a system” can ac- 
count for the nonsense that is sometimes heard at examinations that 
goes like this: “The system 


2x -+ 3y= 13 


has two solutions: x = 2 and y = 3.” It is precisely the collection (set) 
of these two numbers x = 2 and y= 83 that constitutes the solution of 
the system (the solution set). These values of the unknowns are some- 
times called the “roots of system (5)”, which is wrong too because the 
term “root” is only applicable to a single equation in one unknown 
and is not used in the study of systems of equations. Finally, it is not 
proper to say that the “numbers 2 and 3 constitute the solution of sys- 
tem (5)” since the solution set consists of a pair of values of the un- 
knowns and it is essential to point out which unknown (x or y) is 
equal to 2 and which is equal to 3 (the solution set is in the form of an 
ordered pair). The correct answer to the problem of seeking the solu- 
tions to system (5) should read thus: “System (5) has the unique solu- 
tion x = 2, y = 3” or “the solution set of system (5) is the ordered pair 
x=2, y=3.” 

Definition 3. A system of equations is termed: 

consistent if it has at least one solution; 

inconsistent if it does not have any solutions; 

determinate if it has a unique solution; 

indeterminate if it has more than one solution. 

In other words, systems of equations may be consistent and inconsi- 
stent; consistent systems in turn break down into determinate systems 
and indeterminate systems. Illustrative examples of each type follow. 

The system 

0-x +. 0. y= l 
X+y=2 
is inconsistent because for no values of x and y can the first equation 


’ 


become a true numerical equation. The system 


2x—y=] 

2Xx—Y = 2 
is inconsistent; although there are ordered pairs of numbers (say x = 0, 
y= —1, etc.) which convert the first equation into a true numerical 


equation and also number pairs (say x= 1, y=0, etc.) which convert 


* We stress the fact that Definition 2 holds for arbitrary systems of equations. 
The remarks made here with respect to solutions of systems of equations apply to 
the solution of any system of equations. . 
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the second equation into a true numerical equation, there is not a 
single pair which simultaneously makes both equations true numerical 


equations. The system 


x=0 or «et O-y=0 
x=2 x-+0-y=2 
is likewise inconsistent. : 
The system 
x= 0 or oF TOY=0 
y=! O-x+y=1 


is consistent; more precisely, it is determinate, since there is only one 
pair, x=0, y = 1, that makes each one of the equations a true numeri- 


cal equation. The system 
2x -++- 3y = 13 
—x-+y=1 


is consistent since it has the solution set x = 2, y = 3;. more precisely, 
it is determinate (this requires supplementary substantiation that is 
not obvious). 

The system 
1 
] 


X-+-Y 
x+y 


| 


is consistent because it has, for example, the solution x,=0, y,=1, 
and, moreover, it is indeterminate, since, for example, it has x,= 1, 
Y2=0 as another solution. | 

The system 


is also indeterminate since any number pair x, y converts both equa- 
tions into true numerical equations. 

Now let us investigate system (4). To investigate a linear system means 
to decide whether it is inconsistent, determinate or indeterminate. In the 
two latter instances, it is necessary to find the solutions. We now prove a 
theorem which amounts to an investigation of systems of two linear 
equations in two unknowns. We state the theorem rather unusually in 


the form of a diagram. 
Theorem. Given a system (4). We introduce the following notation: 


A=a,b,—a,b,, A,=c,b,—¢,b,, A,=4a,c,—a,c, 
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[a=o] 2, [a=a,=0 |, 0 
no | no | no | 


determinate inconsistent indeterminate 


(point) (straight line) 
yes Sia eee | yes indeterminate 
Se Cy ad Cy ine 0 —_—> (plane) 


70 | 


inconsistent 


This diagram is to be understood as follows. We start with the 
first question: Does the condition A=0O hold true? If it does not, 
the appropriate arrow indicates that the system is determinate. If 
it does, a different arrow states the next question: Does the condition 
A,=A,=0 hold? If it does not, the appropriate arrow shows that the 
system is inconsistent. If it does, a different arrow poses the next qu- 
estion; and so forth. The words “straight line” and “plane” ‘in parenthe- 
ses will be explained later on. 

This diagrammatic statement of the theorem is more pictorial than 
the customary verbal formulation which follows. 

If A=40, then the system is determinate and it has the solution x = 
=A,/A, y=A,/A. If A=0, but at least one of the numbers A,, 
A, is nonzero, then the system is inconsistent. If A=0 and Ay=A,.=0 
but at least one of the numbers ay, by, az, b. is nonzero, then the system is 
indeterminate. If A=A,=A,=0 and all numbers ay, bi, az, be 
are zero,* but at least one of the numbers c,, c, is nonzero, then the system 


is inconsistent. Finally, if all coef ficients of the system are zero, the system 
is indeterminate. 


The awkwardness of this verbal formulation is obvious. 
Proof. Consider system (4). Multiplying the first equation of the 


system by b, and subtracting 6, times the second equation from the 
result yields 


(a,b, —a,b,) v= c,b,—c,b, 


Similarly, multiplying the second equation by a, and subtracting 
a, times the first equation from the result yields 


(a,b, —a,b,) y = A,C,— AC, 


Thus, we find that system (3) must hold. This system can be rewrit- 
ten as 

A-x=A, 

A-y=A, (6) 


* It is easy to see that the condition az=6,—a,=b, implies A=A,—A,=0. 
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System (6) is a consequence of the original system (4), which means 
that every solution of (4) is a solution of (6). We do not however assert 


that these systems are equivalent. 
Suppose that A=40. Then (6) has the unique solution x= a, 


l =o . Direct substitution (verification) is still required to be assured 


that this number pair x, y is also the solution of the original system 
(4). Thus, in the case at hand, the original system of equations has a 
unique solution. This proves the first vertical arrow. 

Taking: a step rightwards, we consider the case A=0O. Suppose 
that the condition A,=A,=0 does not hold, that is, at least one of 
the numbers A,, Az is nonzero. Then system (6) is inconsistent, but 
in that case so is system (4). This proves the legitimacy of the second 
vertical arrow. 

Taking yet another step rightwards, we consider the case A=A,= 
==A,=0. Suppose that the condition a,= b,;=a,= 6,=0 is not va- 
lid, that is, one of the numbers ay, b,, dz, 6, is nonzero. For the sake 
of definiteness, let ay540. Then from the first equation of system (4) 


we have x= “Uy . Substituting this value into the second equation 


of the system, we get 
AC, -+- (a,b, —a2),) y Aly 


dee — aabry — F201 TN 92 F291) Y oly 
a,x + by = ey = as 


(Here we made use of the equations a,b.—a,b,;=A =0 and a.c,= a,c, 
the latter being a consequence of thé condition A,=0.) Thus, every 
solution of the first equation is a solution of the second equation and, 
hence, system (4) reduces to the first equation. But the first equation 
is satisfied if we give the unknown y an arbitrary value and find the 
corresponding value of x from the formula aaa a . Thus, in the 
case at hand, system (4) has an infinity of solutions, all of them being 
given by the formula 


x (y an arbitrary number) . 
) 


Consequently, system (4) is indeterminate. This proves the legitimacy 


of the third vertical arrow. 

Moving’one step rightwards, we consider the case when all numbers 
Q,, by, Qz, b, are zero (then all the more so, A= A,;=A,= 0). In this 
case, system (4) has the altogether strange aspect 

O-x+0-y=c¢, 
O-x+0-y=c, 


Clearly, if cy==c,==0, then it is satisfied by any pair of numbers x, y, 
which means the system is indeterminate and if at least one of the 
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numbers c,, c, is nonzero, then the system is inconsistent. This proves 
the legitimacy of the last two arrows. The proof of the theorem is com- 
plete. 

Now let us consider a geometric interpretation of the systems exa- 
mined above. We know that the set of points in a plane whose coordi- 
nates satisfy an equation of the form 


ax -+ by=c 


where either a or b (or both) are nonzero, constitute a straight line. 
And so to solve a system like (4) in which every equation has at least 
one unknown means to find the common point of two straight lines. 
Geometry tells us all the possible cases of the mutual positions of two 
straight lines in a plane. We then have the following correspondence: 


In geometric terms: In algebraic terms: 
the lines intersect the system is determinate 
(first vertical arrow) 
the lines are parallel the system is inconsistent 
| (second vertical arrow) 
the lines are coincident the system is indeterminate 


(third vertical arrow) 


The remaining two arrows cannot thus be interpreted since in those 
cases the system is devoid of any geometric meaning. However, in 
the last case, when any pair of numbers is a solution of the system, we 
can say that the whole plarie constitutes the solution set of the system. 

To illustrate, let us investigate the system 


ax-+y=a 
X+ay=! 
First,.compute A, Ay, As: 


A=a@—], A,=a’—1, A,=0 


Now verify the starting condition: A=0. If A=a*—i-<0, that 
is ifas41 and a-4—1, then the system is determinate (first vertical 
arrow). But if A =0 (that is, a=1 or a= —1), then we come to the 
condition A;=A,= 0 (via the horizontal arrow). This condition is 
valid here and so we follow the second horizontal arrow. Since not 
all the coefficients of the unknowns here are zero, the system is inde- 


terminate for a~1 and a=—] and reduces to a single equation. 
Thus, if a541 and a-&—1, the system is determinate and the so- 
lution is x= 1, y=0; when a= 1 and a= —1, the system is indeter- 


minate. In these cases, the solutions are given by the formulas 


y=1—x for a=1 (x any number) 
y=xX—1 for a=—l1 (x any number) 
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Here is another example. Let us investigate the system 
x sin 2a + y(1-+ cos 2a) = sin 2a 
x (1-+- cos 2a)—y sin 2a =0 
We have 
A = — sin*® 2a —(1 -++ cos 2a)? = —2 (1+ cos 2a), 
A, =— sin? 2a, A,=— sin 2a (1 + cos 2a) 


If A=40, that is, cos2as4—1, then the system is determinate. 
But if A=0, i.e. cos2a=-—l1, then sin 2a =0, and hence, A,= 
=A,=0. Besides, in this case all six coefficients of the system are 
equal to zero, and therefore any pair of numbers x and y can be a solu- 


tion. 
Thus, if cos 2a5-—1, i.e., ae PE EIT then, no matter what 


the integer k, the given system is determinate and the solution in this 


case 1S 
A, e 2 A. e 
x= = sin a, y= > = Sina cos & 


When a = er , where & is an integer, the system is indetermi- 


nate and its solution-is any pair of numbers x and y. 

2. What complex numbers a-- bi can be represented in the form (c+ 
+ di)/(e—di), where c and d are real numbers? 

This problem may be rephrased as follows: for what values of a and b 
does the equation a+ bi= (c+-di)/(c— di), in which c and d are unknowns, 
have a solution, or for which values of a and b does the equation (a + bi) x 

x(ce—di) =c-+di have a nonzero solution? 

Making the necessary transformations on the basis ot the definition 
of the equality of complex numbers, we obtain a system of two linear 


equations: 
(a—1)c+ bd=0 (7) 
bc—(a+1)d=0 


[t is a system in two unknowns c and d and involves two parameters a 
and 6. To solve this system in the ordinary way is rather involved be- 
cause it requires considering a large number of cases: For instance, in 
order to express one unknown in terms of the other, we have to consider 
separately the cases when the corresponding coefficient is zero or non- 
zero. ° 

Now there is no necessity to solve system (7) since we are only inter- 
ested in whether it has nonzero solutions or not. It is quite obvious 
however that it has the solution c=0, d= 0, and so we want it to have 
more than one solution, so that it will be indeterminate. 

According to the theorem, this occurs if and only if A= —(a— I)— 
-—6*:= 0, Then, in the diagram, we are on the third vertical arrow 
(A,;=A,=0, and the coefficients of the unknowns cannot all be zero 
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because a— 1 and —(a-+ 1) do not vanish simultaneously). 

Thus, this representation is only possible for numbers a-++ bi ip 
which a?-+ 6?=1 (that is, complex numbers with modulus unity 
and only such numbers). 


Exercises 


1, Vx-ty+V 2xF4y =V 244 
V x+2y— V 2x +2y=2V 2—2. 
a Yety =2V3 
(x-f y) 27-*¥ = 3. 
ye a= 
3. V ia er 
i penis 
yV eerie 
4, log, x-+log, y-+log, z =2 


logs y+ log, z-++ logy x= 2 


log, z+ logs, x-+ logy ¢ y= 2; 
B, x7 15 +56 —- J 


y—x=5. 
6. x7=1+6 log, y 
y2=y- 2% 4 22x41 
7, x -+4y3 = 96 
logy22 =log,y 4. 
8, (2¥-+ 1) 27+1=9 
Vx+y =x+y. 
9. logy (x?-+ 2) + logs, (y2+-9)=2 
2 log, (x +-y)— log, (x —y) =0. 
10. log, (x?-+-1)—logs(y—2) =0 
log, (x? — 2y?-+ 10y—7). = 2, 
Lx? -+ xy = 
Il. oT ==2—y 
log.1—y 277= 1+-y. 
19,77 Very _ Vb2—2x —2x 
3 ane, 
5 logs (t—y) — log, yg (4 —y) =5. 


13, Can a system of two linear equations in two unknowns have exactly 
two solutions? 
14, For which values of & does a solution of the system 
x+ky=3 
kx+-4y=6 
exist and satisfy the inequalities x > I, y > 0? 
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15. For which values of m does the system 
x-+--+my=1 
mx— 38my = 2m-+3 
fail.to have any solution? 
16. For which values ofa is any pair of numbers x, y, which is a solution 
of the system of equations : 
x sin 2a-+-y (1+ cos 2a) = sin 2a 
x(1 + cos 2a)—y sin2a=0, 
simultaneously a solution of the system of equations 
"  xsina+ycosa=sina 
xcosa—ysina=0?P 


1.12 Verbal problems 


We use the term verbal, or story, problems for those which traditi- 

onally are called problems leading to equations. Examination problems 
nowadays frequently require the use not only of equations: but of ine- 
qualities* as well, and sometimes of other conditions which are not 
written in the form of equations and inequalities. The most common 
feature of problems of this type is that the condition is given in verbal 
form without any formulas or even without any literal designations of 
the unknowns. The habit of most students to regard any verbal problem 
as a problem which involves the setting up of equations is sometimes 
a drawback in that they are psychologically unprepared when it 
turns out that the equations alone are not sufficient to obtain a solu- 
tion. 
The ordinary type of problem in which all the conditions can be 
written down in the form of equations do not, as a rule, cause any par- 
ticular difficulty, though even in these problems there are certain 
items that, occasionally are troublesome. Usually the real difficulty 
of more complicated problems lies in their unusual aspect, the necessity 
to reason and not merely to solve certain systems of equations or 
inequalities. 

It frequently happens that simple argumenls without any setting 
up of equations and inequalities, even if that is possible, proves to be 
faster and simpler. What is more, an occasional problem is more ame- 
nable to simple, everyday reasoning than to ordinary mathematical 
techniques. Incidentally, the “commonsense” solution is not always 
rigorous and so one has to supplement it with rigorous mathematical 


arguments. 


* Note that, practically speaking, inequalities occur in nearly all problems of 
this kind. For instanee, if, say, s is the distance, then s> 0. However, they are not 
ordinarily written out explicitly, but are used in the solving of equations and in 
discarding extraneous solutions. 
| 2---3480 
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Let us begin: with some mixture problems. The student frequently 
finds difficulty in setting up the equations in these problems. 

1. Given three mixtures consisting of three components A, B and C. 
The first mixture only contains components A and B in the weight ratio 
3:5, the second mixture contains components B and C in the weight ratio 
of 1:2, and the third mixture contains only the components A and C in 
the weight ratio 2:3. In what ratio must we take these mixtures so that the 
resulting mixture of components A, B and C stand in the weight ratio 
3:5:2? 

Some students have found the phrase “weight ratio” difficult to grasp, 
others fear the word “mixture”, Actually, the problem is not at all 
difficult. 

Since components A and B are in the ratio 3:5 by weight in the 
first mixture, each gram of the first mixture contains 3/8 gram of com- 
ponent A and 5/8 gram of component B. Similarly, | gram of the se- 
cond mixture contains 1/3 gram of B and 2/3 gram of C, and 1 gram 
of the third mixture contains 2/5 gram of A and 3/5 gram of C. 

If we take x grams of the first mixture, y grams of the second, and z 
grams of the third and mix them, we get (x -+y-+2) grams of the new 


mixture, which will contain ( ef = z) grams of A, (>x-+— y) grams 


of B and (fy+e2 grams of C. We have to take the first, second 


and third mixtures in quantities such that in the new mixture the com- 
ponents A, B and C are in the weight ratio 3:5: 2, that is, in one gram 
of the new mixture there must be 3/10 gram of A, 5/10 gram of B and 
2/10 gram of C. But then x + y +2 grams of the new mixture will con- 
tain asters) grams of A, Serer?) grams of B and meters) grams 
of C. Equating the different expressions for one and the same 
quantity of components A, B, C, we get the following system of equa- 
tions: 


git ge=petyte2) 
git gy=petyt2) (1) 
Sytseaa (ety tz) 


Note from the start that although we have three equations in three 
variables, there are only two independent equations in this system. 
This can easily be shown, for example, by subtracting from the equa- 
tion x+ y+z=x-+y-+2z the sum of the first two equations; we get 
the third equation. For this reason, from system (1) we find only the 
ratio x: y:z, and not x, y and z themselves. For instance, eliminating x 
from the first two equations of (1), we find that y = 2z. Substituting 
this value of y into any equation of the system, we get x = (20/3)z. 
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Consequently, x: y:z= 20:6:3, which means the mixtures have to be 
taken in the weight ratio 20:6:3. 

Percentage problems represent another difficult type of problem for 
students. Yet there is nothing hard about the notion of a percent. We 
can get rid of percentages simply by considering hundredths of a num- 
ber. The following problem is one involving both mixtures and per- 
centage. | 

2. The percentages (by weight) of alcohol in three solutions forma 
geometric progression. If-we mix the first, second and third solutions in 
the weight ratio of 2:3:4, we obtain a solution containing 32% -alcohol. | 
If we mix them in the weight ratio 3:2: 1, we obtain a solution containing 
22 % alcohol. What ts the percentage of alcohol in each solution? 

Let there be x% alcohol in the first solution, y% in the second, and 
z% in the third. This means that 1 gram of the first solution contains 
x/100 gram of alcohol, 1 gram of the second solution, y/100 gram of 
alcohol, and | gram of the third solution, 2/100 gram of alcohol. If we 
take 2 grams of the first solution, 3 grams of the second, and 4 grams 


of the third, we get 9 grams of a mixture containing (2 apt sat 


+- 4 or, ) grams of alcohol. By the statement of the problem, the result- 
ing mixture contains 32% alcohol, which means that 9 grams of the 
mixture contains 9- “. grams of alcohol. From this condition we get 


the equation 
2x+-3y+42 9-32 


ee 
—_—_——om 


100 100 


In similar fashion, we get yet another equation: 
8x-+2y-+2 6-22 
100—St*«<L00” 
Finally, by hypothesis, the numbers x, y, z form a geometric progres- 
sion, and so y? = xz. 
It now remains to solve the system of equations 
2x -+- 3y + 4z = 288 
3x -+ 2Qy-+2= 1382 
y*? = xz 


Solving the first two equations for y and z and substituting the result- 
ing expressions into the third equation, we get the equation x*— 76x + 
+768 =0 with roots x, = 64 and x,= 12. 

But the value x,= 64 does not satisfy the conditions of the problem 
since the corresponding value of y = 48 — 2x is negative. Hence, there 
remains only x= 12, from which we easily find y= 24 and z= 48. 
Thus, the first solution contains 12% alcohol, the second 24%, and 


the third 48%. 


2 
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In many cases difficulties arise in the solution of the systems, par- 
ticularly when finding the unknown requires a certain amount of guess- 
work or an artificial device. Such techniques often simplify computa- 
tions or even suggest the only way to solve the problem. 

3. A tributary flows into a river. On the tributary, at a certain distance 
from the mouth of the tributary, lies point A. On the river, point B lies 
at the same distance from the mouth of the tributary. The time required 
for a motorboat to cover the distance from A to the mouth of the tributary 
and back stands in the ratio of 32 to 35 to the time required to go from B 
to the mouth of the tributary and back. If the rate of the motorboat were 
2 km/hr more, then this ratio would be 15:16, and if the rate of the motor- 
boat were 2 km/hr less, then the ratio would be 7:8, Find the rate of flow 
of the river (distances are measured along the tributary and river, respecti- 
vely). | 

im the rate of river flow be u km/hr, the rate of the motorboat 
in still water v km/hr and the rate of flow of the tributary, w km/hr, 
Furthermore, let the distance from A to the mouth of the tributary be 
equal tos km. Then the time the boat takes to cover the distance from 
A to the mouth of the tributary and back is ¢;= s/(v-+ w) +s/(u—w) = 
= 2sv/(v?— w*) (hrs.). 

Since the distance from B to the mouth of the tributary is also gs 
km, the time required for the boat to go from B to the mouth of the 
tributary and back is ¢t,=s/(v-+~u) + s/(v—u) = 2sv/(v°— wu?) (hrs.), 
From the statement of the problem, ¢,: f,= 32: 35 and we get the 
first equation | 


Two more equations are set up in similar fashion: 
(v-f2)?—u 15 
(v-+2)?—w?~ 16 
(v—2)2?—u? 7 
(u—2)>—uw” 8 
Simplifying we get the following system of equations: 
30? = 354? — 32w* 
(o-+- 2)? = 16u?— 15w? 
(v— 2)? = 8u?— 7w* 
We have to find uw. This is best done by first eliminating u, which is 
just the unknown we are seeking. Eliminating uw, we obtain. the system 
2 (vu—2)?—(v-+ 27% =w? 
35 (u— 2)? — 24v? = 11’ 


Now eliminating w, we get the equation 13(v—2)? + 11(@v + 2)?— 
— 24v’= 0, whence v= 12. Now it is easy to find w = 2 and, finally, 
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ui = 4.We thus have the answer: the rate of flow of the river is equal to 
4 km/hr.” 

The next problem involves a system of .three linear equations in 
three unknowns. This would appear to be easy to solve, but at the exa- 
minations many students failed because they got entangled in the ma- 
nipulations with the literal coefficients. Problems involving literal 
data come up rather often at examinations and the student should be 
able to handle them. : : 

4. Two rivers flow into a lake. A steamship leaves port M on the first 
river, steams downstream to the lake then across the lake (still water) 
and up the second river (upstream) to port N, and then makes the return 
trip. The ship has a speed of v in still water, the rate of flow of the first 
river i3 v4, that of the second river v,, the transit time between M and N 
is t, thedistance from M to N is S. The return-trip time from N to M along 
the same route is equal to t. What distance does the steamship cover across 
the lake in one direction? 

Denote by s, and s, respectively the distances from ports M and N 
to the lake, and by s the distance over the lake. By the statement of 
the problem, we haves,+s-+s,=S. It is then easy to see that the time 
required for the steamship to cover the distance from M to N is 

Sy, 3 
vty, ore = 
The time required for the return trip is figured similarly. We thus ob- 
tain a system of three equations in three unknowns s), So, S: 


Sy 
U—D0, 


s+s+s,=S 
s s Sp 
fae ol =F (2) 
s s Bo 
=o, garde mers =e 


We are interested in s. 

This system looks rather imposing, though actually there is nothing 
really complicated in it, particularly if we recall that v, v1, v2, S, ¢ 
are given constants; it is quite obvious that the system (2) is a system - 
of three equations in three unknowns, which of course can always 
be solved, say,.by successive elimination of the unknowns. 

However, it often happens that what is simple in theory turns out 
to be extremely awkward in practice. In this problem, such an appro- 
ach would be unwieldy in the extreme, involving cumbersome manipu- 
oe merely because the coefficients of system (2) are rather compli- 
cated. 

We will solve (2) in a somewhat artificial manner, but one which 
is shorter, The second equation of the system can be rewritten as 


VS, —UU,S, ++ U*s + (VU, —U,} US—U,U,S + V*s, -+ UU,S, 
= tu (vu? + vv, — V0, — 0,02) 
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Replacing the sum v’s,+ v’s-+ vs, in the left member by v°S on the 
basis of the first equation, and collecting terms, we get the equation 


v2S + v [v,S,—v,5, + (0; —2,) 8] —v,v,5 = tv (v? ++ vv, —v0,—0,0,) (3) 


In the same way we can transform the third equation of our system. 
But we can save on manipulations if we notice that the third equation 
is very much like the second: simply replace s, by s, and v, by v, 
and vice versa, and we have the second equation. In (3) replace s, 
by s,. and v, by v, and vice versa to get the third transformed equation: 


vS-+v [v2 — 0S, + (U,—,) s] — U,0,5 = tu (Uv? ++ VU, — OU, — U,0;) (4) 


Now adding (3) and (4) we have 2u?S —2u,u,s = tu(2v?— 2v,v,), 
whence follows the distance over the lake: | 


f 


ny US UE Ut 290 
=U =vt--+v To (5) 


U,02 


The solution of the problem is complete. Some students, however, 
considered it necessary, after obtaining the answer with literal data 
[formula (5), say], to determine under what relationships of the data 
the answer has “real meaning” (such requirements are imposed as posi- 
tivity of rates, distances, etc.; conditions are introduced that guaran- 
tee nonvanishing denominators, and the like). Quite naturally, a pro- 
perly conducted investigation does not detract from the solution of a 
problem, but this investigation is not logically necessary, since it is 
usually taken for granted that the events actually took place and, hen- 
ce, the literal data already satisfy the necessary relations. Quite 
naturally, such an investigation must be carried out if it is explicitly 
required by the conditions of the problem. 

It rather often happens that in problems demanding the setting up 
of equations, the resulting system has second-degree homogeneous 
equations in two variables (equations of the type ax?+ bxy + cy2=0, 
where a, b and c are certain numbers). Unfortunately, however, few 
students realize that the presence of homogeneous equations helps 
to solve a system of equations, A homogeneous equation of second de- 
gree in two unknowns directly defines the relationship of the unknowns, 
and this naturally simplifies subsequent computations. Let us examine 
a problem whose solution makes essential use of this fact. 

5. An automobile leaves A for B and a motorcycle leaves B for A at 
‘the same time and with a smaller speed. After a time they meet, and at 
that instant another motorcycle leaves B for A and encounters the automo- 
bile at a point which is distant from the meeting point of the automobile 
and first motorcycle 2/9 of the distance from A to B. If the speed of the 
automobile were 20 km/hr less, the distance between the meeting poinis 
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would be 72 km and the first meeting would have occurred 3 hours after 
the automobile left A. Find the distance between A and B (the motor- 
cycles have the same speeds). 

Let the speed of the automobile be u km/hr, that of the motorcycle 
v km/hr, the distance AB, s km, and let ¢ hours elapse before the auto- 
mobile and first motorcycle meet. We readily set up the following 


system of equations: 


ftutftyu=s 
3(u—20)+ 3u=s 
‘ =~ § jie 
9° "79 
“ao v 
72 3u—72 
u—~20,~—ou 


Eliminating the auxiliary unknown ¢ and simplifying, we get the 
following system: 
s=3(u+u—20) 
Juv = 2 (u +)? 
v (u— 20) = 24 (u + 0— 20) 


To find s we have to find w and v from the last two equations. Noting 
that the second equation is a homogeneous second-degree equation in 
two variables, we can easily find the ratio u : v. 

Since we are interested in u and v different from zero, then dividing 
the second equation by v?, we get a quadratic equation in the new va- 
riable z=u/v: 

227— 62 +-2=0 
The roots of this equations z,= 2 and z,= 1/2, and so either u=2vz 
or u = v/2. 

But from the statement of the problem u > v, and so we take u = 2p, 

Substituting this value of u into the third equation, we get either 
v=40 or v=6. But if v=6, then u=12, but it is given that u> 20, 
The problem is satisfied only by v=40. But then u=80 and s=300. 
Therefore, the distance AB is found to be 300 km. 

Almost insuperable difficulties stem from problems in which, the 
student finds, after correctly setting up the system of equations, 
that the number of unknowns is greater than the number of equations. 
The following problem illustrates this point. 

6. Two boys with one bicycle between them set out from A in the direc- 
tion of B, one by bicycle and the other on foot. At a certain distance from A 
the one riding the bicycle left it by the road and continued towards B on 
foot. The one who had started out on foot reached the bicycle and rode the 
rest of the distance. Both reached B at the same time. On the return trip 
from B to A, they did as before, but this time the cyclist rode one kilometre 


184 Ch. 1 Arithmetic and algebra 


more than the first time and so his comrade arrived in A 21 minutes after 
he did. Find the rate of each of the boys on foot if they both did 20 km/hr 


cycling, and, on foot, the first takes 3 minutes less to cover each kilometre 
than the second. 


Let us introduce the following notation: 

s km for the distance between A and B; 

v km/hr for the rate on foot of the first boy; 

w km/hr for the rate om foot of the second boy; 

a km for the distance that the first boy cycled from A to B (he thus 
left his bicycle a km from A and covered the rest of the distance to 
B on foot). 

It is quite clear that the whole trip from A to B was made by the 
first boy in a/20+(s—a)/v hours, by the second boy in a/w + 
-+ (s — a)/20 hours. The fact that they set out at the same time and 
arrived at the same time yields the first equation: 

a, s—a a s—a 
a ir a 

The information on the B to A trip enables us to set up the second 

equation in similar fashion: : 


a+l,s—a—l a+l1,s—a—1 7 
Sg gag og 08 
(21 minutes = 7/20 hr).* 

Since the first boy spent I/o hours per km and the second 1/w hours, 
we immediately get (from the statement of the problem) the third 
equation: 

l ] 
wo 20 

We now have a system of three equations in four unknowns. It is 
impossible to determine all the unknowns s, a, v, w from this system. 
In this sense, the system is indeterminate. But does this: mean we are 
not able to solwe the problem? Of course not. This: is because we only 
have to find two unknown quantities, the rates v and w, and those can 
be found uniquely from the system of equations. 

To do this, subtract the first equation from the second to get 


| l 9 
wl od 


and consider the result together with the third equation. Obvious 
computations yield v=5 km/hr and w=4 km/hr. 


* We converted minutes to hours since all quantities must be given in the same 
units. For example, if the distance is in kilometres and the time in hours, then the 
speed is in km/hr. Only when the units are the same do the familiar physical equa- 
tions (such as s=ut, etc.) used in the solution hold true. 
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In this problem we were able to find the unknowuas we needed despite 
the fact that there were fewer equations than unknowns. In the next 
problem we will obtain a system of equations without being able to 
determine any of the unknowns, though we will be able to determine 
the greater one, which is what is required in the problem. 

7. A student spends a certain sum of money on a bookbag, a fountain 
pen and a book. If the cost of the bookbag were less by a factor of 5, the 
pen by a factor of 2 and the book by a factor of 2.5, the overall cost would 
be 8 roubles. Now if, compared to the original cost, the prices were redu- 
ced—twofold for the bookbag, fourfold for the pen, and threefold for the 
book—then the total outlay would be 12 roubles. How much money was 
spent and what item cost more, the bookbag or the fountain pen? 

Suppose the bookbag cost x roubles, the pen y roubles and the book 
f roubles. Together they cost x+y-+z, and that is what we wish to 
ind out. 

The first equation is set up on the condition that under the original 


assumption the outlay was 8 roubles: 
XH 4 z 
owe sa 
Similarly we set up the second equation: 
x y z 
ghrety=l2 


We have a system of two equations in three unknowns and cannot 
of course determine all the unknowns, but we can find the total sum, 
which is what we need. To do this, rewrite the equations thus: 


2x + Sy + 4z = 80 P 
6x -+ 3y-+42z= 144 (6) 


Adding these two equations, we get the sum of the unknowns: x+y-+z= 
=28. The total outlay comes to 28 roubles, thus answering the first 
question. 

Now let us try to determine which item, bookbag or fountain pen, 
is more expensive: in other words we want to know which of the ine- 
qualities x>>y or y>>x is valid. 

If we subtract the first equation of (6) from the second, we obtain . 


2x—y = 32 (7) 


From this it is clear that x>>y/2, because otherwise we would have 
32=2x—y<0. But the inequality x>y/2 does not yet answer the 
question given in the problem. This is because we have not yet made 
full use of equation (7). Namely, we merely noticed that the difference 
2x— y is positive. Now let us try to make use of the fact that it is 
equal to 32 and also take into account that x-+-y-+z=28 and that 
all the unknowns, x, y, 2, must, realistically, be positive numbers. 
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Rewrite (7) as x-+-(x—y)=382. Since the total outlay is 28 roubles, 
then certainly «<< 28 and from the latter equation follows x—y> 0, 
which states that the bookbag is more expensive than the fountain pen, 

Nearly all the foregoing problems implicitly involve inequalities, 
In Problem 5 for instance there were even two: u>>v and uw> 20. 
The inequalities that appear in such problems do not ordinarily upset 
the student; what does cause a lot of trouble is when the conditions of 
the problem have to be written out explicitly as inequalities. Many 
students get as far as writing down the system of equations and ine. 
qualities, but no farther. Apparently they are not ready psychologi-. 
ma to solve systems of this kind. To illustrate, take the following 

roblem. 

: 8. A fast train leaves A for Cat9 A. M. At the same «time two pas. 
senger trains leave B (located between A and C), the first with destina- 
tion A, the second with destination C. The two passenger trains have the 
same speed. The fast train meets the first passenger train not later than 3 
hours after departure, then passes B not earlier than 14:00 of the same 
day and, finally, arrives in C together with the second passenger train 
exactly 12 hours after meeting the first passenger train. Find the time of 
arrival at A of the first passenger train. 

Let the speed of the fast train be v, km/hr, that of the passenger 
train, v, km/hr, and let the distance AB be s km. From the statement 
that the fast train meets the first passenger train not later than three 
hours after departure, we get 

S 
Vj U2 = 

From the condition that the fast train arrived in B not earlier than 5 

hours after departure, we obtain 

S 
nae 
Since the time elapse prior to the first meeting is s/(v,+-v.) hours, 
It follows that the fast train will-overtake the second passenger train 
in 12+[s/(v,;--v,)] hours, and so 


(+555) w= 
We have to find x=s/v,, whence s=xv,. Substituting this expres- 


sion for s in the preceding equations and inequalities and denoting 
vi/v, by a, we get the system | 


*<3 (a+ 1) 
x > 5a 
x= 6 (a?—1) 


It was precisely this system that stumped many students, 
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Actually it is not so complicated. It is necessary to eliminate either 
x or a and go over to a system of two inequalities in one unknown. 
Since it appears easier at first glance to eliminate x, let us do so. Put- 
ting x=6(a*—1) into the first two inequalities, we obtain the system 


of inequalities 
20?—a—3<0 


6a?—~ 5a —6 > 0 


The solutions of the first inequality are—I<a< 3/2, the solutions 
of the second are a>>3/2 and ax— 2/3. Hence, the solution of the 
system is «=3/2, and also all a lying in the interval —l< a<— 2/3. 
Since we are only interested in positive values of a, the condition of 
the problem is satisfied by the sole value a=3/2. From this it is easy 
to find x=15/2 and we get the answer: the first passenger train arrives 
at A at 16:30. . 

This problem allows for a solution in which all the conditions of 
the problem are written down in the form of equations. This is achie- 
ved by introducing supplementary unknowns and obtaining a system 
of equations in which the number of unknowns is greater than the 
number of equations. However, it is more difficult to solve that type 
of system of equations than it is to solve a system of inequalities. 

Let us solve the problem the second way, retaining all the earlier 
notation. Let the fast train meet the first passenger train after an 
elapse of (3 — ¢,) hours (7,>> 0), let it pass B in (5+-¢,) hours (¢,>> 0) 
and let it catch up with the second passenger train in [(8—#,)+12] 
hours. Then we can easily set up the equations 


(¥, +0) (3—t,)=s 


v,(5+2,)=s 
(loO—#,) (0 —v,) =s 
XU, = $ 


Eliminating s and denoting v,/v, by a, we get the system of equa- 
ions 
(a-+ 1)(3—t;) =x 
eg (5 + t,)==% (8) 
(a—1)(15—¢,) =x 


This is a system of three equations in four unknowns. We only want 
x. Proceeding as before, eliminate x to get 


at, -+(a-+1)t;=3—2a 
(l—a) ¢, —at, = 15— 10a (9) 
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Noting that the right member of the second equation is five times the 
right member of the first, multiply the first by 5 and subtract the 
second to get 


Gat, + (60 -+ 4) t, =0 (10) 


Since a>0, #250, #,2>0, it follows that this equation can only be 
valid for 4;=0 and ¢,=0. But then from (9) it is easy to find a=3/2 
and from (8), x=15/2. We get the same answer. Many students failed 
to notice that (10) can be derived from (9) and therefore they could 
not conclude, from (9), that ¢;=/,=0 and so could not solve the prob- 
lem. 

The foregoing shows that the first method of solution is much 
easier than the second method. 

9, A cyclist starts out from city A at9 A. M. and proceeds at a con- 
stant rate of 12 km/hr. Two hours later, a motorcyclist starts out with 
an initial speed of 22 km/hr and proceeds with uniformly decelerated 
motion so that in one hour the speed diminishes by 2 km/hr. A man in a 
car driving to A at 50 km/hr meets first the motorcyclist and then the 
cyclist. Will the car driver be able to reach A by 19:00 that same day? 

This problem can likewise be solved by setting up a system of equa- 
tions and inequalities, but it would require extended reasoning. It 
is best to approach the problem by simple reasoning instead of attempt- 
ing to solve it by formally setting up of a system of equations and 
inequalities. 

If follows from the statement of the problem that first the motorcyc- 
list catches up with the cyclist.and then the cyclist catches up with 
the motorcyclist. Let the cyclist spend ¢ hours prior to a meeting 
(first or second, no matter which). Then the motorcyclist will spend 
({—2) hours over the same distance. Since they cover the same di- 
stance before meeting, we can equate their paths to obtain 

12¢ = 22 (t—2)-2 

Solving this equation, we see that up to the first meeting the cyclist 
rode 6 hours and thus covered 72 km; prior to the second meeting he 
rode 8 hours and hence covered 96 km. It is given that the car driver 
met the cyclist before the latter had covered 96 km, which means the 
motorist has less than 96 km left to drive to A. He will spend less 
than 96/50 hours. Since the cyclist will spend less than 8 hours be- 
fore meeting the car, their meeting will occur earlier than 17:00. 
Thus, after meeting the cyclist there remain over two hours for the 
car driver to reach A before 19:00 hours. But he requires less than 
96/50 hours, that is less than two hours, to cover this distance. And 
so the motorist will reach A before 19:00. | 

At examinations, problems appear in which the student is asked ta 
find an optimal solution, say, to buy the largest possible quantity 
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of goods for a given sum of money or to choose the best possible (chea- 
pest) variant in transportation of goods, and the like. 

Solutions of this type of problem may consist of setting up systems 
of equations and inequalities and their solution. However, the most 
necessary element in such cases is the reasoning that helps to choose 
the best possible variant. 

10. The task is to construct a number of identical dwelling houses 
with a total floor-space of 40,000 sq. metres. The cost of one house of N 
sq. metres (m*) of dwelling floor-space consists of the cost of the above- 
ground portion (superstruction), which is proportional to NV N and the 
cost of the foundation, which is proportional to V N. The cost of a house of 
1600 m? is set at 176,800 roubles, in which case the cost of the above- 
ground portion is 36% of that of the foundation. Determine how many 
houses should be put up so that the overall cost is the smallest possible 


and find that sum. 
Suppose we decide to construct n identical structures each of which 


has y m? of dwelling floor-space. Then the equation yn=40,000 is valid. 
Let the cost of one structure of y square metres of floor-space be z 
thousand roubles; then the cost x of the construction job as a whole is 


computed from the equation x=2zn. 
The cost of a house consists of the cost, v, of the above-ground por- 


tion of the structure and the cost, w, of the foundation: thus, z=v-+w, 
It is given that the cost of the above-ground portion of a house of y 
square metres is proportional to yV y, that is, v=ayV y, where « is 
a certain coefficient. Similarly, w=BV y, where B is a certain coef- 


ficient. 
In the particular case of the construction of a house of 1600 square 


metres, taking into account that the cost of the superstructure is 
36% of the cost of the foundation, we get 


a. 1600-1600 => «(8 -1600) 


and taking into consideration that the construction of a house of 
1600 square metres costs 176,800 roubles, we have 


176,800 = a 1600/1600 + BY 1600 


All the conditions of the problem have been written down, we now 
have to determine x as a function of n and then determine for which an, 


x will be a minimum. 
It is easy to find a@ and f from the last two equations: a= 


= 117/160,000, B=13/4. Substituting v and w into the expression for z, 


we get z=(117/160,000)yV y+(13/4)V y. Now putting this. value of 
z and the value y=40,000/n from the first equation into the second, 
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we get 5 
x= 650 (watl a) 

the cost of construction, is the above 

We now have to determine the 

ht member of this equation 

and the geometric mean, 


We thus conclude that x, 
function of n, the number of houses. 
smallest value of x. Applying to the rig 
the inequality between the arithmetic mean 


we find _ 
x >> 2-650V 9 = 3900 


ed only when 8/Vn=Vn, ‘that is, for n=9 
In other words, the cost of construction will always be at least 3.9 mil- 
lion roubles and will be exactly equal to this figure only when n=9. 

Thus, in this housing construction project, the smallest expenditure 
will be in building 9 houses and the total cost in that case will be 


3.9 million roubles. | 
11. It is agreed to spend 100 roubles on christmas tree decorations 
Such decorations are sold in sets consisting of 20 ttems per set costing 

bles, and' sets of 50 ttems at 9 ro- 


4 roubles a set, sets of 35 items at 6 rou 
ubles. How many of what kinds of sets should be bought in order to have 


the largest number of items? | 
Let x, y, 2 be the number of sets, respectively, of the first, second 
bought to ensure a maximum quantity 


and third kind which must be 
of items (this solution is termed the optimal solution of the problem), 


Then 
4x + 6y + 9z = 100 
This is the only equation that can be set up on the basis of the state- 
ment of the problem. But we also know that x, y and z are nonnegative 
integers and that the number of items of decoration in this purchase 
is greater than any other. These conditions, it turns out, are quite 
determination of all unknowns. 


sufficient to ensure an unambiguous 
The first idea is to solve the equation by running through all possible 


values of the unknowns but this is rather hopeless due to the enormous 


number of cases. 


equality being attain 


bly reduced with the aid of 
arguments of an econ 2 roubles can buy 3 sets 
sets of the second; in the former case We get 60 


the second and third type in similar fashion, we 
mal solution there should not be more than one set of the third kind. 
We have thus obtained the inequalities x< 2, 2S Ls 

Now there are fewer cases and we can run through them. For x==0 
we get the equation 6y+9z= 100 to determine y and z. It clearly does 
not have a solution since the teft member is divisible by 3 but the 
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when x= 1 we get the equation 9y+32=32, 
uality z< 1) has the unique solu- 


right is not. Furthermore, 
which (taking into account the ined ; 
tion y= 16, -z==0. Finally, when y=2, there is no solution, as IN Mn 


case of x=0. 
gest number of decorations, We have to buy | 


Thus, to ensure the lar 
ts of 35 items. 


set of 20 items and 16 se es | 
It is possible in this solution to disperse with examining all cases 


if a more detailed use Is made of divisibility, 4s witness: from the 
given equation it follows that the number * yields a remainder of 1 
_ It therefore follows 


upon division by 3, and the number z is even 
ialities x 2 and zx 1 that x=1 and 


immediately from the inequ 
2==0; from the equation we get y= 10. 

Note in conclusion that in actuality the foregoing reasoning signi- 
He that the optimality condition of the solution may be written in 
he form of the following system of equations and inequalities: 


4x + 6y + 9z= 100, (11) 
O<x<2, Oxy, O<z<l 


with the supplementary proviso that %, Y and z are integers. Now 
g integers means that z=2n and x= 


he condition of x, y and 2 bein 
1432, where n and & are also integers. Substituting these values of z 
and x into the appropriate equations, We get =—p=0, or x==1 and 
z=0, It is now easy to nd y=16 from equation (11). 

deliver 1590 trees. The vehicles assigned to this 


12. A forestry has to 
Job are 14. -ton, three-ton and five-ton trucks. A |-z-ton truck carries 
26 trees at a time, a three-ton truck carries 45 trees, and a five-ton truck, 

9 roubles, that of a three- 


75 trees. The cost of one run of a |=,-ton truck ts | 
ton truck, 15 roubles, and of a five-ton truck, 24 roubles. The forestry 
2 overall cost of the deliveries. How is this to be done 
fully loaded)? 

Let x, y, 2 be the number of | =ton, three-ton, and five-ton trucks, 
respectively, in the case of optima ‘stribution. Since all vehicles 
are fully loaded, the number of transported trees in this setup will be 
26x-+45y+752 and thus we & 4-45y-+752= 1590. 

We are now in the same position as in Problem 11, but 
reduce the number of cases that succe 1 do not yield any sub- 
stantial simplification. For example, * is divisible by 15. at’s 
about all. We might add that 45 ! = ton trucks would cost 405 roubles 
a trip, 26 three-ton trucks carrying the same number of trees would 


cost 390 roubles so that in an optimal solution the number of 1 ton 
trucks should. not exceed 44, And so for x we get three possibilities: 
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x—0, x=15, x=30. For each of these values we would have to solve 
the equation for y and z, which also have a good many solutions. 
This is a very tedious approach, though in the absence of any other, 
it is acceptable. 
Here’s an attractive idea, which, unfortunately, doesn’t do the job, 
From the statement of the problem it is easy to figure out that for 


45 roubles using 95 14-ton trucks we can deliver 130 trees and using 8 
three-ton trucks, 135 trees. It would therefore appear that the number 
of 14-ton trucks should not exceed 4, otherwise those same trees could 


be delivered more cheaply. From this and from earlier considerations 
it follows that x=0O and the number of cases left to: be examined is 
much less. 

Actually, however, this argument only implies that for a given sum 
of money we can deliver a larger number of trees, but our aim is to 
deliver a given number of trees at minimum cost. Nevertheless, it is 
still possible to get around brute-force tactics by just a little common- 
sense reasoning: 

Any reasonable person would first: estimate which of the given 
types of trucks is the most efficient by determining the cost of deli- 


vering a single tree. We find the following: for a | >--ton truck, a 


three-tonner and a five-tonner the cost is 9/26, 1/3 and 8/25 rouble 
respectively. Since 9/26> 1/3>8/25, it is clear that it is more pro- 
fitable to use five-ton trucks first, then, if necessary, three-tonners 


{ : 
and, finally, 1 -ton trucks. 


It is easy to see that the greatest number of trees that can be deli- 
vered by five-ton trucks comes out to 1575. However, seeing that all 
vehicles must be fully loaded, we get 1500 trees for delivery by five-ton 
trucks. Then 90 trees can, be delivered by three-tonners and so it is 
natural to suppose that the optimal distribution will be 20 five-ton 
and 2 three-ton trucks. 

It is easy to demonstrate that this plan is indeed an optimal plan: 
‘if we reduce the number of five-tonners, then the “undelivered” trees 


apportioned to these vehicles would have to be delivered by 1=-ton 


and three-ton trucks, but delivery costs per tree on these trucks are 
higher, and so the total cost of the assignment would increase. 

We thus have the optimal distribution of 20 five-ton and 2 three-ton 
trucks, while all the unknowns and the single equation that was set up 
remain unused! To summarize, then, we set out in the ordinary way, 
but in the process of solution we found an approach which made 
all the earlier arguments unnecessary. Quite obviously the method 
given here would be quite sufficient at any examination, 
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Exercises 


1. Three cyclists start out simultaneously from the same place in one direction 
around a circular track 1 km in length. The rates of the cyclists form, in a certain 
order, an arithmetic progression with common difference 5 km/hr. After some time, 
the second one catches up with the first, having made one extra circuit; 4 minutes 
later the third arrives at that point, having covered the same distance that the first 
did at the time le caught up with the second cyclist. Find their rates. 

2. Three brothers, whose ages form a geometric progression, divide among 
themselves a certain sum of money in direct proportion to the age of each. If this 
were done in three years time, when the youngest becomes one-half the age of the 
oldest, then the youngest would receive 105 roubles, and the middle one, 15 roubles 
more than at the present time. Find the ages of the brothers. 

3. Twogroupsof tourists start out from A in the direction of B at the same time. 
The first group goes by bus (at 20 km/hr) and reaches C, midway between A and B, 
and then continues on foot. The second group starts out on foot, but in one hour 
boards a car which proceeds at 30 km/hr and reaches B. The first group passes C 35 mi-. 
nutes before the second group, but arrives at B | hr and 25 minutes later than the 
second group. What is the distance from A to B if the rate of the first group (on foot) 
is 1 km/hr greater than that of the second group? 

4. Two identical vessels are filled with alcohol. We draw off a litres of alcohol 
from the first vessel and add that amount of water. Then we draw off a litres of the 
resulting mixture of water and alcohol and add that amount of water. In the case of 
the second vessel, we draw off 2a litres of alcohol and add that amount of water, and 
then draw off 2a litres of the resulting mixture and add that amount of water. De- 
termine what part of the volume of the vessel is taken up by a litres if the strength of 
the final mixture in the first vessel is 25/16 times the strength of the final mixture in 
the second vessel. (By strength is meant the ratio of volume of pure alcohol in the 
mixture to the total volume of the mixture. It is assumed that the volume of the mix- 
ture is equal to the sum of the. volumes of its components.) 

5. Two bodies are in uniform motion around a circle in the same direction, and 
one of them catches up with the other every 46 seconds.. If these bodies were in motion 
in opposite directions, they would meet every 8 seconds. Determine the rates of 
the bodies if we know that the radius of the circle is equal to 184 cm. 

6. Towns A and B are located on a river; B downstream from A. At 9 A.M. a 
raft starts floating downstream from A in the direction of B (the rate of the raft re- 
lative to the bank of the river is the same as the rate of the current). At that time, a 
boat starts out from B for A and meets the raft in 5 hours. Upon reaching A, the boat 
turns round and returns to B arriving at the same time as the raft. Did the boat and 
raft arrive at B by 9 P.M. (of the same day)? 

7. Three workers receive an assignment, which each separately completes in a 
specified time, the third completing the job one hour faster than the first. Working 
together they can complete the job in one hour. But if the first worker does one hour 
and then the second 4 hours, together they can complete the job. How long does it 
take each worker separately to complete the full assignment? 

8. We have two solutions of a salt in water. To obtain a mixture containing 
10 grams of salt and 90 grams of water, one takes twice as much (by weight) of the 
first solution as the second. One week elapses and 200 grams of water has evaporated 
from each kilogram of the first and second solution. Now to obtain the same mixture 
as before, we require four times more (by weight) of the first solution than of the 
second. How many grams of salt did 100 grams of each solution originally contain? 

9. A freight train going from A to B arrives at station C together with a passen- 
ger train going from B to A with a speed m times that of the freight train. The two 
trains stop at C for ¢ hours and then continue on their ways, each train increasing its 
speed 25% over the original speed it had prior to arrival at C. Then the freight train 
arrives at B later by ¢, hours and the passenger train arrives at A later by, ¢, hours 
than if they had gone nonstop at their original speeds. How much earlier did the 
freight train start out from A than the passenger train from B? 


13-—3480 
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-10. Three points A, B and C are connected by straight roads. Adjoining sectic 
AB of the road is a square field with a side of 1/2 AB; adjoining BC isa square fie 
with a side equal to BC, and adjoining CA is a rectangular section of the woods . 
length equal to AC and of width 4 km. The wooded area is 20 square kilometre 
greater than the sum of the areas of the square fields. Find the area of the woocd. 

11. Thirty students received marks of 2, 3, 4, 5 at an examination. The SUT 
of the marks is 93, there are more 3’s than 5’s and fewer 3’s than 4's. Besides, th 
number of 4’s is divisible by 10 and the number of 5’s is even. Determine the numbe 
of the various marks received by the thirty students. 

12. A motorcycle and a car (Volga) leave A for B at the same time; and at t}y, 
same time another car (Moskvich) leaves B for A. The Moskvich arrives in 4 ; tr 
5 hours and 50 minutes. The cars meet 2 hours 30 minutes later, and the motorcycle 
and Moskvich meet 140 km from A. If the rate of the motorcycle were twice whai 
it was, it would have met the Moskvich car 200 km from A. Find the speeds of the 
motorcycle and the two cars. 

13. An empty tank is being filled through two pipelines simultaneously Wit 

ure water and a constant concentration of an acid solution. When filled, the tank 
ee a 5% solution of the acid. If when the tank were half full, the water suppl : 
were cut off, the full tank would have a 10% solution of the acid. Determine whic}, 
pipeline delivers liquid ‘faster and how much faster. 

14. Acar leaves point A for B. At the same time, a cyclist starts out in the Op -~ 
posite direction (from B). Three minutes after they meet, the car turns around and 
follows the cyclist; after catching up with the cyclist, it turns around and goes to B 
If the car had turned around | minute after the meeting, and the cyclist (after the 
meeting) had increased his speed 15/7 times, the car would have spent ‘the same amo- 
unt of time for the entire trip. Find the ratio of the speeds of the bicycle and the car 

15. Two men start out at the same time from A in the direction of B, which; 
is 100 km from A, one on a bicycle, the other on foot. Also at the same time 
a car starts out from B and goes in the direction of A. An hour later the car 


meets the cyclist and, continuing another 45 km, it meets the man on foot, who 


boards the car, and the car overtakes the cyclist. Compute the speeds of the pj- 
cycle and the car if we know that-the man on foot was doing 5 km/hr. The time 
required to get into the car and turn the car around is disregarded. 

16. A Jaboratory has to order a certain number of identical spherical flasks with 
a total capacity of 100 litres. The cost of one flask consists of the cost of labour 
which is proportional to the square of the surface area of the flask, and the cost 
of the material, which is proportional to the surface area. A flask of capacity 1 Jitre 
costs | rouble 25 kopeks, and in this case the labour cost is 20% of the cost of 
the flask (the wall thickness of the flask is negligible). Will 100 roubles (100 ko- 
peks to a rouble) be enough to cover the cost? 

17. Bus No. 1, which a student uses to get to his place of study (institute) 

without changing buses, covers the distance in 2 hours and | minute. He can also 
get to the institute by any one of the buses No. 2, 3, ... , No. K, but the only 
way to make a change to Bus No. P is from Bus No. (P—1). The routes of these 
buses are such that if the student gets to the institute on one of them, he wil] 
spend en route (disregarding transfers ) a time inversely proportional to the num- 
ber of buses used. Moreover, he will have to spend 4 minutes at each transfer. 
Is there a route he can take such that the total time is less than 40.1 minutes? 
' 18. Between town A and city E is a gasoline (petrol) station O and a water 
supply station B, which divide the distance between A and E into three equal 
parts (AO=OB=BE). A motorist and cyclist start out simultaneously from A in 
the direction of £ and, at the same time, a truck starts out from £ in the direction 
of A and at the water supply station passes the car and at the gasoline station pas- 
ses the cyclist. At the gas station, the cyclist increases his speed 5 km/hr. The 
motorist reaches £ and then sets out on the return trip at 8 km/hr slower than be- 
fore. As a result, when the truck arrives in A, the cyclist still has 7.5 km to go 
to B, while the motorist is in between O and A, 14 km from O. Find the distance 
from the town to the city and also the speeds of the car, truck and bicycle, 
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19. A rectangular plot of 
joining sides to be brick and the two 
den fence costs 10 roubles and one metre of the brick fence costs 
of 2000 roubles has been alotted for the job. Wil 
20. The tank at ly station is fille 
At first, three pumps of the same capacity are turned on; 2 
umps (both the samc) of a different capacity are set int 


o operat 
the additional pumps were s tion the tank was almost filled to capacity 
15 cubic metres’ were still lac ther hour the tan 


k was full. One of the 
Pi pumps could have filled the tank in 40 hours. Find the volume of the 
ank. _ 
Q-metre ski race, th 


21. Ata 10,00 
by a second one, the ‘rate of the second skier being | m/sec more than: that of the 
first one. When the second skier catches up with the first, the latter increases his 
rate by 2 m/sec, while the rate of the second skier remains unchanged. As a resu t, 
the second skier finishes 7 minutes and 8 seconds after the If the distance 
had been 500 metres longer, then the second skier would have fini 

pse between the s 


and 33 seconds after the first one. Find the time la 
and second participants. 
92. Three skaters whose rates, taken in some order, form a geometric progres 
sion, start out at the sam kating circuit. After a time, the second one 
The third skater covers the same di- 


overtakes the first, coverin 
stance that the first did when taken by the second during a time 
than the first. Find the rate of the first skater. 
C, D. F tractors (2 of model B 


tractors of four models, A, Ds & 
d one of models C and D) plough a ays. Two model A tractors and 
b, and three tractors of models A, 


days to do this job, 
ake to do the job ‘fa team ismade up of 


e first skier starts out and is followed shortly 


94, Grass was mowed on three fields in the course of three days. On the first 
day, all the grass of the first field was mowed in 16 hours. On the second day, all 
the grass of the second field was mowed in 11 hours. On the third day, all the grass 
was cut on the third field in 5 hours, four hours of which the work was done with 
scythes and one hour by ine he second and third days, 
together, four times more grass was Cu st day. How many hours 
was the mowing machine in operation if in one hour if mows five times as much 

i d. It is assumed that the hand and machine operations were 
separate in time (did no no breaks in the work. 

95. A factory has to deliver 1100 a to a client. parts are packed in boxes 
of three types. One box of type One olds 70 parts, one of type Two holds 40, and 
one of type Three holds 25 parts. The cost of delivery in a type One box js 20 ro- 
ubles, in a type Two box, 10 roubles, in a type Three box, 7 roubles. What kind 
of boxes should be used in or t of delivery? All boxes must 
be used to full sr a | 

96. A stamp collector decides to put all his stamps in a Nl 
90 stamps on one sie over: if he puts 93 stamps on a 
sheet, there will be at least one empty sheet left in the album. 

i t h sheet holding 2! stamps, 

re in the album? 
f water. If one pipeline 
is then switched off 
n this will require 
and the second 


fills one-fourth of the pool ; 
ty 3/4 the capacity of 
is in operatio 
to more than one-half the pool. 


brings the volume of water up 
9.5 hours. N 
for half an hour, ater level up 
How long will it take each pipeline separately to fill the pool? 

98. Points A and B are located on a river so that a raft floating downstream from 
A to B with the rate of the current covers the distance in 94 hours. A motorboat 
goes from A to 3 and returns in less than 10 hours, If the rate of the motorboat in 


13° 
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still water were 40% greater, the same distance (from A to B and back) could be 
covered in not more than 7 hours. Find the time it takes the motorboat to go 
from A ‘o B at the original rate (not increased). 

99. At & A.M. a fast train leaves A for B. At the same time a passenger 
train and an express train leave B for A, the speed of the former being one half 
that of the latter. The fast train meets the express train not earlier than 10:30 
A.M. and arrives at B at 13:50 the same day. Find the time of arrival of the pas- 
senger train at A if we know that not less than an hour elapsed between the mee- 
tings of the fast train and express train and the fast train and the passenger train. 

30. At 9 A.M. a cyclist starts out from A in the direction of B. Two hours later 
a motorist sets out and overtakes the cyclist not later than 12:00 noon. The motorist 
continues on and reaches B, then immediately turns round and heads back for A. 
On the way, the motorist meets the cyclist and arrives in A at 17:00 hours that 
same day. When does the cyclist arrive in B if we know that no more than 3 hours 
«lapsed between the two encounters of the cyclist and motorist. 
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The ability to represent geometrically functional relationships 
given by formulas is particularly important in higher mathematics. 
That is why examination papers contain problems involving the 
graphing of functions. : 

Graph construction is often a source of trouble to many students. 
This is largely due to the fact that questions of graphing functions are 
rather scattered in the school course of mathematics and general tech- 
niques for construction of graphs are hardly at all considered. 

It is well to review the basic material in the standard textbooks, to 
recall the basic curves and to drill a good deal in the sketching of 
specific graphs. 

Jt will be recalled that a functional relation is a rule or. law in accor- 
dance with which to each value of a quantity x (the independent variable 
or urgument) froma certain set of numbers, called the domain of definition 
of the function, ts associated one definite value of a quantity y (the de- 
pendent variable or function); the collection of values assumed by the 
desendent variable y is termed the range of the function. 

It is important to emphasize that the arguments of functional 
relationships studied at school are always assumed to take on real values, 
‘and only real numbers are allowed as values of the dependent variable. 

If a functional relation (function) is given by a formula y=f (x), 
then finding its domain of definition reduces to finding all the real 
values of the argument for which the expression f(x) defining the 
function is meaningful, that is to say, assumes real values. Let us 
consider some examples. 

]. Find the domain of definition (or, simply, domain) of the function 

=log,, COS x. 

It is obvious that the domain of this function includes only those 
values of x for which the following conditions are simultaneously 
valid: (a) x>0, x541 (since the logarithmic base must be positive and 
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nonzero); (b) cos x>>0 (since negative numbers and zero do not have 
logarithms). 

Solving this system of inequalities, we find that the domain of the 
function at hand is the following set of numbers: 


O<x<l, 1 <x<s, — FH kn<x<F + Lhn 


where k= 1, 2, 3, ... (represent it on the number line!). 
2. Find the domain of the function 
cot x 
y= (1) 


a V sin X— COS % 


This function is not defined for those values of x for which sin x — 
—cos +=0 (the denominator of the fraction must be different from 
zero), and, besides, for those x for which sin x— cos x< 0 (because for 
these values of x the denominator assumes imaginary values). Thus, 
the domain of function (1) consists only of those values of x for which 
the inequality sin x— cos x>0 is valid; solving this inequality (see 
Problem 6, Sec. 1.10), we find 


Sa kncx< 42m, k=0, £1, £2; ... (2) 


However, it must be further noted that cot x is not defined for x=nn, 
where n is any integer. And so all the values of x=nn, n=0, +1, ..., 
likewise do not belong to the domain of the function and must be 
excluded from the resulting sequence of intervals (2). Thus, for the 
domain of function (1) we finally get the following set of real numbers: 


Rohn cx <m+Okn, n+ kn <x< 4 en, 
k=0, +1, +2, ... 


3. Find the domain of the function 
y= V cos (cos x) + arcsin te (3) 


We consider each summand separately. The domain of this function 
can only embrace those values of the argument for which the first 
term assumes real values, i.e. those values of x for which the radicand 
cos (cos x) is nonnegative: cos (cos x) >> 0. It is easy to see (see Problem 
8 of Sec. 1.8) that this inequality holds true for all real values of x. 

Now let us examine the second summand. By definition, the exp- 
ression arcsin a is meaningful only for JaJ/<1 (see Sec. 2.5); in other 
words, only those values of x belong to the domain of function (3) 
for which |(1-+x?)/2x|< 1. However, it may be proved directly (see 
formula (3) of Sec. 1.8) that the inequality |(1+.*)/2x|2>1 holds 
for all nonzero real values of x, equality being achieved only when 


x=1 and x«=—1, 
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Consequently, the domain of (3) consists of two points only: x= —1 
and x=1. 

The foregoing examples show that in finding the domain of defini- 
tion of a function one has to invoke various branches of algebra and 
trigonometry. Only when these sections are fully mastered can the 
student tackle such problems with ease. 

The student should have a firm knowledge of the definitions and 
be able to investigate such general properties of functions as bounded- 
ness, monotonicity (intervals over which a function is increasing or 
decreasing), evenness and oddness, periodicity, and be able to find 
the range of a function, its zeros, extremal values, and the like, 

The investigation of the properties of functions is carried out with- 
out invoking the concept of a derivative, which is an element of 
mathematical analysis and is outside the school curriculum. 

The student should have a clear idea of a system of coordinates in 
the plane and be able to sketch, by memory, the graphs of the basic 
functions y=kx-+0) (straight line); y=ax?-+-bx-+c (parabola); y=k/x 
(hyperbola); y= |x— al; y=?; y=V x; y=1/x*, y=a* (a>0, aX 1); 
y=log,x(a>0, a1); y=sinx (sine curve); y=cos¥; y=tan x; 
y=cotx. The student should be able to sketch the graphs of these 
functions in each concrete case, giving a general picture and the cha- 
racteristic peculiarities of behaviour of the curve and not be forced to 
compute each time a table of values and plot the curve. 

The student should also be able to illustrate geometrically on the 
graph the properties of a function. When relating some property (say, 
the oddness of the sine), the student sometimes sketches the appropria- 
te graph (sine curve) and then makes the mistake of saying “this pro- 
perty is evident from the drawing.” Such reasoning is faulty because 
it is precisely by using the property of the function that one can more 
or less accurately sketch its graph. For this reason, all the properties 
of a function must be demonstrated by rigorous analysis as is done in 
the standard textbook. 

Some examination problems call for constructing graphs of functions 
which are combinations of basic functions. Again, it is only the appro- 
ximate behaviour of the curve that is required. Plotting can then be 
used as an auxiliary aid. 

Let us examine some problems in which graphs are constructed by 
cee or a specific deformation of the graphs of basic func- 
ions. j 

4. Construct the graph of the function y=2— 1/x. 

The domain of this function consists of all real values of x except 
x=0. If we consider the function y,=—1/x (which is a hyperbola 
whose branches are located in the second and fourth quadrants), it is 
obvious that for each value x=x, the value of y is greater by 2 than the 
value of y, for the same value x) of the argument. It therefore suffices 
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to translate the graph of the function y, 2 units upwards along the 
axis of ordinates to get the desired graph of the function y (Fig. 29). 

It is easy to see that this device enables us fo construct the graph of 
tne function y=a-++/ (x), where a is a given number, if we have already 
constructed the graph of the function y,=/ (x): it is sufficient to translate 


Fig. 29 


the graph of the function y, a units upwards if a>0 or |a| units down 
if a<0. 
5. Construct the graph of the function y= = 


Evidently, x can assume all values except —4. Compare this fun- 
ction with the function y,=3/x. It is clear that the value of the fun- 
ction y corresponding to some value x=.x, coincides with the value of 
y,, which corresponds to the value of its argument equal to x,+-4. For 


Fig. 30 


—&—\ 
\ 
\ 
4, 


example, the function y=3/(x+4), when x,=1, takes the value y= 
==3/5, and the function y,=3/x assumes this very same value for 
the value of its argument equal to 5=x,.+4. And so if we translate . 
the graph of the function y,; four units to the left along the x-axis, 
we get the graph of the function y that we want (Fig. 30). 
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It is not so hard to figure out that this same method enables one fo 
draw the graph of the function y=[(x-+b), where b is a given number, 
if we already have the graph of the function y,=f (x): it suffices to trans- 
late the graph of y, b units leftwards if b->>Oor |b| units rightwards 
if b<c0. 

6. Construct the graph of the function y= gee. 

To draw the graph, first transform the fraction and represent the 
function as : 

ey eee 
YS Tr y= (3} 
Arguing as in Problems 4 and 5, we see that the graph of the proposed 
function is an “ordinary” hyperbola y=(13/9)/x translated 2/3 unit 
rightwards along the x-axis and 1/3 unit down along the y-axis (make 
the drawingl). 

A similar device permits drawing the graph of any function 

__ ax-t-b 
Y= od 


This is called a linear fractional function. Indeed, a simple transfor- 
mation permits writing this function as * 
ad— bc 
a, @ 


| d 
se ara 


It then remains to invoke the arguments given above in solving Prob- 
lems 4 and 5. 

Note that in the very same way, by combining remarks pertaining 
to Problems 4 and 5, we can readily represent the graph of a function 
y=a-+f (x-+b), where a and 6 are specified numbers, if the graph of the 
function y,=f (x) has already teen constructed. 

7. Draw the graph of the function y=log, (—x). | 

Sometimes a student gives an answer like this: “The graph of the 
function does not exist since negative numbers do not have logarithms.” 
The mistake here is the failure to grasp the fact that —x does not by 
any means always represent a negative number. 

The domain of the function y under consideration is the set x<0. 
It is immediately clear that the value of this function, when x=—x,, 
Xo>>O0, coincides with that of the function y,=log, x for the value x, 
of its argument. Hence, to obtain the graph of the function y it is 


* It is assumed here that c 4 0 (otherwise the function is simply linear) and that 
ad—bc# 0. If this latter condition is not fulfilled, then the original function, for all 
admissible x, is of the form y=k, where & is a constant. For instance, the function 
y= (2x-+2)/(x-+1) can, in its domain of definition, i.e., when x4—1, be written as 
y==2. Hence, the graph of this function is the straight line y=2 with point (—1, 2) 
deleted (but not the entire line y=2, as some students seem to think; cf, Problem 11). 
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sufficient to reflect the graph of the function y, about the y-axis (Fig. 


31). 
It will be noted that this same device permits constructing the graph 
of the function y=/ (—x) if we have the graph of the function y,=f (x): 
it suffices to reflect the graph of y, about the y-axis, 


Fig. 31 


8. Construct in a single drawing the graphs of the functions 
y,=sinx, y,=sin2x, y,=—2sinx 
The student is not always able to give a proper representation of 
all three curves in a single drawing and correctly to indicate their 


mutual positions (Fig. 32), to indicate the peculiarities of each of the 
sine curves and to explain how they are obtained one from another. 


For one thing, it is useful to remember that the smallest positive 
period of the function y=A sin wx, where o0 and A 0 are given 
numbers,* is equal to 2x/|w]| (for instance the smallest positive pe- 
riod of the function y=—3 sin ax is the number 2n/n=2, and for 
the function y=1/4 sin(—x/3) is the number 2x/|—1/3|=6n), while 
its “amplitude” is equal to |A| (thus, the “amplitude” of the function 
y =— 1/2 sin 3x is 1/2). 

The foregoing of course refers also to all the other trigonometric 
functions. 

It is important to stress the fact that id is possible to construct the 
graph of the function y=Af(wx), where o340 and A=0 are given 


* Clearly, in the cas¢é of <0, this function can be represented as 


y= — Asin lolx, 
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numbers, if we know the graph of the function y,=f (x). First compress 
the graph of y, along the x-axis w times if o>0; but if o<0, then 
compress the graph of the function y,|o| times along the x-axis and 
perform a reflection with respect to the y-axis (see the solution of Prob- 
lem 7). Then take the resulting curve and stretch it along the y-axis A 
times if A>>0; but if A<<0, then perform an |A|-fold stretching along 
the y-axis and a reflection about the x-axis. Of course, if |o|< 1, 
then the compression along the x-axis is actually a stretching; in the 
same way, the |A |-fold stretching along the y-axis for |A|<<1 is actu- 
ally a compression. 

Note particularly an important special case: if the graph of the 
function y,=f(x) has been sketched, the graph of the function y= 
== —/ (x) can be obtained from it by a reflection about the x-axis. 

9. Construct the graph of the function y=sin[2x—(x/8)]. 


Fig. 33 


Representing the given function in the form y=sin 2 [x— (n/6)], 
we see immediately that for every value x==x, the value of y coincides 
with the value of y,;=sin 2x, which corresponds to the value x,»— 
— (x/6) of its argument. And so to construct the graph of y, draw 
the graph of y, and then translate it x/6: units rightwards along the 
x-axis (Fig. 33). > 

A very common mistake in constructing the graph of the function y 
is as follows: the graph is drawri of the function y, and it is then 
translated rightwards by 2/3 units along the x-axis (Fig. 34). It is 


Fig. 34 


easy to see that this construction is incorrect, because the graph cros- 
Ses the x-axis at the point 1/3 (since the graph of the function y, cuts 
this axis at the origin and is then translated 2/3 units rightwards!). 
Yet the value of the function y is clearly nonzero for the value of the 
argument x=7/3. | 

The technique used in this specific instance enables one to construct 
the graph of any function of the form y=Asin(wx+q), y=Acos(wx-+ 
+9), y=A tan (ox+g), etc,, and also y=a sin wx-+b cos wx, 
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This technique is of a general nature and permits obtaining the graph 
of a function y=f[(wx+@), where w30 and —p are specified numbers, 
if the graph of the function y,=[ (x) has already been drawn: it is suf- 
ficient to draw the graph of the function y,==/ (wx) (it may be obtained 
by the method indicated in the solution of Problem 8) and then to 
translate it along the x-axis rightwards by an amount|q/w| if p/o<0 
or leftwards by @/w if p/w>0 (see Problem 5). 

It is sometimes useful to first transform the formula defining the 
functional relation; then the graph is readily drawn. In particular, 
jt is always desirable to represent a complicated functional relation- 
ship as an easily surveyable combination of elementary functions, the 
graph of which combination is obtainable by familiar techniques (that 
was precisely how we constructed the graph in Problem 6). 


Fig. 35 


10. Construct the graph of the function y=sin? x. 

Since this function may be written as y=1/2—1/2 cos 2x, the graph 
of the function y is obtained by familiar techniques: the cosine curve 
yi=—l1/2 cos 2x, which is constructed by the technique described 
jn the solution of Problem 8, must be translated 1/2 unit upwards 


(Fig. 35). 
11. Draw the graph of the function 
1 
y = logis x (4) 


Employing familiar formulas involving logarithms, we see that 
I/logipx ==ylogel0 =]0, whence students often conclude immedia- 
tely that the graph of the function (4) is the straight line y=10. 

This conclusion is incorrect however. It is necessary to ‘take into 
account the domain of definition of the function and the conditions 
under which the transformations that are carried out are legitimate. 

The domain’ of the function (4) consists of the real numbers which 
satisfy the conditions: x>>0, x541. Under these conditions, it is 
jegitimate to carry out the transformation indicated above. And so 
the graph of the function (4) is the half-line y=10, x>>0 with the 
point (1,10) deleted (Fig. 36, the arrowhead at any point indicates 
that that point does not belong to the graph). 

12. Sketch the graph of the function 


y= logy (x5) + log, V4x?—4x + 1 (5) 
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First of all, perform an identity transformation of the second sum- 
mand (see Sec. 1.4): 


log, V 4x2— 4x + 1 = log, V (2x— 1)? = log, | 2x —1|=1 + log, 


l 
5 
It is now clear that the domain of the function y is the set x>> 1/2 


(because the second term in the formula defining this function is 


Fig. 36 


meaningful for all x54 1/2, while the first is meaningful only for x > 
> 1/2). However, the equation logi;2 (x—1/2)=—log,(x—1/2) is 


true for x>> 1/2, and, hence, in its domain (x> 1/2) function (5) can 
be written y=1. 


Thus the graph of the function y is the ray y=1, «> 1/2 [Fig. 37, 


the arrowhead at the point (1/2, 1) signifies that this point does not 
belong to the graph of the function (5)). 


Fig. 37 


Students often find it difficult to construct graphs of functions 
whose analytic expressions involve the absolute-value sign. The next 
a examples tllustrate how the graphs of such functions are construc- 
e 


13, Construct the graph of the function y=\|2— 2*\. 


First note that the proposed function can obviously be written in 
the form y= |2*—2]. 


Consider the auxiliary function y,=2*—2, the graph of which is 
readily drawn (by the technique described in the solution of Problem 
4). How does the graph of the function y differ? | 


Recall the definition of absolute value; from this definition (see 
formula (2), Sec. 1.4) it follows that 


2*2 for values of x for which 2*—2>0, 

_ that is, for x>1, 
y= — (2*— 2) for values of x for which 2*—2 <0, 
that is, for x <1 
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It is then clear that the graph of the function y, for x>1, coincides 
with the graph of the function y, and, for x<1, is a curve symmetric 
to the graph of the function y, with respect to the x-axis (Fig. 38). 

In precisely the same way we can obtain the graph of the function y = 
== |f (x)| if the graph of the function y,=f (x) has been drawn. It suffices 


Fig. 38 


to replace the portions of the graph of y, lying below the x-axis by 
corresponding portions symmetric with respect to the x-axis [to find 
these portions we have to solve the inequality f (x)<0]. 

14. Construct the graph of the function y=||x+1|— 2}. 

Here, without dropping the absolute-value signs, we can carry out 
the construction using the techniques indicated in the solution of 
Problems 6 and 13. Indeed, taking the graph of the. function y,= |x| 
(Fig. 39), translate it one unit leftwards along the x-axis and two units 


Fig. 39 


downwards along the y-axis. This yields the graph of the function 
y= |x+1]-— 2. Then replace the portion of the graph below the x-. 
axis corresponding to —3<x<l, by the portion symmetric to it 
about the x-axis. The resulting polygonal line is the graph of the func- 
tion y. 

The general technique for constructing the graph of a function whose 
analytic expression contains an absolute-value sign consists in re- 
writing the expression of the functional relationship without using the 
absolute-value sign (see Sec. 1.4). In this case, the functional relation- 
ship on different portions of variation of the argument is, as a rule, 
described by different formulas. Quite naturally, on each of these 
portions, the graph must be constructed on the basis of the appropri- 
ate formula. 
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15. Construct the graph of the function y=x? 
To get rid of the 


Fig. 40 


16. Construct the graph of the function 
Y= (|x-+1]+ 1) (x—3) 
By the definition of absolute value we can represent this funct 
in the form 
: e+ +1] —3)=(642)(¢—3) ite]. 


[— (x-+ 1)4+ 1] (x—3) = —x (x—3) ifx<—] 
It now remains simply to Sketch 


(6) 


ion 


gether, the two curves yield the 
Let us first consider the function y,= (X-+2) (x — 3). Ordinarily, 
students remove the brackets and perform 


of isolating a perfect Square, wher 
brackets because it is 


a quadratic trinomi i ects the x-axis 
A (— 2, 0) and B(3, 0) (because — 2 and 
mial) and its branches are directed upwards (since the leading coef- 
ficient is Positive). Substituting 


the function Yi, we get the coordinates o 
of this parabola wi 


also easy to find the coordinates of the ve 
the parabola is symmetric about the 

through the vertex, its axis of symmetry bisects 
AB. It is therefore clear that the abscissa of the vertex is equal to 
1/2; the ordinate is computed directly and we get D (1/2, — 25/4) 
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Having constructed the parabola—the graph of the function y,;—we 
must isolate that portion which corresponds to the values: x >> — 1 of 
the argument (Fig. 41). 

The construction of the graph of the function y,=— x(x— 3) is 
similar. Take only that portion of the parabola which corresponds 
to the values x<c—1 of the argument. The graph of function (6) is 
shown in Fig. 41 by the solid line. 


Fig. 41 


17. Construct the graph of the function 


[x3] et 1 
Y= TeE3)t [eT | (7) 


We first find the values of x for which each of the expressions under 
the absolute-value sign vanishes; they are — 3, —1, 1, 3. By consi- 
dering function (7) on each of the five intervals into which these values 
partition the number line, we obtain the following notation: 


eo = if x<—3, 


x-+1 
S45 if -3<4<-1, 
y= 3 1 if —l<x<l, 
oy ifl<x<3 
2, 
aaa if 3< x 


The subsequent construction now follows familiar techniques (Fig. 42). 
y 
2 
Fig. 42 aoa Fe 
3 -1 Of 3 & 
It will be noted that if x increases without bound, the graph of 


the function (7) approaches without bound the straight line y=1, 
remaining all the time below it; but if x decreases without bound, 
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then the graph approaches the same line without bound, remaining 
all the time above it. 
18. Construct the graph of the function y=|sin x|+|cos x]. 

When drawing the graph of a periodic function it is often helpful 
to know that all values of such a function are repeated in every period. 
Thus, if a periodic function is given with period 7, then it is.sufficient 
to construct the graph on some segment of length T;. for O<x< T, 
the portions of the graph onthe intervals T< x< 2T, 2T< x< BT, 
—T<xx<0, etc., will have the very same shape. 

[t is clear that the number 2x is the period of the function y under 
consideration so that we can confine ourselves to the interval O< x< 
< 2n. Partitioning this interval into four parts in each of which both 
sin x and cos x preserve sign, we get 


[ V2sin(x+3) if 0<x<§, 

V 2sin (x— 4) if = <x, 

— —V2sin (x+4) if nx, 
—V 3sin (x4) if te x< Qn 


Wenowconstruct the graphs of y,=)V 2 sinlx+(n/4)] and y»==V 9x 
x sin [x —(x/4)] and then we take the portion of the curve y, on the in- 
terval from 0 to 1/2, the portion of the curve y, on the interval from 
n/2 to x; and on the intervals from x to 3x/2 and from 3n/2 to Qn, 
we take the curves that are symmetric, about the x-axis, to the cor- 
responding portions of the curves y, and y,. Then, taking advantage 
of periodicity, we extend the resulting curve beyond the interval] 
O<x<2n (the solid line in Fig. 43). 


Fig. 43 


It is clear from this graph that 1/2 is the period of the given fun- 
ction so that we were overcautious in considering the interval from 0 
to 2m. If we had realized from the very start that =/2 is the period of 
this function—and this is easy to demonstrate: 


| sin (++ $)|+|cos (x+-$)]=|cos x] +|sinx| 


‘then the graph could be constructed much faster. This example shows 
that a careful preliminary analysis of the properties of a given fun- 
ction very often appreciably simplifies the construction of the graph, 
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19. Graph the function 
sin x cos x 
4= Vi+tan?x  YI1+cot?x (8) 
At first glance this function might appear to be very complicated. 
However, by transforming the formula defining the given function we 
obtain a simpler notation for (8) that will permit drawing the required 


graph with comparative ease. 

First of all, note that the domain of the function (8) is the entire 
number line with the exception of the points x=—nn/2, where n is 
any integer (at each of these points, either tanx or cotx -becomes 


meaningless). 
Since for x54nn/2 the. equations 


] ] 
V1+tan?x t= eee] eel V1-+cot?x e= ST 


are true, it is clear that the function (8) can, in its domain of defini-. 
tion, be written as 
y=sin x-|cos x|+-cos x-]sin x| 

This is a periodic function with period 2x. The graph can be constru- 
cted as was done in Problem 18. It is shown in Fig. 44. Note once 
again, however, that the function (8) is not defined at the points x= 
=nn/2, n=0, £1, +2, ....Inthe figure this is indicated by arrow- 
heads at the endpoints of the segments of the curve. 


Fig. 44 


We will now consider some instances of the construction of compli- 
cated graphs in which the foregoing elementary devices do not suffice. 
Each of these examples has its peculiarities that must be taken into 
account when sketching the graph. In solving problems like those 
given below, one often has to reason in quite an unorthodox manner, 
so to speak. The approach should be to get onto an item that will 
give some clue to the construction. 

20. Graph the function y=— ar 

Representing the given fiction as ey): we apply a techni- 
que called, addition of graphs, which means that the desired graph is 
constructed by “combining” two auxiliary graphs, y;=x and Yys=1/x, 
In other words, for each admissible value of the argument (that is, 
for every x 0) the corresponding ordinate y is built up as an alge- 
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braic sum of the ordinates y, and y, corresponding to the same valu, 
of the argument (Fig. 45). 

It is easy to figure out the shape of the graph of the function on the 
positive x-axis: for each value x>0, the corresponding ordinate qf 
the straight line y,=x has to be increased by an ordinate of the hypen_ 
bola y.=1/x corresponding to the same value of x. It is quite obvious 


« 


Fig. 45 


that for a positive x tending to zero, the expression x-+(1/x) tends ty 
-+-oo (increases without bound), and for x tending to -+oc, the desirey 
graph approaches the bisector y,=.x without bound, since the summany 
1/x becomes smaller and smaller. It is easy in this case to determine 
the smallest value of the function y (recall that so far we are only 
considering positive values of x): indeed, when x>0 the inequality 
x-+(1/x)S> 2 (see Sec. 1.8) holds true, which is to say the smallest value 
is equal to 2 and is reached when x=1.* 

Construction of the graph ‘is similar on the negative x-axis as well. 
Incidentally, we could take advantage of the fact that the function y 
is odd and, hence, its graph is symmetric about the origin. 

21. Construct the graph of the function y=x sin x. 

Take advantage of the fact that the formula defining this function is 
a product and we apply a technique called multiplication of graphs, 
The required graph will be constructed by “multiplying” two auxiliary 
graphs y;=x and y.=sin x. In other words, for each value of the 
argument, the corresponding ordinate y is constructed as a product 
of the ordinates y, and y, which correspond to the same value of the 
argument (Fig. 46). 

We first construct the graph of the function y for nonnegative values 
of the argument. For each value of x we multiply the value of the cor- 

responding ordinate of the straight line y;=.x and the value of the or- 
dinate of the sine curve y,=sinx, and are thus able to construct a 


* It is somewhat more ditticult but quite accessible to the student to prove that 


x-+(1/x) monotonically decreases when 0<x<1 and monotonically increases for 
y= 


smooth curve that gives an approximate idea of the behaviour of th 
graph of the function y on the nonnegative x-axis. The aspect of th 
curve can be improved somewhat by plotting a few characteristi, 
points. First of all, it is clear that y=0O for those values of x for whic] 
sin x=0, and so the graph of the function y crosses the positive x-axi 
at the points x=kn, k=0, 1, 2, .... Furthermore, for x>0 th 
obvious inequality —x < xsinx < x holds true; this means that fo 


Fig. 46 


positive values of the argument the graph of the function y does not 
extend above the straight line y=x or below the straight line y=— x, 
In this case, the points of the graph of the function y that correspond 
to the values of x>0 for which sinx=1, i.e., to the values x= (m/2)4- 
+2kn, k=0, 1, 2,..., lie on the straight line y=x, and the points 
corresponding to the values of x>0 for which sinx=— 1], i.e., to the 
values x=(3n/2)+2kn, k=O, 1, 2, ..., lie on the straight line y= 
=— Xx. 

It is very easy to construct the graph of the function y on the nega- 
tive x-axis: the function y is even and so its graph is symmetric about 
the y-axis. | 

22. Sketch the graph of the function y=2'/*, 

Here we have to construct the graph of a function of a function. 
Such composite functions occur rather often at examinations. To graph 
such a function, the student must know the properties of the basic 
elementary functions and have a clear-cut idea of the consequent 
properties of combinations of these functions. 

The domain of the function y consists of all real niimbers except 
x=0. Since for x>>0 the exponent I/x>0, it follows that y>1 for 
all positive values of the argument, by the property of an exponential] 
function. Note that y=2 when x=1. If x increases without bound, 
then the expression 1/x decreases to zero monotonically, remaining 
positive (see the properties of a hyperbola), and so 2!/* decreases 
to unity monotonically, remaining greater than unity (by the proper- 
ty of an exponential function). When x is positive and tends to zero, 
the exponent 1/x increases without bound and, hence, 2'/* also in- 


! He 
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creases without bound. This enables us to sketch a graph of the fun- 
ction y when x>0. 

It is easy to demonstrate that the inequality O<y< 1 is true on 
the negative x-axis. Using similar reasoning, we construct the graph 
of the function y for x< 0 as well (Fig. 47; the arrowhead at the origin 
indicates that the origin does not belong to the graph). . 


Fig. 47 


23. Construct the graph of the function 
y= ] —Qi+ sin (X+1) 
If we represent ‘this function as 
y= 1-+ (—2)-2s0 en (9) 


then it is clear that having the graph of the function y,;=2s!"* jt 
is easy to obtain the graph of the function y by means of techniques 
discussed in the solution of Problems 4, 5, and 8. 

And so let us first tackle the graph of the function y,. This is a 
periodic function with period 2x; therefore, all we need to do is draw 
the graph on the interval O< x < 2n (see Problem 18). 

For x=0 the function y, assumes the value 1, If x is increased from 
0 to x/2, then sinx monotonically increases from 0 to 1 and 28!"* mo. 
notonically increases from 1 to 2. If x then increases from 1/2 to 3x/2, 
‘then sin x monotonically decreases from 1 to —1 and 25'"* monoto- 
nically decreases from 2 to 1/2; in particular, for x=a the function y, 
takes on the value 1. Finally, if x increases from 3n/2 to 2x, then sin x 
monotonically increases from —1 to 0 and 2%!"* monotonically 
increases from 1/2 to 1: the function y, has the value 1 for x=2n. 
All these statements about the behaviour of the function y, follow 
from the properties of a sine function and an exponential function 
(it is left to the reader to put a rigorous foundation under these state- 
ments). They permit determining the approximate behaviour of the 
graph of the function y, when 0< x <2n; it then remains to extend 
the resulting curve periodically over the entire x-axis (in Fig. 48, the 
graph of y, is shown as a dashed line). 
~ Everything. is now ready for the construction, using rormula (9), 
of the graph of the function y. First translate the graph of the function 
y, one unit leftwards along the x-axis; this yield a curve which is 
the graph of the function y,=25!"(*+1) (see Problem 5). It is also a 
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periodic function (with period 2x). It has a maximal value of 2 which 
it assumes at the points x*==(n/2)—1+2kn, R=0, +1, +2, ...,. 
it has a minimal value equal to 1/2 which it takes on at the points 
x** = — (n/2)— 1+2kn, R=0, +1, +2,... (Fig. 48). Stretching the 
curve y, by a factor of 2 along the y-axis and then reflecting it about 
the x-axis, we construct the graph of the function ys=(— 2)-2sin@+)) 


Fig. 48 


(see Problem 8). Note that this periodic function has a maximal value 
of —1 and a minimal value of —4 (Fig. 48). Finally, the graph of the 
function y is obtained by translating the curve of y; up one unit on 
the y-axis (see Problem 4). | 

The graph (solid line in Fig. 48) conveys the basic features of the 
behaviour of the function y. This is a periodic function (with period 
2x) which vanishes at the points x**=— (n/2)—1+2kn, R=0, +1, 
+2,... (with 0 the maximal value) and assumes a minimal value of 
— 3 at the points x* =(n/2)—1+2kn, R=0, +1, +2, .... The fun- 
ction y varies monotonically in between the extremal values. When 
x=0 the function y is equal to 1—2!+sint (note that sin! is the 
sine of an angle of one radian!). 

Of course, Fig. 48 gives only a rough idea of the graph of the fun- 
ction y, but that isas much as is ordinarily required at an examination. 

24. Construct the graph of the function y=log, (1— x*). 

First draw the graph of the auxiliary function y;=1— x?. This para- 
bola is shown in Fig. 49 by the dashed line. It is then necessary to 
construct the graph of the logarithm of this function. 

For x=0 we have y=log,1=0. If x is increased from 0 to 1, 
then, as may be seen from the graph of the auxiliary function, 1 — x? 
decreases from 1 to 0 and so log,(1— x?) decreases ffom 0 to —oo, 
Similarly, if x decreases from 0 to —1, then 1—.x? decreases from | to 
0 and log, (1—.?) decreases from 0 to —oo. For the remaining values 
of x, that is, for x<—I1 and x>1, we have l—x*?<0, so that 
log, (1—x?) is meaningless. The graph of the function y is shown in 
Fig. 49 as a solid line. 

Note that in the construction of this graph we did not start out by 
finding the domain of the function, which was obtained almost auto- 
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matically. A preliminary determination of the domain of a function is 
frequently very useful, however. 

25. Construct the graph of the function y=loggin x 1/2. 

The domain of this function is the collection of all values of x for 
which, simultaneously, sin x>>0 and sin x541, that is, the set 


kn <x< + 2Qkn, + kn <x < (2k+1)n, 
k=0, +1, +2, ... 


The function y is clearly periodic with period 2%. And so we can 
confine ourselves to an interval of length 2x, say, the intervalO<x< 


Fig. 49 


< 2n. But not the whole of this irtterval lies in the domain of the fun- 
ction: the function is meaningful (over this interval) only forO<x< 
<n/2, n/2<x<in. It is precisely on these intervals that we first 
of all have to construct the graph (then we can simply extend it over 
the entire domain because of its periodicity). 

It will be seen that the function y can, in its domain, be rewritten 
as 

! 
log 1/2 sin x (10) 

We first of all construct the graph of the auxiliary functiony,=log, /2sinx. 
It- will only interest us over the interval O<¢x<cn. Taking the 
piece of the sine curve y,=sin x corresponding to this interval, we can 
use the same method as in the preceding problem (don’t forget that 
the base of the logarithm 1/2< 1) to obtain the graph of the composite 
function y; (Fig. 50, the auxiliary graphs y; and y, are depicted by 
dashed lines). | 

We now consider the interval O0<x<¢n/2. Since for any value of x 
in this interval, the corresponding value of the function y is the re- 
ciprocal of tle value of y, corresponding to the same value of the argu- 
ment [see (10)], it is easy to obtain a rough sketch of the graph of y for 
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O0< x<¢ n/2 (the solid line in Fig. 50; the arrowhead on the curve at 
the origin indicates that this point does not belong to the graph). 

It is easy to prove that by using familiar properties of elementary 
functions-the function y monotonically increases when x varies from 0 
to 1/2; if x increases from 0 to x/2, then sin x increases monotonically 
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Fig. 50 
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from 0 to 1, and then logi,;2sinx decreases monotonically from 
--oo toQ; and hence, [see (10)], the value of y increases monotonically 
from 0 to -+oo. Let us stress that if x approaches x/2, remaining all 
the time less than this value, then the value of the function y, tends 
to zero, remaining all the time positive, and therefore the value of 
y increases without bound. But if x approaches zero and remains po- 
sitive, then the value of y, -increases without bound and so the value 
of y tends to zero (although it does not take on the value 0). 

The construction is similar for the graph of the function at hand 
when n/2<x<cn. 

It is useful to note that just about the same reasoning as is used in 
the construction of the graph of the function y on the basis of the 
graph of the auxiliary function y, [through the use of formula (10)] 
enables us to construct the graph of y=1/f (x) if the graph of the function 
Yi=f (x) is known. 

Considering Fig. 50 in more detail, we note that we did not obtain a 
complete description of the behaviour of the graph of the given fun- 
ction in the foregoing solution (for instance, the fact that this graph 
is bent in the specific way as it is shown in the figure was not even 
discussed). But this is not required since it goes beyond the scope 
of the elementary means at the disposal of the student. And a rough 
sketch of the graph can, as we have seen, be made with relative ease. 

True, the-shape of the curve could be improved a bit by computing 
a table of values of the function for “convenient” values of the argu- 
ment and taking these into account when drawing the curve. As a 
rule, examination questions do not require such: improvement. The 
important thing is to be able to sketch a curve that conveys the 
general aspect and characteristic features of the graph. 

26, Construct the graph of the function y=sin x*, 
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First of all, do not confuse the notation sin x? with sin? x: the for. 
mer means sin (x?), the latter means (sin x)?. 

Let us first consider the nonnegative values of the argument ang 
partition the semi-axis x0 into intervals over which the function , 
increases or decreases. If x? increases from 0 to 1/2 (which is to say 


that x increases from 0 to Vx/2), then sin x? increases from 0 to 1; if 


x? increases from x/2 to 3n/2 (i.e., x increases from V n/2 to V3n/), 
then sin x? decreases from 1 to —1; ifx* increases from 3x/2 to 5x/9 
(i.e, x increases from V 3n/2 to V5x/2), then sin x? increases from 
—1 to 1, and so on. The graph of the function y therefore is of 4 
wavelike nature with an amplitude of 1 (Fig. 51).* It is easy to 


Fig. 51 


obtain the x-intercepts of this graph: all you have to do is solve the 
equation sin x?=0. It is clear that the nonnegative roots of this equa- 
tion are the numbers x=J) kn, R=0, 1 2, news 

On the negative x-axis, the graph is drawn at once since the function 
y is even. 

We conclude this section with some problems of a different nature, 
but also connected with graphical constructions in the plane with a 
specified coordinate system.: 


27. Find a set of points, in the plane, whose coordinates x and y satisfy 
the system of inequalities 


5x+3y>0 
y—2x <2 (11) 


From the first inequality we have y>>— 5x/3. We first of all graph 
the function y= —5x/3 (Fig. 52). Then the points whose coordinates 
satisfy the equation y=—5x/3 lie on the constructed straight line 
and the points whose coordinate y exceeds — 5x/3 will lie above this 
line. Thus, the set of points whose coordinates satisfy the first ine- 
quality of (11) will constitute the half-plane lying above the straight 
line y= —5x/3 (the straight line included; in Fig..52 this region is 
denoted by vertical hatching). 

Similarly, from the second inequality of (11) we have y<c2x-+2 
so that the set of points whose ccordinates satisfy the second inequality 


“ It will be noted that y=sin x? is not a periodic function. 
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of (11) will constitute the half-plane lying below the straight line 
y=2x-+2 (the line itself is not included; in Fig. 52 this region is indi- 
cated by horizontal hatching). | 

Hence, the points of the plane whose coordinates x and y satisfy 
the system of inequalities (11) lie in the common portion (intersection) 


Fig. 52 


of the two resulting half-planes; this is an angular region (in Fig. 52 
the desired set is indicated by double cross-hatching). Here, one of the 
bounding rays of the region—a piece of the straight line y= —5x/3— 
is included in the sought-for set, while the other—a piece of the 
straight line y=2x-+2—is not included (the vertex A of the angular 
region, the intersection point of the straight lines y= —5x/3 and y= 
==2x--2, does not belong. to this set either). 

28. Determine the set of points, in a plane, whose coordinates x and y 
satisfy the relation | 


Ist+yl=lyl—s (12) 


As in the solution of other problems involving absolute values, it 
is useful first of all to attempt to get rid of the absolute-value sign, 
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To do this (see Fig. 53), construct straight lines in the plane: x-+-y=0 
(the bisector AOB of the second and fourth quadrants) and y=0 (the 
axis COD of abscissas). Clearly, the coordinates x and y of any point 
above the straight line x+y=0 satisfy the inequality x+y>0, and 
for any point below this line the inequality x+-y<0 holds, Similarly, 
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any point in the upper (relative to the x-axis) half-plane has a positi- 
ve ordinate, and any point in the lower half-plane has a negative ordi- 
nate. 

These straight lines partition the plane into four regions (Fig. 53), 
and it is clear that in each one of these regions the expressions. x+y 
and y preserve sign for all points (x, y). It is therefore advisable, in 
each of these regions, to seek separately: the points whose coordinates 
x and y satisfy the relation (12). 

For any point (x, y) of Region I (the angular region DOA including 
the bounding rays as well) we have the inequalities x+y>0, y> 0. 
Hence, in Region I relation (12) takes the form x-+-y=y—.x, or x=0. 
But this last equation is satisfied by the coordinates of the point of 
the positive y-axis (by no means all the points of the y-axis, since we 
are only interested in those points which lie in Region J, and the nega- 
tive y-axis does not belong to this region). 

For any point of Region II (the angular region AOC; of the bo- 
undary rays only the ray CO is included) we have the inequali- 
ties x +y<0, yO, and for this reason relation (12) takes the 
form — (x+ y) =y—x, or y=0, in Region II. This latter equation 
is satisfied by the points of the negative x-axis (the other points of 
the x-axis do not lie in Region IJ). 

The inequalities x+y<0, y<0 hold for any point of Region ITI 
(the angular region COB. excluding the bounding rays), and so relation 
(12) in Region III assumes the form —(x-+y)=—y—x, or 0=0. This 
means that the coordinates of any point of Region III satisfy relation 
(12). 

Finally, for any point of Region IV (the angular region BOD in- 
cluding only the ray BO) we have x+y>0, y<.0, and so relation 
(12) in Region IV assumes the form x-++-y= —y—vx, or -x-+y=0. This 
latter equation is clearly satisfied by those points of Region IV which 
lie on the bisector of the fourth quadrant. 

Thus, in the plane, the set of points whose coordinates x and y sa- 
tisfy relation (12) is the angular region between the negative x-axis 
and the bisector of the fourth quadrant (including the bounding rays) 
and the positive y-axis (Fig. 53). 

29. A system of Cartesian coordinates is given in a plane. Represent 
the region of this plane filled with all the points whose coordinates sa- 
tisfy the inequality 

log, logy x > 0 (13) 


Note right off that x and y which satisfy condition (13) are such 
that x>0, y>0, x54] and y=41. Since the properties of logarithms 
are different for bases that exceed unity or are less than unity, it is 
natural to consider two cases. 

(a) Let x>1. Then by the properties of logarithms, the inequality 
(13) will hold true if the inequality log,x> 1 is valid. It will be recal- 
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led that the logarithms of numbers greater than unity to a base less 
than unity are negative. And so the inequality log,«> 1 cannot be 
valid for y in the interval O<cy<l. 

Thus, the inequality log, x>>1 can hold only when y>1. But if 
y> 1, then all x>y will be solutions to the inequality log,x>1. 

Thus, if x>>1, then for inequality (13) to hold, y must be greater 
than unity: y> 1, and the original inequality will be satisfied by those 
points for whose coordinates the condition x>y is also valid. 

If we depict the set of these points in a drawing, it will be seen that 
the set is the interior of the angular region CBD (Fig. 04). 


Fig. 54 


(b) Now let O0<x<1. Reasoning in similar fashion, we find that 
the condition of the problem is satisfied by points for whose coordina- 
tes the conditions O<¢y<il1 and y<‘x are fulfilled. The set of these 
points is the interior of the triangle AOB (Fig. 54). 

Consequently, points whose coordinates satisfy inequality (13) 
form the region cross-lined in Fig. 54 [the coordinates of the boundary 
points of this region do not satisfy relation (13)]. 

30. Find all the points, in the plane, whose coordinates x and y satisfy 
the inequality 

cos x—cos y > 0 


Using a familiar trigonometric identity, rewrite the given inequality 

as 

~ XtY 2 YX 

sin— = sin=5- > 0 
This inequality holds true for all! points whose coordinates x and y 
are such that the expressions A=sin[(x+y)/2] and B=sin[(y—x)/2] 
have the same signs. 

Let us first investigate the expression A. Solving the equation 
sinI(x-+-y)/2]=0, we find x-+y=2kn, k=0, +1, +2, ... . Geometri- 
cally, this signifies that the expression A reduces to zero only the co- 
ordinates x and y of points in the plane which lie on one of the straight 
lines y=—x-+2kn, R=0, +1, +2, ... (in Fig. 55 these straight lines 
are indicated by solid lines). For the sake of brevity, we denote by 
M,, the straight line y=—x-+2kn for integral & (thus, the straight 
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line M, is the bisector of the second and fourth quadrants, M _, has 
the equation y= —x—2n, etc.). - . 
All the iaight lines M, are parallel and partition the plane into 
strips. Let us agree to call the strip between two adjacent lines M, 
and My41 the strip {M;, Mz41}, the lines M, and M;, +41 themselves 
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not being included in this strip. For example, {Mo, M:} is the strip 
between the straight lines y=—x and y=—x-+2n, that is, the set of 
points whose coordinates x and y satisfy the inequatity O0<x-+y< 2x. 
Analogously, in the general case, the strip {M,, M n+i} is the set of 
points whose coordinates x and y satisfy the inequality 2kn<x-+-y< 
<2(k+1) x. 

Now let us determine the set of points whose coordinates x and y 
satisfy the inequality sin[(x+y)/2]>0. This inequality can easily 
be solved; it is valid for 


2:2nn<x+ty<2(2n+1)n, .n=0, +1, +2, ... 


Geometrically, this signifies that the expression A is positive for the 
coordinates x and y of all points lying in each of the strips {M,,, 
Menai}, n=0, £1,°-2, ...’, 1.e., in each strip bounded from below 
by the straight line M., with even index and from above by Mao, 43. 

In the same way, by solving the inequality sin[(x-+-y)/2]}<0 we 
convince ourselves that expression A is negative for the coordinates 
x and y of all points lying in each of the strips {Mon -1, Mon}, n=0, 
-+-1,+2,... . In each of the strips {M,, Mn 41} of Fig. 55 is indicated 
the sign of expression A: the strips where A >0 are marked with ho- 
rizontal lines, the strips where A <<0 are marked with vertical lines. 

Let us now examine expression B. Similar reasoning shows that 
expression B is made to vanish by the coordinates x andy of points 
lying on the straight lines y=x-+-2mn, m=0, -+:1, +2, ... (these lines 
are shown dashed in Fig. 95). For integrat m we denote the straight line 
y=x+2mn by N,,, and we wil] agree to call the strip between adjacent 
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lines VN, and Nima, the strip (N., Nin+1} (the straight lines N,, and 
Nmwea themselves do not belong to this strip). It is easy to verify that 
the strip {N,,, Nin+i} is a set of points whose coordinates x and y 
satisfy the inequality 2mn<y—x<2(m+1) x. 

Solving the inequalities B=>0 and B<0, we see that B is positive 
for the coordinates x and y of all points lying in each of the strips 
{Nop, Napai}, p=0, £1, +2, ..., which is to say in each strip boun- 
ded from below by the line N,, with even index and from above by 
Nep+1- Furthermore, the expression B is negative for the coordinates 
x and y of all points lying in each of the strips {Nap-1, Nzp}, p=0, 
ctl, +2, ... . In Fig. 55, in each strip {N,,, Nm4+i} is indicated the 
sign of the expression B: strips with B>0O are marked with vertical 
lines, those with B<<0 are marked with horizontal lines. 

It is now easy to describe the set of points, in the plane, whose co- 
ordinates x and y satisfy the inequality A-B>0: it includes all rec- 
tangles (exciuding their contours) which are double cross-hatched in 


Fig. 55). 


Exercises 


Find the domains of the following functions. 


ly=5V 1—4x?, 2. y= log,—, (2—x—x?). 
3. y= arccos 2! *), 4. y=arcsin (tan x). 
5. y= y/ x-? (x—2) (x—3).. 6. y= V logy, cos (2nx). 
Construct the graphs of the following functions. 
7. y=—5. 8. y=n(x+l). 
9, y= x (1—x). 10. y=x?-+5|x—1]+1. 
I. y=|— 3x+2|—] 2x—3}]. 12. y=|x*?—3x-+2]+]5—x]}., 
13. y=(x-+ 1) (L412), 14. go let Udlxt—2), 
2x -+- 1 2x— 

15. at! 16. y= 
17. y=1—1/[x|. 18. y==(1/3)~ 241, 
19. y=2-3xt1_], 20. y= 10~'*!, 
21. y=— logy (2x-+ 1). 22. y=logiy, 2. 
23. y=| log yj, *" |. 24. y= V logy, sinx. 
25. y= sin? x-+ cos? x. 26. y=sin?x—cos? x. . 
27. y= V 3 sin 2x -+-cos 2x. 28. y=2 sin | 2x |. 
29. y= 2 tan (— 2x-+-(m/4)]. 30. y= — cos? [x—(x/6)]. 
31. y= 1+ VY x. 32. y=x-4+-sinx. 

1 ] \tan x 
33. y = 10g, 74 aro 34. y= @ : 
35. y=log — tanx. 36. y =sin (arccos x). 


37. y= cos 2x — V 1— sin 2x (sin x-+-c08 x), 
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[x—2 [41 

[eF3y 

x 
3 COS —— 

39. y= 3-42 2 
How do the graphs of the following functions differ? 
40. y,=loggx* and y.=2 logy x. 
41. y= 2's* and = y,=x. 
42. y,=tanxcotx and y,=}. 


Sketch, in a plane wit’ a given coordinate system, the set of point 
coordinates x and y satisfy the following relations. points whose 


38. y= 


43. |y—1 | =x? —4x+3. 44. |x|tx=|y|+y. 
45. |x—2)+]y4-1[<1 46. |x—~y| > 2. 

47, |2x-+-y|+|2x—y| < 4. 48. |y|=sinx. 

49, cos 2x-+-cos y= 0. 50. x= sin | y |. 

BI. log, sinx {4 > 0. 52. x > log. |y|, y < x. 


53. A rectangular parallelepiped has altitude 1/2 and sides of the base x 
and y. Find the relationship between y and x and depict it graphically ig y, 
know that the lateral surface area of the parallelepiped is equal to the are ‘ 
the ha 5 , 4 mene 

54. In,a regular quadrangular pyramid of height y and side x of base, 
of the base is 1 unit more than the area of the oe section drawn through ee 
of the pyramid and the diagonal of the base. Find the relationship between y and 
x and represent it graphically. ; 

_ 55. The base of a first right cylinder is a circle of radius y, the base of a second 
right cylinder is a circle of radius x, the radius of the first circle being greater than 
that of the second. The altitude of the first cylinder is 1/8, the altitude of the second 
1/2. Find the relationship between y and x and represent it graphically if the diffe: 
rence between the area of the lateral surface and the area of the base of the first cy- 
linder is equal to the area of the lateral surface of the second cylinder. y 


Chapter 2 TRIGONOMETRY 


- 


2.1 General remarks on trigonometry 


The student usually knows the definitions of the trigonometric func- 
tions of an angle. However, like all elementary functions studied in 
algebra, the trigonometric functions are ultimately viewed as func- 
tions of a numerical argument. Yet difficulties are caused by phrases 
like this: the sine of a given number. 

When asked what sin means, the student ordinarily is fast with the 
following answer: sina==0. But it is not what sinx is equal to but what 
the symbol stands for, how one is to understand the notation sinx. 
The sine of the number x, i.e. sinz, is the sine of an angle of x ra- 
dians, which is to say, an angle of 180°. ? 

The definition of trigonometric functions of a numerical argument 
is approached gradually. These functions are first defined as the func- 
tions of an arbitrary (positive or negative) angle. Then the introduc- 
tion of the radian measure of angles enables us to associate with every 
real number a a definite angle of aradians, and, conversely, every ang- 
le is uniquely associated with a real number, which is the size of the 
angle in radians. Then, finally, we can define the trigonometric func- 
tions of a numerical argument: the trigonometric function of a number 
a is that same trigonometric function of an angle of a radians.Thus, from 
a given number we find the corresponding angle, and the trigonometric 
functions have already been determined for every angle. 

Thus, for example, sin 10 is the sine of an angle of 10 radians. In 
other words, we have to take an xy-system of coordinates, the unit 
circle with centre at the origin and find the point M on the circumfe- 


rence of the circle such that the vector OM forms an angle of 10 radians 
(570°), measured counterclockwise, with the positive x-axis.* Then 


* It is well to recall here the common illusion that in measuring angles in degrees 
we get a concrete number while radian measurement only yields an abstract number. 
Actually, any measurement will always yield a concrete number, whether 5 km, 
28° or 10 radians. It is a purely conventional matter that when measuring angles in 
radians we leave out the name of the unit and often say “an angle equal to 3n” instead 
of “an angle equal to 3x radians”, 
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the ordinate of the point M (which is a number!) will be the sine of an 
angle of 10 radians, in other words, it will equal sin 10. 

We see that the final definition of trigonometric functions does not 
involve any angles at all but establishes a relationship between nym- 
bers. The introduction of angles is only an auxiliary, intermediate, 
step, whose necessity is dictated solely by considerations of the teg- 
ching process. 

The student often makes use of the symbol oo, which is not generally 
used in elementary mathematics. For instance, a common but mea- 
ningless formula is tan 90°=oo or its verbal statement: “The tangent 
of a right angle is equal to infinity.” On occasion the student will even 
“justify” it thus: tan 90°=sin 90°/cos90°=1/0=oo. Remember that 
all such manipulations are senseless. 

Of course, trigonometric formulas must be memorized, but the sty- 
dent should be able to derive every one of them because the ability to 
derive a formula is far more important than a simple knowledge of the 
formula without an understanding of its derivation. 

An analysis of the proofs of trigonometric formulas encountered in 
secondary school shows that any one of them can be obtained rather 
quickly if the student has memorized the definitions and the basic 
properties of the functions sinx, cosx, tanx, cotx,* ‘the relation 
sin’x-+-cos’x=1 and the addition formulas. Using this as a basis, it 
is easy to derive the reduction formulas, the formulas for transfor- 
ming a product of trigonometric functions into a sum and conversely, 
and so forth. 

Suppose we need the formula of the sine of half an angle.** By the 
addition formula and the relation sin?x-+cos?x=1, we can write down 
immediately 


a 0 J a a ‘ a ; ie 

COs @ = COS ($+4] = COS eee or aaa Sin > sin 5) 
a e 18 e eA ° a e (oF 
= Cpe? asin? ee { J an cin? \evcin? Se ce pede 
cos? 5- — sin? > (1 sin x) sin? 1—2sin 5 


whence 


_ so , ; | 1—cos a 
sin? a= ae i.e. sin = + | ee (1) 
On the other hand, it is not wise to overestimate the value of deri- 
ving any formula and thus not to memorize them, otherwise too 
much time at an examination will be taken up in deriving the needed 


formulas. The range of formulas that the student has in his so-called 
active memory should be rather extensive. 


* The notations 1/sin x=cosec x (cosecant), 1/cos x==sec x (secant) are also enco- 
untered. : 

** It would be better to say the formula for the sine of half a number, the formula 
for the cosine of twice a number, etc., but we will not here depart from tradition and 
will use the word “angle” instead. Bear in mind, however, that “angle” and “number” 
may be used interchangeably throughout the sequel. 
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Many formulas can be derived in a variety of ways. Any one is 
as good as another. The student should pick the one he likes best. The 
only requirement is that the derivation be carried out correctly. The 
proofs of formulas given in standard textbooks should be viewed simp- 
ly as possible versions of their derivation. If the student can offer a 
different derivation, all well and good. Preference should be given to 
simple derivations involving straightforward reasoning. 

Take care that in deriving a formula you do not rely on another 
formula which itself is obtained from the one being proved. For examp- 
le, the evenness of the function cosx is often demonstrated by the 


student as follows: 
cos (— x) = cos (0O—x)=cosOcosx+sinOsinx=cosx (2) 


This chain of equations utilizes the addition formula cos(a—f) for 
the case when a <8. For this reason, the proof given in (2) of the even- 
ness of the cosine function may be regarded as proper only if the 
student is able to justify the addition formula cos(a—f), a<B, with- 
out recourse to this property of the cosine. 

A word on the rather common confusion with regard to understan- 
ding the sign +: in formulas like (1). Some students believe that “the 
sine of half an angle can assume two values”, others think that only 
one of these values can be chosen (that is, corresponding either to the 
plus sign or to the minus sign), but they are unable to explain properly 
when a given value is to be taken. | 

Actually, for any fixed value a we must take, in formula (1), either 
the value corresponding to the plus sign or the value corresponding to 
the minus sign (but never both values at the same timel!).* The question 
of which value to choose depends on. the quadrant in which the angle 
a/2 lies: if it is in the first or second quadrant, then one should take 
the value with the plus sign, if it is in the third or fourth quadrant, 
then take the minus sign.** | 

Thus, the sign + in formula (1) does not point to any kind of “two- 
signed nature” of the sine of half an angle. We have to put that sign 
because sin (a/2) can (for different values of a) assumte either positive 
or negative values, whereas the expression V 1/2(I—cosa) is nonne- 
gative for all values of a. 

Actually, formula (1) signifies that a knowledge of the value of cosa 
does not uniquely define the value of sin(a/2), but only defines the 
absolute value of sin(a/2), In order to determine the value of sin (a/2) 
one must, know the cosa and the quadrant in which the angle a /2 


lies. 


* Provided cosa 1, because when cos@=1 both values are zero. 

** It is easy to see that the plus sign is taken in (1)-when 4nz ca<4nax + Qn 
and the minus sign when 4na+2n<a <4nn-+4n (where n is any integer). For 
a==2nn, it is immaterial which sign is chosen since for this value of the angle, 


sin (a/2)=0, 


15—3480 


» 
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It is therefore preferable to avoid notations like (1) and employ the 


more exact notation 
a l1— cosa 
|sin > |= Ve 


A similar situation is encountered in certain problems when jt js 
required to compute the value of one trigonometric expression jn 
terms of another one. Bear in mind that, generally speaking, on the 
basis of the value of one trigonometric function of an angle only the 
absolute values of the other functions of this angle can be defined unam- 
biguously. To determine the values themselves of these functions, 
we have to know, for instance, in what quadrant the angle at hand js 
located. 

Let us examine a problem. | 

It is known that sinB=4/65 and O0<p<n. What is the ratio 


V Ssin (0+ B)— oe ay c08 (@+ 8) 
sina 
equal to if (a) the angle B ts acute, (b) the angle B {ts obtuse? 
This ratio, for brevity we denote it by M, can readily be reduced to 
the form , 
M= sina (3 cos 8 -+-4 sin B)-+- cos & (3 sin B-—4 cos B) 
7 3 sing 


To compute the value of this expression we have to know sinB and 
also the value of cos. Since sinf=4/5, it follows that we can imme- 
diately find the absolute value of the cosine of this angle: |cosp}— 
=) |—sin?B=38/5. The sign of the cosine must be determined depen- 
ding on the quadrant under consideration. 

When the angle B is acute we have cosB=3/5 and, therefore, as js 
readily computed, M=6//3. But if angle B is obtuse, then cosp= 
=:-— 3/5 and, hence, M=V 3(7+24 cota)/15. 

Unfortunately, not alf students are able to find the values of the 
argument for which a given formula is valid. One often hears things 
like this: “All the trigonometric formulas derived in the textbook are 
identities, which means they hold true for all values of the arguments.” 
This is not so. The trigonometric formulas are valid only for ad- 
missible values of the arguments. 

In particular, the formula sin2a=2sinacosa is indeed valid for 
an arbitrary value of a, whereas the formula tanacote=1 is mea- 
ningful only for values of a different from ka/2, where & is an arbitrary 
integer (because for a=zx/2 one of the functions that enter into the 
formula is not defined). 

Therefore, when writing down a trigonometric formula always bear 
in mind the values of the letters for which it is valid. 
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The problem of finding these values is solved by determining the 
values of the arguments for which each of the component functions 
is meaningful. If for some value of the argument at least one of the 
component functions becomes meaningless, then that value of the 
argument must be discarded. 

Consider, say, the formula 
sin (a— fp) (3) 


cos a cos B 


The left member is defined if a54(/2)--kn and B>4(n/2)--nx, where 
k and n are arbitrary integers, since for each of these values either 
tana or tanf becomes meaningless. The right member of (3) is mea- 
ningful for those values of a and B for which cosacos B=40; it is easy 
to verify that we come to the same restrictions on a and 6. We thus 
see that the left and right members of (3) exist under the same can- 


ditions: 


tana—tan p = 


a aa + ket, pA++nn (k, n integers) 


These two inequalities yield the conditions under which the formula 
for the difference of two tangents is valid. 
A somewhat more complicated analysis is required for the formula 
tan «—tan fp 


tan («—) = 1-+-tan a tan B (4) 


Its left member is defined if a—B <4 1/2+-kn; only for these values of 
a and 6 does the expression tan(a—f) become meaningless. For the 
right member of (4) to be meaningful, tana and tanB must be defined, 
that is, it must be true that a=4n/2-+nx, B54n/2-+-ma, where n and m 
are integers. But this is not all: the denominator 1-+-tanatanB must 
be nonzero. Since tana and tanf are defined (we have already assu- 
med that), the condition 1-+tanatanBs40 may be rewritten as 
cos (a — B)=40. Hence, the denominator in the right member of (4) is 
nonzero if a—P=4n/2+-kn, where & is an integer.* Hence, the formula 
for the tangent of a difference holds true provided that 


ae +n, Ba++ mn, a—P Atha (n, m, k integers) ** (5) 


* Note particularly that in order for a pair of values a, B to be excluded from the 
domain of admissible values of formula (4) the only thing required is that either 
a=n/2-+-nn for some integer n (B arbitrary) or B=x/2-+-mn for some integer m (a ar- 
bitrary), or a—Bp=2/2-+-kn for an integer &. Hence, if even one of these equations is 
valid, then formula (4) is not true for the appropriate values of the arguments, 

** The conditions. (5) are sometimes written thus: 


ae pha, BADkn, a—P Aho, k=O, £1, £2 oe 


It is assumed here that in each of the inequalities the number & runs through all 
integers independently of the other two inequalities, 


15? 
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A comparison of the foregoing analysis of the conditions under which 
formulas (3) and (4) are meaningful points to one essential difference 
between these formulas. Whereas the left and right members of the 
formula of the difference of two tangents exist or do not exist for one 
and the same set of values of the arguments, the domains of existence 
of the left and right members of the formula for the tangent of a diffe. 
rence are different. For instance, the left member of (4) is meaningful 
fora=/2, B=2/4, whereas the right member is not defined for these 
values of a and 8B. 

It is possible to give other instances of trigonometric formulas 
in which the left and right members have different domains (domains o 
admissible values of the variable). Such for example are the formulas 
expressing the sine and cosine in terms of the tangent of half an angle 
the formula of the tangent of a sum, the formula of the tangent of a 
double angle (the reader is advised to make a careful analysis of these 
formulas). 

This fact is paramount in the solution of equations (it is discussed 
in more detail in Sec. 1.9), 


Exercises 


1. Define (a) a negative angle, (b) the radian measure of an angle, (c) the tan- 
gent of a given angle, (d) cos 1, (e) arcsin a. 
2. State whether each of the following assertions is a definition or a theorem: 
(a) sin’a-+-cos’a=1 for arbitrary a, (b) the sine of an angle @ is equal to the ordi. 
nate of the unit vector issuing from the origin and forming with the axis of abscissas 
ah angle q, so the graph of the function y= sinx passes through the origin 
) cot 90°=0. 
3. Consider the theorem: “If the terminal side of the angle @ lies in the second 
quadrant, then cosp<<0.” State the following theorems: the converse, the inverse 
and the contrapositive.. Which of these theorems is valid? 
4. Prove that if real numbers x and y satisfy the condition x*+-y?=1, then there 
is an ‘angle @ such that x=sin and y=cos @. 
5. Which is larger: (a) sin 1° or sin 1, (b) tan | or tan 2? 
6. How are the angles a and 6 related if it is known that (a) sina=sin B 
(b) cosa=cosf, (c) tana=tanB, (d) sina=sin fp? 7 , 
7. Express cos (#/2) and sin (a/2) in terms of sina if 270°<a <450°, 
8. Given: sin x=1/4 (V5— 1). Compute sin 5x. 
9. Compute without the aid of tables 
20 An 


1 
cOS -5- COS —=~ COS =. 
7 7 7 


10. Verify the validity of the equation 
1—tan?715° WV 3 
I+tan?15°" 2 ° 


2.2 Trigonometric transformations 


At examinations the student encounters a diversity of problems in- 
volving the transformation of trigonometric expressions or the proof 
of trigonometric relations. All such problems are amenable to solu- 
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tion through the use of familiar formulas, though some of them appear 
‘quite often in “terrifying” form. Nevertheless, combining suitable for- 
mulas ordinarily does the trick and no fundamental difficulties should 
arise. : 

But for this the student should have a firm grasp of all formulas and 
be able to read them from left to right and from right to left, and “see” 
them in a variety of notations. For instance, in the notation sinx~x 
x sin 30°—cos 30° cos x the student should recognize —cos(x+30°) and 
not sin (x—30°), as some do. | 

This ability and the necessary habits are acquired by working with 
the basic trigonometric formulas and solving a sufficient number of 
problems. : 

When performing trigonometric transformations, take care to ob- 
serve all the rules of algebraic operations and carry through the manipu- 
lations neatly and legibly because a simple thing like writing a plus 
sign instead of a minus sign or fumbling in the computation of a-co- 
efficient can nullify the final result. The student frequently has to 
make use of various algebraic identities which he should be able to 
apply to trigonometric expressions. 

To take an instance, many mistakes are made in trigonometric 
transformations due to an improper understanding of the symbol y. 
In trigonometry, as in algebra, this symbol always denotes the prin- 
cipal square root (see Sec. 1.4) and so, for instance, 


VY 1—sin 2x = V (sin x— cos x)* =| sin x —cos x| 


but not sinx—cosx. In place of the expression V (1/2)(1—cos2a) one 
should write |sina| and not sina, etc. 


1. Simplify the expression 


Vs e 
—- sInx 
] a 


Vos y+ =e y Va-+ btan’ x 
— Ssinx 
Q 


where b=>>a>0. 
After a few simple manipulations, this expression (for brevity de- 


note it by P) can be rewritten 


_ sins Va+btan?'x — sinx Va+ 6 tan? x 
V a+(6—a) sin? x V acos?x-+6 sin? x 


Some students handle this as follows: 


b sintx VP acos?x-+6 sin? x 


Vatbane= Vat = oe 


and get a wrong answer: P=tany. The mistake here is this. In this 
transformation what we actually ‘have to simplify is the expression 
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V cos*x which is equal to |cosx|. And so the final result is P= 
=sin x/|cosx|. 

In the problem that follows the chief difficulty lies precisely in the 
algebraic aspect of the matter, in the necessity to indicate exactly 
for which values of the parameters a given transformation is legitimate 
and what the procedure should be applied in the case of other values 
of the parameters. . 

2. Eliminate 8 and from the relations 


nm? tan?6-+-n? tan? = 1, m?cos?0-+n'%sin?o=1, 
msinO=ncos @ 


and find the relationship between m and n. 

Here, it is necessary, assuming that the three relations are valid, 
to eliminate 6 and g. This can be done in a variety of ways. We in- 
dicate one. | 

In order to be able to take advantage of the third relation, rewrite 
the second so that it embodies the products m sin 8 and 1 cosq: 


m? sin? 0+ n? cos? g =m?-+n?—1 
Then, taking into account the third given equation, we get 
2n? cos? p = m? + n?— |] 
Assuming n=40 (the possibility of n=0 will be considered separately), 
we have 
; m? + ni— ] 
2n? 


Furthermore, from the third relation, on the assumption that m=40, 
we have | 


cos? @ = 


2 2 Att] 
20) —]—cin2A— n __ mnt + 
COS SO SM Os ba COS Daa 


We can now already write down some relationships between mand 
n: if m>40 and n=O, then 
| m+ n?— | 

2n? 


2. 42 


<1, p22 ei 


2m? 


Now rewrite the first of the given relations in the form 
l 1 
m (carp!) +0" (carp!) =! 
and substitute the expressions found for cos?@ and cos?p to obtain a 
relation between m and n: 


2m+4 2n4 = 
Worf t wpa Tl 


0< 
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Now let us see what happens when n=0. The given relations become 
mtan?0=1, m?cos?0=1, msind=0 


The first equation shows that m=<£0; then the third yields sin®0=0, 
which conflicts with the first one. Hence, from the given relations it 
follows that n=40. It is analogously shown that m=40 as well. 

Thus, after eliminating © and @ from the three original equations, 
we can make the following statements about m and n: 


a 2 oH yd 
m==0, n=£0, oc Stem <1, o< 2H <1, 


2m* 2n4 
rae rs as a 


The solution is complete. 

Let us now dwell in more detail on the transformation of the ex- 
pression asinx-+-bcosx by the introduction of an auxiliary angle. It. 
will be recailed that in defining the angle » from the conditions 


: b a 
ale came 9 ary i COS P= Tape (1) 


(it is assumed that a and 6b are not zero simultaneously), we can re- 
duce the expression a sinx-++-b cosx to the form )/a?+8? sin(x+@).* 
It is easy to see that it is precisely the signs of the numbers a and 6 
which determine the quadrant in which the angle @ lies. 

This general method of introducing an auxiliary angle always leads 
to the desired end. In the actual solution of concrete problems, however, 
(say, in trigonometric equations) it is often more advantageous to 
introduce the auxiliary angle differently. 

It is frequently convenient to define the auxiliary angle so that it 
should He between 0 and n/2. If in place of formulas (1) we use 


sina = —l21 _ cos a= —/4l__ 9 

: V @+ 8? ’ Ve+o ( ) 

to define the auxiliary angle a, it will be clear that a may be chosen. 

in the first quadrant. What is more, it is sufficient to use only one of 

the formulas of (2) because an angle in the first quadrant is uniquely 
defined by the value of the sine (or cosine).** 

In the process, of course, the expression asinx-+bcosx will not 


necessarily be reduced to V a?+-6? sin(x-+-a) but possibly to one of 


*’ In standard textbooks it is shown that these conditions define a unique angle » 
within the range rig Wea Quite naturally, for the auxiliary angle we could 
choose any angle p+-2kn, A=+1, +2,.... 

** If so desired, when defining & (in the range from 0 to 1/2) we can also use the 
relation tan eel lal (if a3£0) which follows from (2). It is.easy to convince oneself 
that all these relations define one and the same angle a in the first quadrant. 
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the following expressions: 
Ve+bsin(x—a), Vat+b'sin(—x-+a), 
V a +b? sin (— x—a) 
depending on the signs of the numbers a and b. 
However, in transforming the concrete expression asinx-+bcosx 


there is no need to recall formulas (2), it is much simpler to carry out 
the necessary manipulations directly. 


Consider for example the expression Q=—2 sinx+-V 3cosx. Since 
the square root of the sum of the squares of the coefficients of the sine 


and cosine is equal to /7, the expression Q may be rewritten as 


Ws Ok 3 
os |-—-—= ee 
Q=V ( v7 sin x + a cos x) 
If we now take 2/7 for the cosine of the auxiliary angle @ and 3/7 
for the sine of that angle, then ! 
Q=V 7(—cosa@sinx-+ sina cos x) 
=)V7sin(a—x)=— VY 7sin (x—«a) 


The angle a itself (in the range from 0 to 1/2) may be determined from 
the equation 
V 21 
7 


; 3 ; 
sina= 13, or a= arcsin—-——— 


ad 


and so, finally, 


Q= amen | a) ‘sin (x—arcsin ya ) 


If in determining the auxiliary angle a lying between 0 and x/2 we 
use the condition 


y) 2V7 
CoS o> oe os — 
TF OF O& == arccos —z 


then expression Q assumes a somewhat different form:. 


Q=—V7 sin ( x—arecos Z a ) 

{t is sometimes more advantageous to reduce the expression asin x-+ 

-rbcosx to the cosine of a sum (or a difference) of the angle x and an 

auxiliary angle lying in the range from 0 to 2/2. This transformation 

: oe conveniently performed directly without recourse to general 
ormulas. 
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Thus, the expression R=sin2x—,/3cos2x may be given in the 
form - = 
R=2 é sin ox —V 3 COs 2x) 


It can be reduced to the cosine of a certain combination of angles if 
the expression in the brackets on the right is represented as an ex- 
panded cosine of the sum of the angle 2x and of a certain angle 6 (in 
the range from 0 to x/2). For this it suffices to take 1/2 as the sine of 


the auxiliary angle B and Y3/2 as its cosine, Since in this case B= 
= 1/6, it follows that 


R=2 (sin sin 2x — cos = cos 2x = —2cos (2+) 
As we know, a trigonometric expression is, generally speaking, nof 
meaningful for all values of its arguments. For this reason, in problems 
that involve the transformation of a trigonometric expression it is 
always assumed (though not always explicitly stated in the problem) 
that the transformation of the proposed expression is to be carried 
out in its domain of definition, which is to say only for those values 
of the arguments for which the proposed expression is meaningful, 
3. Given that the angles a, B, y are connected by the relation 


2 tan* o tan* B tan? y+ tan? o@ tan? § + tan? p tan? y 
+tan?ytan?a=1 (3) 


Find sin?a+sin® B-+sin? y. 

According to what we have just mentioned, it is necessary to find 
the sum sin’a-+sin?B-+-sin?y (denote it by 4) solely for angles a, B, y 
such that for them all the trigonometric functions in (3) exist. In 
other words, we must assume that in the given problem the angles 
a, B, y are such that tana, tanp, tany are meaningful.* It is precisely 
under this additional and implicitly stated condition that we will 
seek the quantity JN. 

Since it is assumed that we will seek NV starting out. from the value 
of a certain trigonometric expression involving tangents, it is natural 
to write down the desired quantity MN in a different form, in terms of 


tangents: 


__tan?a tan? B tan? y 
N=Titante | tctan®p 1 tanty 


* Note that the desired sum sin’a-+sin?B+-sin*y has a definite meaning and a 
definite value for all angles a, B, y. However, for those angles a, f, y for which at 
least one of the numbers tana, tanB, tany does not exist, condition (3) of the prob- 
lem becomes meaningless and so such angles cannot be considered “as being connected 


by the relation (3)”. 
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Note that here we use the assumption that tana, tanB, tany exist. 
It is only then possible to make use of the formula connecting the 
sine and tangent of the same angle. 

Subsequent manipulations do not cause any trouble. Reducing 
the expression obtained for N to acommon denominator and using 
(3), we find that N=1I. | 

In this problem, we did not actually have to find the admissible 
values of the arguments; the only important thing was that the trans- 
formations carried out be valid for all admissible values and that they 
should not alter the domains of definition. 

However, if one has to use transformations that do change the do- 
main, then great care must be taken. This is especially essential when 
it is necessary not only to transform the given expression but also to 
determine the values of the variable which make this expression vanish 
(which actually amounts to solving an equation). In this case, pay 
attention to the changes that the domain of definition undergoes. Do 
not permit a restriction of the domain, and make a check if it is ex- 
tended. 

4. Simplify the expression 


] 


wane [(2 cos x— sin x) cot x-+ 2 sin x-++ cos x] 


| V 3 sinx a 
os [ +(,¥ Senn ) 


cos 2x [2 (1 —sin x cos x) -+ (sin x+-cos x)?] 
6 (sin x-+- cos x)? (I — sin ¥ cos x) 


Find all the values of x for which this expression vanishes. 

We will not begin by determining the admissible values of x and 
will perform only the formal transformations. Denoting the expression 
by A, the minuend by Band the subtrahend by C (so that A=B—C), 
we transform B and C to a simpler form: 


] 2 3 sin? x l 


C= 3 (cos? x— sin? x) 
6 (sin x-+ cos x)? (1— sin x cos x) 
- cos x—sin x 
~~ 2(sin x-- cos x) (1—sin x cos x) 
Consequently, 
Aes sin x 
(sin x -+- cos x) (l— sin x cos x) 


Noting that 1—sinxcosx=sin?x—sinxcosx+cos*x and using the 
algebraic identity 


(a+ b) (a2@—ab-+ 6*)=a>+ 6 
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we finally get 
Bis sin x 
~ sin’ x-+ cos? x 


Let us. no examine the second part of the problem. From the final 
form of the given expression it is evident that it will vanish only for 
those values of x for which sinx=0. However the original expression 
is meaningless for these values of x: the presence of sinx in the denomi- 
nator and also of cotx presuppose that the original expression is con- 
sidered for x54kn, k an integer. It therefore follows that the given 
expression cannot vanish for any values of x. | 

How are we to account for the fact that the final expression vanishes 
for certain values of x while the original expression is meaningless 
for these values of x? This is because in the process of transforming the 
original expression we extended its domain of definition. This occurred 
when we cancelled sin?x out of the numerator and denominator of 
the minuend. It was then that the values x=An, R=0, +1, +2, .,, 
appeared in the domain of permissible values. 

Note that the domain of the original expression fails to include not 
only x=kan, R=0, +1, +2, ..., but also the values of x for which the 
expressions sinx-++cosx and 2cosx—sinx vanish (the expression ]~ 
—sinxcosx never vanishes). As for the final expression, it is meaning- 
less for those values of x for which sinx-++cosx=0 but is. meaningful 
for those values of x for which 2cosx—sinx=0 (find the transforma- 
tion —— which the indicated values of x appeared in the do- 
maint), 

We have already discussed in detail the fact that trigonometric 
formulas are only valid for admissible values of the arguments [see, 
say, (3) and (4) of Sec. 2.1]. This applies in full measure to the tri- 
gonometric relations (identities) that are given to be proved at exa- 
minations. 

In problems that require the student to substantiate a trigonometric 
relation, bear in mind that each relation must be considered together 
with a description of the set of values of the arguments for which it is 
valid. If the set on which the identity to be proved is valid is not in- 
dicated in the statement of the problem, then this means that the iden- 
tity must be regarded in the domain of its variable. It is then necessary 
to find that domain and ensure the validity of the proof for all admis- 
sible values of the arguments. 

5, Prove the identity 


‘1 = —cos 20 E + tan (F—<] ae 22) 


It is quite clear that if this identity is valid at all, then not for all 
values of a. Indeed, the left member is meaningful for all a (it 
is simply independent of a), while the right member is not defined 
for a=nn, a=(n/4)+(mn/2), where n and m are integers (represent 
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these values on the trigonometric circle!). All values of «, except those 
just mentioned, are admissible. 

It is precisely for these admissible values of a that we have to prove 
the proposed identity. The proof is extremely simple if we take aqdyan- 
tage of the basic formulas of trigonometry. The only thing to pear 
in mind is to check to see that the transformations are legitimate for 
all admissible values of a. 

In order to prove a trigonometric relation, one ordinarily takes one 
of its parts and with the aid of various trigonometric and algebraic 
operations (and the data supplied in the statement of the problem) 
transforms it so as to obtain the expression in the other member of 
the relation being proved. This coincidence of the left and right mem- 
bers of the equation can also be attained by transforming them sepa- 
rately. 

Howevte: in more complicated cases, particularly if it is required 
to obtain the sought-for equation from the given equation, it is often 
rather difficult to see at a glance what manipulations will achieve 
the desired end. In such cases, it is common fo assume the relation to 
be valid and then by means of various manipulations to reduce it to 
an obvious (or to the given) equation, thus probing for a path leading 
to the solution. | 

6. Prove that if cosx=cosacosb and if xa # (2k+1) 1, b¥ (2n+1)n, 
k, n=0, +1, +2, ..., then 

b 


1-+tan 222 tan a= = sec? o) (4) 


It hardly seems possible in this problem to guess at once precisely 
which transformations of the equation cosx=cosacos8 will lead (ta- 
king into account all restrictions) to the desired equation i 

We will therefore assume that equation (4) is true and will transform 
it: 


_ x*+a., x—a 
sin —>— sin —5 4 = 
x+a  x—a 46 : 
cos cos cos* — 
2 2 2 (5) 


vOS @—CcoOs x 1—cosb 
cosa+cosx 1+ cosb’ 
cos x = cosacos Bb 


These manipulations brought us to an equation which, by the statement 
of the problem, is known to be true. 


* Note the essential nature of the restrictions imposed in the problem on x, a, 6. 
. Without them the assertion of the problem would not be true since the equation (4) 
we are interested in has a more restricted domain than the given relation cos x=. 
cosacosb. For instance, forx=a-+n, b=a, the relation cosx=cosacosb is valid, 
whereas (4) becomes meaningless, 
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Here, many students made the grave mistake of concluding that 
“hence, the equation (4) to be proved is also true”. There are of course 
no grounds for such a conclusion. The manipulations do not prove 
the validity of the required equation. Strictly speaking, we proved 
that if equation (4) is true, then cosx==cosacosb, which is to say 
that we proved the converse of what was required in the problem. 

We continue to reason as follows. The manipulations of (5) will 
simply be regarded as an exploratory search of a solution in the rough. 
To achieve a real solution, let us start with the given equation cosx= 
==cosacos6 and carry out all these transformations in reverse order. 

Namely, we take the true (by the statement of the problem) equation 
a and multiply both sides by 2, writing down the result 
ike this: 

— cos x-+ cos acos b== cos x—cosacos b 


Adding the expression cosa—cosb.cosx to both members, we get 
(cos a—cos x) (1 + cos 0) = (cos a -+ cos x) (1 —cos 5) 


Since x-ba=(2k-+1) 2, it follows that cosa+cosx = 0. Since 654(2n-+- 
+1) x, then 1+cos6=540, and so* both sides of this last equation can 
be divided by the product (cosa+cosx)(1+cosb) to yield the érue 


equation 
cosa—cosx  1—cos 6 


cosa-+cosx 1-+cos 6 


In the left member, we transform the sum and difference of cosines 
into a product and apply the half-angle formula to the right member: 


. X+ta , X¥—A b 
2 sin dank sin sin? — 


2 eee 
ens 2 cag cos? 


2 2 


It now remains on the left to pass to tangents and on the right to 
express the sine of the angle 6/2 in terms of its cosine in order to get 
the required equation (4). 

But it is also possible to dispense with this reversal of manipula- 
tions. All we need to do is prove that all the transformations used in 
(5) to go from (4) to the relation cosx=cosacosb are reversibie in the 
domain of (4) (that is to say, not only does each equation obtained in 
the process of manipulations imply the subsequent equation, but that 
it itself follows from the subsequent equation) We have already dis- 
cussed this method of reasoning (see Sec. 1.8) as applied to the proof 
of inequalities; it is fully applicable to the substantiation of equations, 


including trigonometric equations. 
* We see that the restrictions given in the statement of the problem are utilized 


in an essential manner: it is only under these restrictions that we can carry through 
in reverse order the manipulations done in the rough draft. 
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Thus, we again have to analyze the transformations (5). It is easy 
to see that they are all reversible [in particular, the transition from 
the second equation in (5) to the third is reversible precisely because 
of the restrictions imposed in the statement of the problem on x, a, 
and b). Now that we are supplied with the proof of the reversibility of 
each transformation, we can regard the manipulations of (5) as a com- 
plete solution: they permit us to conclude that the original equation 
(4) is valid (in the domain of x). 

In conclusion, let us tackle another problem involving the proof 
of a trigonometric relation that is solved by means of an artificial 
device. 


7.. Prove that for an arbitrary positive integer n the equation 
sin = +sin ae ~ .+sin St = 2 sin sin S495 
is true. 
Denoting the left member by S for brevity, multiply it by sin (2/6) 


and then expand all the resulting products of the sines into differences 
of cosines: 


2 3 5 
S-sin 2 = + | ( cos = —cos =) a (cos ——cos >) te ac 


+ (cos nt n—cos—"*" n)| 
Noting that in the resulting sum all intermediate summands cancel 
out, we get 


a at l qt 2n-+- 1 ain AN oe Al 
S.sin =F |cos F—cos EF" a] = Sin ——— Sin ———o, 


S= 2 sin = sin orbs : 


Thus, the left member of the original equation coincides with the 
right member; this confirms its validity.* 


Exercises 


1. Given that sinx=1/4(V 5—1). Prove that in this case cos 4x=sinx 
and find (in degrees) the angle x lying between 0° and 90°, 


2. Prove that the expression y= cos? x-+ cos? (x-++-a@)—2 cos @ cos x cos (x-+- a) 
is independent of x. 


3. Simplify the expression 


; : cos x sin x 
2 sin 2x (sin X¥ cos x +a) 
Sc a Pt RE FE ED 


os? 2 
VI costx) , cost 2t_ 
cos? x- YW 1+ cos#x V I+ cos*x 


* The reader will see that this technique is applicable in a number of other prob- 
lems as well, For instance, it permits computing sums of the form s,==sinx-+sin (x+- 
h)+...+-sin(x-+-nh), s.=cosx-+cos2x-+...+cosnx, etc. [to do this, it suffices to 
consider the expressions s,+sin(h/2) and s,°sin (x/2), respectively]. 
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4. Simplify the expression 
V —a? —ab VY —a@ —ab 
l cos? x - cos? x 
2V —a&@—ab\a+V —a@—abtanx —a+ VY —a?—ab tanx 
where a*--ab <0. 
5. Simplify tlie expression 


(tan x)71/? 


cos? x 
_[t+@tanx)"*/?] [tans—@tane)*/?-+1]—[1—@tans)~*/" [tanx-+-@tane) 7-41] 
2 V2 cos? x [tan’x-++(2 tan x)!/? +1} [tanx—(2tanx)/?41] . 


Find all values of x for which this expression is equal to 33/4 
6. Simplify the expression 
2 sin a cos x (l—cos acos x) — sin 2a sin® x & sin? a sin? x ~1/2 
(1—cos acos x)? (1—cos a cos x)? 
fOca<n/4, 1/4 <x < 0/2. 
7. Prove the identity 


o{/% _\_ 2n els _ 3 
cos (+: a sin (5 a) sin (« r) +: 


8. Prove that if 0 <x < 2/2, then 
Y tan x-+sin x-- Y tanx—sinx=2 Y tan x cos (7-3) & 


9. Represent the expression— tan (x/2)-+-cos x-++-sinx as a product. 
10. Simplify the expression 


sin (a—b)-+ sin (6—c)-++ sin (c—a)+4 sin 
11. Eliminate © and q from the relations 
asin? 0+bcos?0=1, acos?g+bsin?g=1, atand=6 tang 


and find the relationship between a and 6 if0<6<1,a>1. 
12, Eliminate 6 and from the relations 


pcot?0+qcot?@=1, pcost?0+qcos*p=!, psinO=qsing 


and find the relationship between p and 5 
13. Given tanx=2b6/(a—c), ac. Compute the following expressions: 


y==a cos? x +26 sinx cos x-+-c¢ sin? x, z==a sin? x—26 sin x cos x -}-c cos* x. 
14, Prove, that 


a—b b—c ain C—@ 
9 t | 


x sin 


3 6 J 
cos cos 7 4-008 —= 5 


15. Prove that tan 142°30’=2+ V2—V3—V6. _ 
16. For which values of « and fB does the equation tan (a-+B)—tanqa= 


=2 tan (B/2) follow from cos (2¢+-B)= I? 
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17. Prove that sin(a+2B)=sina if cot (a+ f)=0. 
18. Find tan (a@/2) if sina@+cos a=V7/2 and the angle a lies between O° 


and 45°, 
19. Prove that if @ and B are angles in the first quadrant, tana=1/7, 


sinBp==1/Y 10, then a+- 2B == 45°. 
20. Prove that if sin (x—a)/sin (x—B)=a/b, cos (x—«a)/cos (x—B)= A/B and 


aB-+-bA 0, then cos (a—f)=(aA + 6B)/(aB +04). 

21. Knowing that tana and tanf are roots of the quadratic equation 
x°-+-px-+-qg=0, compute the expression sin? (a#+-B)-+ p sin (a-++B) cos (a+ f)-}- 
-++q cos* (a@-+-B). 

22. Transform the expression cosacosficosy into a sum of sines provided 
that gare Cae 

23. Simplify the expression sin? a-+sin?B+sin® y—2cosacosf cosy if 
a-+B+y=n. 

24, The sum of three positive numbers a, 8, y is equal to m/2. Compute the 
product cot acoty if we know that cota, cotB, cot y form an arithmetic prog- 


ression. 
25. Prove that if a, B, y are angles of a triangle, then . 


EMO EOF oe Oe SPY LPT 
cot "x Tcot “gb cot 5 == cot 5 cot 9 cot 9 
26. Prove that ff O<a<n/2,0<B <n/2,0<y <an/2 and cosa-+cos B+ 


+ cos p=1-+4 sin 5 sin E sink, then a+B-+y=a. 


2.3 Trigonometric equations 


The student should be able to write down correctly formulas that 
yield the roots of elementary trigonometric equations: sin px=a, 
cosgx=b, and so forth. Unfortunately, a good many mistakes are 
made in solving such equations because of a lack of skill (or under- 
standing) in handling the symbols arcsina, arccosa, etc. 

To illustrate, consider the equation cosx=—1/2. One often hears 
something like this: “the solution of this equation is x=--(—m/3) -- 
+2kx, where k is any integer.” This clearly shows that the student 
does not understand the symbol arccos (—1/2) (see Sec. 2.5). The value 
is frequently computed correctly: arccos (—1/2)=n—(mn/3), but for 
some reason the notation appears as x=--n—(n/3)-+2kn instead of 


x= (21/3)+2ka. 
Serious mistakes are made when formulas are manipulated mechani- 


cally. Thus, in solving the equation sinx=(V5-+-1)/2 a student gave 
the answer as _ 
x=(—1)faresin V+! 4 gn, k=0, tl, +2, ... 


whereas this equation does not have any roots at all because 
(V5-+-1)/2> 1. | 

Sometimes the student writes the solution of a trigonometric equa- 
tion in degrees. This is of course quite permissible, but the answer is 
preferably given in radians with x regarded as a number and not an 
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angle. But it is not at all acceptable to write a combination of deg- 


fees and radians, such as, say, x=(—w/8)-+90°-k. 
An equation very close to the elementary trigonometric equations 


is one of -the form 
asinx-+-bcosx=c (1) 
to which many other equations reduce. Equations like (1) are best 
worked by the method of introducing an auxiliary angle (see Sec. 2.2), 
I. Solve the equation 
cos x-+-V 3sin x2 cos 2x 


_Here, the left member is most conveniently transformed to the co- 
sine of a difference (defining the auxiliary angle in the range from 0 


to 1/2): 
cosx-+V3sinx=2 cos («—F) 


The equation then assumes the form cos[x—(mn/3)]=cos2x. If we had 
transformed the left member to the sine of a sum: cosx-+-V3sinx= 
=2 sin [x-+-(x/6)], then after transposing 2.cos2x to the left-hand side, 
we would have to take advantage of the reduction formula in order 
to pass to a product of trigonometric functions.* But now we can do 


this directly: 
‘ eats ~ XAT. 
cos (x- +) —cos 2x=0, sin cae 7 sin St 0 


3 
whence we get two groups (sets) of solutions: 


x =o, k= 0, I, eee, ed 


»= —Z+2nn, n=0, +1, +2... 

Trigonometric equations are nearly always found to have several 
groups of solutions. The important thing to realize is that the num- 
bers k and n appearing in different groups are in no way connected. 


The result may also be written differently: 
2k —F+2kn, k=0, +1, ae 


IT 
3 to vee » = 


Here however it is understood that in each of these equations the. num- 
ber & runs through all integers independently of the other equation. 


* Rather often, equations of the form cos[x—(x/3)]=cos2x or sin[x-+-(n/6)]= 
=cos 2x are solved differently, by using the relationships between @ and B that follow 
from the equations cosa=cosf or sina=cosf (see Exercise 1). Examinations how- 
ever show that the student makes many mistakes due to the incorrect use of these 
relations, which are outside the scope of the school curriculum and so need not be 
memorized, all the more so since their use does not substantially reduce the amount 


of computation. 


16—3480 
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W hen the auxiliary angle turns out to be “good” (say 1/3, 1/4, etc.), 
the equations of type (1) are always solved by the foregoing method. 
But if the auxiliary angle is not equal to a single one.of the familiar 
values, then few students use this method. The usual procedure is 
universal substitution or squaring. 

This is apparently due to an aversion for the symbols arcsina and 
the like. In this “bad” case, the auxiliary angle can only be written 
down as an arc sine or arc cosine of some number (expression) which 
cannot be “computed”. However, it is well to stress that such incon- 
venience is but slight when compared with the difficulties that await 
us in the use of other methods.* 

2, Solve the equation 


2 sin 4x -+- 16 sin? x cos x-+ 3 cos 2x ~-5 =0 


The natural way would seem to be to express sin 4x in terms of the 
trigonometric functions of the angle x: 


2sin 4x =8 sin x cos x 16 sin? x cos x 


It is now apparent that the proposed equation can be reduced to the 
form (1): 
4sin2x-+3cos2x=5 ! (2) 


Let « be an angle between 0 and 1/2 that satisfies the relations sina= 
=3/5, cosa=4/5, that is, a=arcsin 3/5, Then (2) is equivalent to the 
equation sin(2x-+-a)=1, whence 


x=—~ aresin = +4 kn, k=0, +1, 42, ... 


Relations defining the auxiliary angle a@ permit choosing a= 
=-arccos 4/5, which yields a different form of the answer: 


x=—-tarcecos ++ 2-4 kn, k=0, +1, +2, ... 


or, choosing «=aretan3/4, 


=— arctan +% en, ‘k=0, +1, 42, ... 


Finally, we could introduce the auxiliary angle B, O<B<n/2 so 
that equation (2) could be reduced to the form cos(2x—f)=1. For 
this purpose, it is sufficient to choose B=arcsin 4/5 or B=arccos3/5, 


* Actually, universal substitution (or the replacement of the sine and cosine by 
the tangent of half an angle) generally speaking restricts the domain of the variable 
and can result in a loss of roots (see Problem 15, Sec. 1.9), The operation of squaring 
both sides of the equation can introduce roots (see Sec. 1.9). Consequently, both these 
methods require SE ey investigation, whereas the method of introducing an 
auxiliary angle immediately leads to an equivalent elementary equation. That is 
precisely why this method is to be recommended when working equations of type 
(1). ; 
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which are written, respectively, as 


kee 5 arcsin = -+ ka, k=0, £1, £2, ... 


and 


x= > arceos- > kan, k=0, +1, +2,... 
It is readily seen that these formulas are merely different forms of 
notation of the roots of equation (2), that is, they can be transformed 
one into the other. (see Sec. 2.5). 
3. Solve the equation 


tan (+ cos x — cot (m sin x) =0 


This equation has an unusual aspect due to the exotic form of the 
arguments of the tangent and cotangent. Actually, of course, there 
is nothing special here. The numbers sinx and cosx are quite definite 
for any x, and so the following expressions are quite meaningful: the 
tangent of the number (x/2)cosx, provided cosx-t1, and the co- 
tangent of the number msinx, provided sinx540, sinx34-+1. These 
conditions describe the domain of the variable of the original equation. 

Transforming the difference of a tangent and. cotangent and clea- 
ring fractions, we.get the equation 

cos (+ cos x-+-n sin x | = 0 (3) 
The problem is to solve this equation and select the roots which lie 
in the domain of the original equation. 

From (3) we immediately get 


+ cosx+nsinx=2-+hn, k=0, +1, +2, ... 


It is now necessary, for each integer k, to find all the roots of 
2sinx+cosx=2k-+ 1 (4) 


of type (1). Consequently, equation (3) breaks up into an infinite num- 
ber of equations, and to find all its roots we have to find all the roots 
of equation (4) for k=0, all the roots of (4) for k=1, all the roots of 
equation (4) for k=—1, and so on. 

This peculiarity of the problem under consideration caused much 
trouble at an examination. Some students obtained from (3) the rela- 
tion (x/2)cosx-+-nsinx=x/2 and thus lost some of the roots; others 
thought that the number & should assume one very definite value and 
attempted in vain to find that value of & from equation (3). 

It is not at all difficult to find all the roots of an infinite number of 
equations (4). Introducing an auxiliary angle, say, using the formula 


16" 
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B= arccos (1/V 5), we can reduce (4) to 


cos (x—p) =, P20, Ho eo, (5) 


Solving the inequality —1< (2k-+1)/V5< 1, we are readily convinced 
that it only has two integral solutions: k=O and R=—1. Hence, out 
of the infinity of equations (5) we need the roots of only two equations 
that correspond to the values k=0 and k=—1: 


l l 
cos (x —fB) rar and cos (x— fp) =o 
The equations (5) corresponding to all the other values of k do not 
have any roots. 

We write down the roots of the two equations in the form of four 
groups (x, and x, are the groups of roots of the first equation, and x, 
and x, are the groups of roots of the second equation):* 

! - il. . 
x = Pa BTC COS er ava AIC cOS ar: + 2nn, n=0, +1,42,. vey 
£,=P—arceos z+ Ima = Ima, m=0, +1, +2, ..., 
x, =B-+ arccos (— =) +200 =(2p+ Ltt. pO, ce ly 2 Zeca 


I 1 
x, = B—arccos ( ve ) + 2qn = 2arccos rs +(2q—1) Ty 
g=0, +1,:'42,. 

However, not all these groups lie in the domain of the original equa- 
tion: for any root of the second and third groups it is obvious that sin x= 
=0(0 and so cot(msinx) does not exist. Thus, these groups are not so- 
lutions of the original equation. Now the roots of the first and fourth 
proups lie in the domain of the original equation: the-necessary compu- 
tations (which may be performed, say, by analogy with the solution of 
Problems 2 to 4 of Sec. 2.5) show that for these roots cos x& +1, 
sinx=£0, sinxs4+:1. Thus the solution of the original equation. 
includes the two groups x, and x, given above. 

It is sometimes possible to combine in one formula several groups 
of roots of a trigonometric equation. For instance, in the present prob- 
lem, groups x; and x, can readily be represented as 


1 
== PiAIECOS re ts [=0, +1, +2, ... 


(this yields the first group for even /=2n and the fourth group for 
odd /=2g—1). This however is not obligatory and neither is it always 
convenient. The final answer may be left in the form of several groups. 


* In the transformation of the third group, tse is made of the relation obtained 
in Problem. 10, Sec. 2.5, | 
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Trigonometric equations involving more or less complicated trigo- 
nometric expressions are a traditional part of many written exami. 
nations in mathematics. As we know, there is no unified method or 
procedure that can be used to solve every equation with trigonometric 
functions. But the general aim is to transform the trigonometric ex. 
pressions in the equation in such a way that the equation under con- 
sideration is reduced to an elementary form or breaks up into several 
elementary equations. : | 

For each specific example, one has to find the suitable mode of 
transformation. Sometimes a variety of different transformations and 
ideas are tried before the right approach is found. The surest way js 
via a good knowledge of the trigonometric formulas and the ability 
to carry through trigonometric transformations (see Sec. 2.2), and this 
can only be attained by practice. | 

Of course many trigonometric equations admit of several modes 
of solution, depending on the underlying idea of the solution and on 
how the trigonometric expressions involved are manipulated. We 
wish to stress that the form of notation of the roots is frequently de- 
pendent on the chosen procedure of solution and if we want to prove 
the equivalence of two different notations, we will have to resort to 
supplementary transformations. 

This is an important point to bear in mind because sometimes the 
student solves a trigonometric equation and then begins to work it 
(as a check) by a different method and arrives at a different notation 
in the answer. Then thinking that this different form of the answer js 
an indication that the first solution is wrong, he tries to find nonexi- 
stent mistakes and spends a lot of time and energy instead of manipu- 
lating the answers and becoming convinced of their identity. 

Incidentally, it is advisable at an examination to solve a given 
trigonometric equation in some one (preferably the simplest and shor- 
ae way and dispense with transformations of the answer into other 
orms. 

Keep track of equivalence in the process of manipulating the equa- 
tion so as to avoid any loss of roots (say in cancelling a common factor 
from the right and left members of the equation) or the introduction 
of extraneous roots (say in squaring both sides of the equation). Besi- 
des, it is necessary to check to see whether all the resulting roots lie 
in the domain of the variable of the given equation. In all necessary 
cases (that is, when nonequivalent transformations are permitted) 
be sure to make a check.’ 

All these questions connected with solving equations (and this goes 
for trigonometric equations as well) and also certain problems are dis- 
cussed in great detail in Sec. 1.9. We shall not dwell further on them 
here. 

The problems considered below illustrate several rather general 
recommendations that may be put to good use in the solving of éri- 


. 


246 Ch. 2 Trigonometry 


gonometric equations. One should not of course presume that these 
suggestions are of a universal nature and applicable to all cases. 

Many trigonometric equations involving a sine, cosine and tangent 
are frequently more easily solved if first reduced to a single function. 
For instance, it is sometimes possible to simplify the equation by means 
of universal substitution, that is, the replacement of all trigonometric 
functions in terms of the tangent of half an angle. 

The student should bear in mind however that this transformation, 
generally speaking, restricts the domain of the variable and can 
therefore lead to a loss of roots (see Problem 15 of Sec. 1.9). Universal 
substitution must therefore be accompanied by an additional investi- 
gation. | | 

4, Solve the equation 


(1— tan x) (1 +- sin 2x) = 1+-tanx 


This equation may be solved in a variety of ways, but the fastest 
is by universal substitution: expressing sin 2x in terms of tan x, we get 


(1—tan x) (14-524) = 1+ tan 


which is equivalent to the original equation (since tan x exists in the 
domain of the original equation). Reducing the second factor of the 
left member to a common denominator and clearing fractions (this is 
possible since 1 + tan’x=40), we get the equation tan?x (1 + 
-++ tan x) = 0 which has two groups of solutions: 


Xy=kn, x,=—f-Enn, k, n=Q0, -1, +2, ... 


In solving trigonometric equations containing trigonometric fun- 
ctions of multiple arguments, students strive invariably to pass to 
functions of the argument itself; the result is an algebraic equation of 
high degree in sin x (or cos x). In many cases, however, it is more con- 
venient to pass from the squares of trigonometric functions to the functi- 
ons of a double argument by the’ formulas 


costx= + (1 +-cos 2x), sin? raz (1 — cos 2x) (6) 


thus reducing the degree of the resulting equation. This frequently 
cuts manipulations and, besides, makes it possible to write down the 
answer automatically in a more compact form. 

5, Solve the equation 


cos‘ x -+- sin* x= 2 cos (2x+2) cos (2x—£) 


The right member of this equation can readily be reduced to the form 
1/2 + cos 4x. If we furthermore express cos 4x in terms of cos x, 
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and in the left member of the original equation replace sin? x by 1 — 
~-—cos?x, we get a biquadratic (in cos x) equation: 12 cost x— 
— 12cos*x+1= 0. | 
Denoting cos? x by y, we obtain the quadratic equation 12y?— 
— 124 -+.1 = 0, whose roots are 
3—YV 6 3+) 6 
n= Ee, ya 
The first root y; leads to the equation cos? x = (3 — V 6)/6. Since 
0O< yi< 1, it in turn separates into two equations: 


EE 
— 


—V6 3 6. 
cosray/! a and cosx=—/ ie 


whence we obtain two groups of solutions of the original equation. 
Similarly, the second root y, leads to two more groups of solutions of ' 
the original equation (it is left to the reader to write down all four 
groups). | 

Essentially, there are of course no objections to this mode of solu- 
tion since it is quite correct. But the solution can be shortened and 
speeded up by a procedure that reduces to a consideration of a single 
elementary trigonometric equation and permits obtaining the answer 
as a single formula. . 

Namely, in the equation cos‘ x + sin*¢ x = 1/2 + cos 4x we will 
not transform cos 4x but, on the contrary, we will express cos‘x and 
sin‘x in terms of the cosine of a quadruple argument, for which pur- 
pose we make use of (6). Very simple manipulations lead directly to 
the equation cos4x = 1/3, whence 


X= + yarecos ++, k=0, £1, +2, ... 

It may be noted, in particular, that the use of formulas (6) always 
permits solving a quadratic equation in cos 2x instead of a biquadratic 
equation in cos x (or sin x), thus cutting the amount of computation, 
and enables one to write down the answer in simpler form. 

6. Solve the equation 


4 cos? (2— 6x) + 16 cos? (1 —3x) = 13 


Denoling 1 — 3x by y for brevity, we write the equation in the form 
4 cos? 2y + 16cos? y = 13. One can of course transform the first 
summand in the left member by the double-argument formula to ob- 
tain a biquadratic equation in cos y. But if we transform the second 
summand in the left member by (6), we get the quadratic equation 
4 cos? 2y + 8cos 2y— 5 = 0. 

The quadratic equation 42?+- 8z— 5 = 0 in z= cos 2y has two 
roots: 23=—6/2, z,= 1/2. And so we have to solve two equations: 
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cos 2y == —5/2 and cos 2y = 1/2. Since |cos 2y| < 1, the first equation 
has no roots, and from the second one we can readily find the roots 
of the original equation: 

kr 


I 1 aes 
keg kigr yz k=0, + 1, + 2, eee 


It is left to the reader to follow through the procedure and decide why 
it is possible to write down the answer in precisely this form. _ 

The apt employment of formulas for transforming a product of trigo- 
nometric functions into the sum (or difference) of such functions (or vice 
versa) frequently produces the result in the shortest possible way. 
The student’s ability to make a guess of the result of applying these 
formulas and to foresee the possibilities therein is very useful when 
solving trigonometric equations. 

7. Solve the equation 


sin 4x-+3 sin 2x = tan x 


Many students tackled this equation in the following manner. Mul- 
tiplying it by cos x and using the double-argument formulas, they ob- 
tained the equation 


sin x (8 cos* x-++-2 cos?x—1) = 0 


which is then solved in familiar ways. 

A different approach makes things easier however. If after multi- 
plying the original equation by cos x we expand the resulting products 
sin 4x cos x and 3 sin 2x cos x into sums of trigonometric functions, 
we get the equation sin 5x + 4 sin 3x + sin x = 0. Then we again 
transform the. first and third terms on the left of this equation into 
a product of trigonometric’ functions to get sin 3x (cos 2x ++ 2) = 0. 
This equation separates into two: one (sin 3x = 0) yields the group 
of solutions x = kn/3, k = 0, +1, +2, ..., and the second one 
(cos2x +- 2 = 0) has no roots at all. 

A check (which is necessary since multiplication by cos x extended 
the domain) shows that. thé group thus found is the solution of the 
original equation. 

In many cases trigonometric equations are successfully solved by 
the following technique: a new unknown is introduced to denote some 
combination of trigonometric functions and the equation is then solved 
for this unknown. Of course, some experience is required to be able to 
see a suitable combination. 

8. Find all the solutions of the equation 


1+ sin® x-+ cos? x= sin 2x 


It is easy to see that the left and right members of this equation can 
be expressed in terms of the sum and product of sin x and cos x. Using 
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the identity a®-++- 6? = (a + b)(a— ab + 6°), we rewrite the equation 
as ; 


1 -++- (sinx-+cos x) (1 —sinx cos x) =3 sin. cos x 


In turn, the product sin x cos x is expressed in terms of the sum sin x ++ 
-+ cos x by means of the trigonometric identity* 
2sinx cos x =(sinx-+- cos x)*— 1 


It is therefore natural to denote the sum sin x + cos x by y and to 
write the original equation as 
yY—l 4y—! 
en 
We thus arrive at an algebraic equation in one unknown, y. Trans- 


posing all terms to the left and factoring out y -++ 1, we get the equa- 
tion (y + 1) (y?+.2y — 5) = 0, which has three roots: 


y=—1, =—1+4+V6, y=—1—-V8 
The first root leads to the equation 
sinx + cos x==—1 or sin (x+4)=-- 


whence we get the group of solutions 
x= — f+ (—1y +a, nO). sel) se 2, eas 


As to the second and third roots, both exceed V2 in absolute value, 


whereas | 
| sin x-++cos'x| =|V2sin («+4 |< </2 


and consequent y these roots do not yield solutions a the original equa- 


tion. 
9. Solve the equation 


tan? 2x -- cot? 2x-+- 2 tan 2x-+-2 cot 2x =6 
Note that 2 tan 2x cot 2x = 2 and so the given equation can be re- . 
written in the form 
(tan 2x + cot 2x)?+ 2 (tan 2x -+- cot 2x)—-8 =0 
Denoting the sum tan 2x + cot 2x by z, we get the quadratic equation 


2?-- 2z2-—— 8 = 0, whose roots are z3=—4 and z,= 2. We now have 
to consider two possibilities corresponding to each of these roots: 


tan 2x-+ cot 2x=-—4 and tan2x-+cot 2x =2 


* A similar formula, 2 sinxcosx=1—(sinx—cos x)’, is useful in a number of 
cases, 
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These can be reduced to quadratic equations in tan 2x by replacing 
cot 2x by 1/tan 2x. To each root of the quadratic equation corresponds 
a group of solutions. 

Fewer manipulations are required if we first transform the sum of 
the tangent and cotangent: 

2 
tan 2x + cot 2x = ane 
Then the root 2; yields the equation sin 4x =—1/2, whence we get 
the first group of solutions 


my=(—Ie SAR pio, 41, +2, ... 


and the root z, yields the equation sin 4x = 1, which gives us a second 
group: 


L=gt+o, n=0, +1, +2, ... 


It is easy to see that all the values of both groups belong to the domain 
of the variable of the original equation. : 2 

Apt grouping of terms can also facilitate solutions of trigonometric 
equations. This is not always easy to do, however, and often a variety 
of possibilities have to be examined. 

10. Solve the equation 


4sinx+2cosx=243tanx 


Though this seems to be a simple equation, it is rather involved. 
What might appear to be a natural solution — by means of a universal 
substitution—actually results in a fourth-degree equation in tan(x/2), 

Let us attempt to group the terms of the equation so as to arrive at 
a decomposable equation. Multiplying all terms of the original equa- 
tion by cos x (in this way we of course extend the domain so that a 
check will have to be made as to the possible introduction of extra- 
neous roots) and transposing them to the left side, we get 


4sinx cos x+2 cos? x—2 cosx—3sinx=—0 


Can the left member of this equation be factored? At any rate it is 
not so obvious how this can be done and so we try out some variants. 

It is rather easy to see that grouping the first term with the second 
and the third with the fourth and grouping the first with the fourth 
and the second with the third does not give us anything. Let us try 
grouping the first and third terms, and then the second and fourth: 


2 cos x(2 sin x—1)-+ (2 cos? x—3 sin x) =0 (7) 


Now, the second term in (7) may be written as a quadratic (in sin x) 
trinomial 2 cos? x — 3 sin x = 2— 3 sin x — 2 sin? x, But the tri- 
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nomial 2y?+- 3y — 2 can readily be factored: 2y?-+ 3y— 2 = (2y — 
— 1)(y + 2). Therefore the second term in (7) can be represented as a 
product: 2 cos? x — 3 sin x =—(2 sin x — 1)(sin x + 2) and, hence, 
the equation (7) itself can then be written as 


(2 sin x—1)(2cos x—sinx—2) =0 


This equation separates into the elementary equation sin x = 1/2, 
whence " | 
x,=(—l)/te+hkn, k=0, £1, £2, ... 


and the equation sin x —- 2 cos x =—2 of type (1), whence 
X, = 2nK, x= — 2arecos y+ 2mry, n, m=0, +1, +2, ... 


All the roots of the three groups lie in the domain of the original 
equation and thus are its solutions. 
11. Solve the equation 
cos (%3*)— 2 cos? (1 3*) + 2 cos (4m 3*) —cos (77 3*) 
== Sin (a 3*) + 2 sin? (x 3*) —2 sin (47 3*) 
+-2 sin (x 3*+2)—sin (7x 3*) 


To make this equation more compact, denote 3* by y to get 


cos y——2 cos? y-++ 2 cos 4y—cos Ty 
=siny+2 sin? y—2 sin 4y +2 sin 3y—sin 7y_ 


By transposing all terms to the left side and trying out a variety 
of grouping possibilities, we find the most acceptable one: 


(cos y—cos 7y) + (sin 7y—sin y) +2(cos 4y-+ sin 4y) 
—2 (cos? y+ sin? y) —2 sin 3y =0 
whence , | 


2 sin 4y sin 3y + 2 sin 3y cos 4y +2 (cos 4y ++ sin 4y) 
| —2(sin3y+1)=0 (8) 


If we now factor 2 sin 3y out of the first two terms and compare the 
resulting expression with the third term, it will be clear that these 
three terms can be represented in the form of a product of two factors, 
one of which coincides with the last term of equation (8), and so (8) 
can be written in the decomposable form 


(sin 3y + 1) (sin 4y + cos 4y—1)=0 
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This enables us to write down three groups of solutions: 


n aU mye 
Leer a: 2p eT 


where k, n and m are arbitrary integers. 
Recalling that y = 13”, we obtain an infinity of equations for de- 
termining the roots of the original equation: 


atte, k=0, tl, +2,..., 
uti, n=0, tl, £2, .., (9) 
Sat 4S m=O, +1, ee} ears 


In other words, any value of x that satisfies the first equation of (9) 
for some integer k is a solution of the original equation. We thus have 
to find all the roots of the first equation of (9) for each integral value 
of k. The same goes for the other two equations of (9). 

At the examination, some students did not fully understand the set 
of relations (9), regarding them as a system of equations. That is, 
they sought only those values of x which (for certain integers k, n, m) 
satisfy the three equations (9) simultaneously. There were also mista- 
kes in determining the roots of the equations (9). In some cases the roots 
of these equations were written down formally (for example, it was 
‘asserted that the roots of the first equation of (9) “are the numbers 
logs [((—1/6) + (2k/3)], where & is any integer”) without the necessary 
and proper analysis of those (integral) values of k, n, m for which the 
equations of (9) have solutions. 

Yet before solving the equations (9), one must recall that the equa- 
tion 3*=a has a (unique) root only for positive a and it is given by 
the formula x = log; a. Therefore the equations (9) have solutions 
only for those (integral) values of k, n, m for which the corresponding 
right members of the relations (9) are positive. 

It is easy to see that the right side of the first equation of (9) is posi- 
tive for integral k > 0; the right side of the second equation of (9) is 
positive for integral n > 0; and the right side of the third equation of 
(9) is positive for integral m > 0. Thus, we have to solve (9) only for 
the indicated values of k, m, n. The resulting values of x are then the 
roots of the original equation: 


x=log,(—Z+q) k= 1, 2, sacs 


x= log, 4, n=1, 2, ..., 


x= log, (e+), m=O. 14°23 90% 
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Some examination problems call for finding not the whole set of 
roots of a trigonometric equation but only those which satisfy certain 
supplementary conditions indicated in the statement of the problem 
(say, roots lying in a certain interval of values). | 

Such problems may be worked in the following manner. Write out 
all roots of the equation at hand, then choose those for which the sup- 
plementary conditions are valid. Incidentally, it is sometimes simpler 
to seek only the solutions required and not write down all the solutions 
of the equation. 

12. Find all the solutions of the equation 


Vi-+sin2x—V 2 cos 38x=0 (10) 


lying between n and 3n/2. 
This equation can be solved by squaring, but then at the end of the 
solution we will have to discard all extraneous roots and after that 
choose from the remaining ones those which satisfy the inequality 
m <x < 3n/2. We will approach the problem differently. | 
Since V1 + sin 2x = |sin’x + cosx|, the equation (10) can be 
rewritten as | 
lsinx-+cosx|--V 2cos 3x=0 


First let us get rid of the absolute-value sign. It isnot necessary how- 
ever to consider all possible cases since we only need to find the roots 
of this equation that satisfy the inequality s< x < 3n/2. But in 
the third quadrant both sine and cosine are negative, and so (over the 
interval we are interested in!) the original equation can be reduced to 


(sinx + cos x) +V 2 cos 3x =0 


or, after obvious manipulations, 
cos (2x—F) cos (x+F) = () 


The groups of solutions of this decomposable equation are then ordi- 
narily written out and those are selected that lie between x and 3/2, 
But it is possible to get the answer at once without going through all 
these computations. 

Indeed, consider first the equation cos [2x — (x/8)] = 0 ar, denoting 
2x — (n/8) by #, the equation cos ¢ = 0. We are only interested in 
the values of x which satisfy the inequality n < x < 3n/2; from this 


it follows that 
qt It ; It 
on oar < 2x — = <3n—= 
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Thus, we need only the roots of the equation cos ¢ = 0 that lie in the 
interval between 2 — (x/8) and 3n — (n/8). Referring to Fig. 56, 
the graph of the function y = cos ¢, we see that on this interval the 
cosine vanishes only once, at the point ¢ = 5/2. Therefore, 
mx on 21x 
2x——=-5-, Whence x= 
In analogous fashion, we see that between x and 3x/2 there is only 
one value of x, namely x = I1n/8, which satisfies the equation 
cos[x -+ (x/8)] = 0. 


Fig. 56 


Choosing the solutions of a trigonometric equation is a frequent 
procedure when the equation is obtained from some original equation 
involving more than trigonometric functions (say from an equation 
involving logarithmic and trigonometric functions). In such cases, 
the role of “supplementary” conditions is often played by inequalities 
defining the domain of the original equation. | 

13. Solve the equation 

log-.~6x (sin 3x + sin x)= log_ys_6y sin 2x (11) 
10 10 


The logarithms involved in the statement of the problem are imme- 
diately eliminated, but it would be a grave mistake to assert that the 
original equation is equivalent to 


sin 3x -+ sin x = sin 2x (12) 


because the transition from (11) to (12) extends the domain of the va- 
riable, which means there may be extraneous solutions among the so- 
lutions of (12). 

Hence, by Statement B of Sec. 1.9, to solve the original equation 
(11) it suffices to solve (12) and choose those roots that lie in the domain 
of (11), which is to say, that satisfy the inequalities 


sin3x-+sinx>0, sin2x>0, —6<x<0 (13) 
(it is left to the reader to obtain these inequalities). 
Equation (12) can then at once be rewritten as 2 sin 2x cosx = 


‘== sin 2x. Since sin 2x > 0 in the domain of the original equation 
[see (13)], we get cos x = 1/2 after cancelling out sin 2x, whence 


k=ta+2kn, k=0, £1, £2, .., 
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.From among these roots we choose those that satisfy the conditions 
(13). ; 
To do this, it is more convenient to consider, in place of the result- 
ing single formula for the roots, two groups of solutions of equation 
(12): 

x= >+2nn, x, = — £4 2mn, n, m=0, +1, +2,... 


and for each of them separately to find those (integral) values of n 
"ig m for which the appropriate roots satisfy all three inequalities of 
3). 
Let us first consider the first group x,. Apparently, the strongest of 
the restrictions (13) is the third one, and so we start with it since it 
will enable us to sweep out the greatest number of roots. © 
For the first group of solutions of (12) the third inequality of (13) 
is of the form 


—6< 5+ 2nn <0 (14) 


Do not forget that we are only interested in the integral solutions of 
this inequality. Here the easiest way to find such solutions is by runn- 
ing through all cases. It is quite clear that for any integer n > 0 the 
middle portion of inequality (14) is positive, and so the inequality is 
not satisfied by a angle nonnegative integral value of n. Furthermore, 
for an arbitrary integer n <—2 we have (using the fact that m > 3) 
11x 11.3 
which is to say that inequality (14) is not satisfied by a single integer 
n<=—2. Consequently, we have yet to check and see whether the va- 
lue.n = —1 satisfies (14). Since for this value of n the middle part of 
(14) is clearly negative and since (by virtue of the fact that n < 3.2) 


nu be, 5382 0 pp PL 
aah = — = > a a 5 >: 6 


it is clear that the value n = —I does indeed satisfy inequality (14), 

Thus, of the entire group of x, solutions of (12) only one value, x* = 
=—5n/3, satisfies the third inequality of (13). Direct verification* 
shows that this value also satisfies two other inequalities of (13), 
that is, x*=—5z/3 is a root of the original equation (11). 

The second group x, of solutions of (12) could be investigated in 
similar fashion, but we can save time if we think to first check the 
second of the inequalities of (13). This check shows that not one of 


Z Incidentally, this verification need only be carried out in order to establish 
the inequality sin2x*> 0. If, furthermore, we recall that x* Js a root of (12), that is, 
sin 3x*-+-sin x*=sin2x", then it will be clear that the inequality sin3x*-+sin x* > 0 


follows from the inequality sin2x* > 0. 
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the roots of the second group x, satisfies the condition sin 2x > 0 
and, hence, is not a root of equation (11). 

There are also problems which involve choosing the roots of a trigo- 
nometric equation, but for a different reason, the aim being to find 
only those roots which are common, say, to two trigonometric equa- 
tions. 

14. Solve the equation sin 7x + cos 2x = — 2, 

At first glance, this problem does not seem to contain any peculiari- 
ties. But as we proceed with the manipulations it becomes clear that 
the equation is somewhat odd. It does not separate into several ele- 
mentary equations but reduces to a system of two (elementary) trigono- 
metric equations in one unknown. 

Rewriting the original equation as. 


1 -}- cos (F-7)| -+- [1 + cos 2x] =0 


and transforming each of the expressions in square brackets, we arrive 
at the relation 


cos? (F-4) -+ cos? x = 0 (15) 


As we know, the sum of the squares of two quantities is zero if and only 
if both the quantities are equal to zero. Hence, the original equation 
is equivalent to a system of two equations in one unknown: 


7X 
COs (F—-4) = 0 


cos x= 0 


We thus have to get all the solutions of system (16), that is, all the 
values of x which satisfy both equations of the system. 
The first equation of system (16) has the following group of roots: 


an , kn. 
t= k=0, +l, +2, ee 6 


(16) 


the second equation, the roots 
xo ttn, n=0, +1, +2, oe @ 


We have to choose all values of x which simultaneously appear in both 
groups (that is, to find all values of x which belong, for some integer 
k, to the first group and, for some integer n, to the second group). 

To do this, we take advantage of the trigonometric circle,* on which 
we mark with points the values of x which lie in the first group fork = 


* Selection of the values of x belongihg to both the indicated groups can also be 
done in a purely analytic fashion (without-resorting to the trigonometric circle), 
by the method used in Problem 4 of Sec, 1,2, 
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= (), 1, 2, ..., 6 (Fig. 57). We note that the points representing the 
other values of x of this group (for the remaining values of &) are repe- 
ated every 7 units (for instance, a point associated with a value of x 
when & = 9 coincides with the point associated with the value of x 
for k = 2, and so on). The values of x of the second group are marked 
with crosses for n = 0, 1; the points associated with the other values 


of n are repeated every two units. 


Fig. 57 


From Fig. 57 it is clear that the groups under consideration have in 
common those values of x which are associated with the upper endpoint 
of the vertical diameter; these values are obtained from the second 
group for n = 2p, p = 0, +1, +2, ... and from the first group for 
R=7¢+1,¢=0, +1, +2, .... | 

Thus the solution of system (16) and, hence, of the original equation, 


e 


1S 
x= > + 2Qpn, p=0, +1, +2, i 


In this solution we made use of the transformation of the original 
equation to the form (15). A little ingenuity however will suggest how 
to dispense with that. 

Take a closer look at the original equation. Its left member is the 
sum of a sine and a cosine, the right member is the number —2: But 
by the property of a sine and cosine, the inequalities sin 7x >—1, 
cos 2x >> —1 hold true for arbitrary x, whence by combining these in- 
equalities we get sin 7x -+ cos 2x > —2. Hence, the original equation 
is satisfied if and only if both terms of the left member are equal. to 
~~1, which is to say, when x simultaneously satisfies the two equations 


sin7x=—I1, cos2x=—-] 

We again arrive at a system of equations in one unknown; its solu- 
tion can be carried out in a manner similar to that used to solve sys- 
tem (16). 

15, Solve the equation 


2 sin (« +4) =tanx+cot x (17) 
173480 
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Elementary manipulations yield 


sin (x +3) sin 2x = | (18) 


cos (x —4) — COs (3x ++) == 2 


The result is an equa‘ion of the same type as considered in the preced- 
ing. problem. The reader will find no difficulty in performing the rest 
of the solution. 

However, a careful examination of equation (18) suggests that an 
apt employment of the properties of trigonometric functions will save 
us extra manipulations. The key to the solution here is that the sine of 
any argument (number) does not exceed unity in absolute value. 

Therefore the product in the left member of (18) can equal 1 in only 
two cases: when each of the factors is equal to 1 or when each of the 
factors is.equal to —1. Thus, the number x will be the root of (18) 
if and only if the number satisfies one of the following two systems of 


equations: 
sin (x +4) = | or sin (x +9 )=-1 
sin 2x = ] sin 2x = —1 


We consider the first system. From the second equation we have x = 
== (1/4) + kn, k= 0, +1, 42, ... . Substituting these values of x 
into the first equation, we get sin [(m/2) + kx] = 1, which is only va- 
lid for even values of &, that is, when k = 2n, n = 0, KI, +2,.... 
Hence the solutions of the first system are x = (m/4) + 2nn, where n 
is an arbitrary integer. 

Solving the second system similarly, we see that it does not have 
any solution, and so the solutions of the first system are the roots of 
the original equation. 

But the shortest solution of (17) is that which makes good use of ine- 
qualities. The right member has absolute value greater than or equal 
to 2 for any (admissible) value of x, whereas the absolute value of the 
left member does not exceed 2. And so equation (17) can only be satis- 
fied by those values of x for which both sides of (17) are equal either to 
2 or to—2. Let us consider these possibilities. 

The right member of (17) assumes the value 2 when tan x=cot x= 
= 1, that is, when x = (n/4) + kn, R=0, +1, +2, ... . The 
left member of (17) assumes the same value when x = (n/4) + 2nx, 
n=0, +1, +2,... . The common part of these two groups, namely, 
the a x = (m/4) + 2nn, n any integer, yields the roots of equa- 
tion (17). 

Now, the right member of (17) is equal to —2 when x = (32/4) + 
+ nn, n = 0, +1, +2, ... . But for these values of x the left member 
of (17) is 0 and, hence, the equation. is not satisfied. 
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Trigonometric equations involving parameters besides unknowns 
constitute a special group. In these problems the first thing to decide 
is the values of the parameters for which solutions exist. And of course 

. the solutions themselves must be found (depending on the parameters), 

Although solving problems involving parameters does not presuppose 
any additional knowledge, the necessary investigation is at times ra- 
ther difficult logically and_ technically. | 

16. For every real number find all the real solutions to the equation 


sin x + cos (a-+x) + cos (a—~—x)=2 
Combining the second and third terms of the left side, we at once 
get an equation of type (1): 
sinx-+2cosacosx=2 
Jt is natural to solve it by the auxiliary-angle method. But it will 
then be necessary to take into account the various possibilities which 
arise for various values of the parameter a. 


The conditions defining the auxiliary angle may be written down 
as follows: 


; le 2cos a 
sin p= ee cos D === 19 
P V +4 costa’ p V 1+ 4 cos? a (19) 


Then the last equation can be reduced to the form 


2 
cos (x —B) = Vittesa (20) 

This equation is known to have roots only if the right member does 
not exceed | in absolute value. But since it is positive (the principal 
square root!) for arbitrary a, equation (20) has solutions only for those 
values of the parameter a which satisfy the inequality 

2 
Vi+4costa ~ 

(for the other values of a, equation (20) has no roots). ; 

It is not difficult to solve this inequality (see Sec. 1.10). It reduces 
to the form cos? a> 3/4, whence 


—F+hkn<a<t+hkn, k=0, +1, +2, ..- (21) 


To summarize: equation (20) (and, hence, the original equation) 
has solutions only for those values of a that satisfy Condition (21), 

It is now'easy to find the solutions of (20), (and, hence, of the origi- 
nal equation) that correspond to any value of a satisfying Condition 
(21): substitute the expression for the auxiliary angle B into the follow- 
ing equation: 


x =f -b arccos +2nn, n=0, +1, +2, ... 


2 
V 1+ 4 cos? a 
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Many students went straight to (19) without thinking very much 
and wrote down for ® the expression obtained from the first formula of 
(19): 

(3 = arcsin ges ae 

V 1+ 4cos? a 
But the angle B defined by this equation does not satisfy the second 
condition of (19) for all values of the parameter a. This angle lies in 
the first quadrant (because the expression under the arcsine symbol 
is positive for all values of a), and so its cosine will also be positive for 
all values of the parameter a. Yet the second formula of (19) indicates 
that for. cos a < 0 the cosine of the auxiliary angle must be negative. 

The following hint may be an aid in choosing the expression for the 
auxiliary angle B. Since sin 8 is always positive [this is evident from 
the first formula of (19)], it follows that the angle B itself may be cho- 
sen either in the first or in the second quadrant. But this is precisely 
where the arc cosine lies. And so for the auxiliary angle wecan take 


2cos a 
V 1+ 4 cos? a 


The foregoing example shows that in problems involvitig a parameter 
it is not always possible to choose the auxiliary angle so that it lies in 
the irst quadrant and is expressed by a single formula suitable for 
all values of the parameter. 

17. Find all the solutions of the equation 


8 = arccos 


(sin x + cos x) sin 2x =a (sin® x + cos? x) 


located between n/2 and x. For which values of a does this equation have 
at most one solution satisfying the condition n/2< x< x? 
The given equation can at once be written in the decomposable form 


(sin x + cos x) (sin 2x—a-+asinx cos x)=0 


and so there is always (i.e., for any value of the parameter a) at least 
one root located in the interval at hand n/2< x< a, namely the root 
x = 3n/4 of the equation sin x + cos x = 0. 

Now let us seek the remaining solutions of the original equation, 
that is, the solutions of the equation sin 2x — a + asin x cosx = 0 
or (2 -+ a) sin 2x = 2a. 

For any value of the parameter a different from —2, this equation 
can be represented in the form 
| 2a 
2+a 


We are only interested in the roots x which are located between 1/2 
and x. But in this case, n <q 2x < 2x and so sin 2x must be nonposi- 
tive but not less than —1. Hence, equation (22) has roots located 


sin2x = 


(22) 


2.3 Trigonometric equations 26] 


between 1/2 and a only for those values of the parameter a + —2 for 
which , 
2a 
—|] Sata <0 (23) 
This inequality can readily be solved: —2/3< a< 0. 

Thus, for every value of a satisfying the condition —2/3 < a< 0, 
equation (22) has roots lying between 2/2 and ‘x. There are no such roots 
for the remaining values of a different from —2. 

Now let us find the roots x of (22) that lie between m/2 and x, assum- 
ing that —2/3< a< 0. To do this, denote 2x by y and rewrite (22) 
as sin y = 2a/(2 + a). We determine those roots y of this equation 


Fig. 58 


(for —2/3 << a< 0) which satisfy the condition x < y< 2n. Since, 
by virtue of inequality (23), the angle 


a =aresin -~“ 
oe oka 

lies between —z/2 and 0 (see Sec. 2.5), it is easy to see, using the tri- 

gonometric circle in Fig. 58, that the equation sin y = 2a/(2 + a) 

has only two solutions satisfying the condition n< y< 2x, namely, 

Y, = %—arcsin aa and y, = 2n + arcsin 4 
And so the roots of equation (22) (for —2/3< a< 0) lying between 
n/2 and x are 


1 . 2 l vy ee 
=> arcsin sr X,= My aresin 5 


Thus, to summarize, when —2/3 << a< 0, the original equation is 
satisfied by three numbers: 32/4, x1, x,. This is not however grounds 
for asserting that the original equation has more than one root for each 
value of ain the indicated interval, because it may turn out that += 
== X,== 3n/4 for some of these values of a. That is exactly what hap- 
pens when a = —2/3 and only for that value. This can easily be seen. 
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Consequently, for —2/3< a< 0 the original equation has three 
roots in the interval n/2< x< n, namely 3n/4, x,, x,; for the remain- 
ing values of a, except a = —2, there is only one root, 3/4. 

So far the case a = —2 has not been analyzed. Given this value of 
the parameter, we cannot consider equation (22) and have to make a 
direct study of the equation (2 + a) sin 2x = 2a, which (for a = — 2) 
assumes the form 0 = — 4. Since this equation does not have any roots, 
the original equation for a=-—2 as well has only one root, 31/4, 
in the interval between x/2 and n. 


Exercises 


1. How are the angles @ and f related if it is known that (a) sina=sinf, 
(b) cos a=cos f, (c) tana=tanf, (d) sina=cos f? 


2. Determine whether the equation asin x-+-5cosx=c has any solution. 
Solve the following equations. 


3. sin 2x—tan (7/6) cos 2x =1, 

4, sin [2x—(m/2)]+-cos [2x—(m/12)] == V2 cos (3x-+ (1/6)}. 
6. sin 8x—cos 6x= V 3 (sin 6x-+-cos 8x). 

6. sin 3x-+4 sin? x-+-4 cos x=5. 

7. 2sin 4x—3 sin? 2x= 1. 

8, —2+4cos?z=cosz+ V 3sinz. 

9 


. 2sin? (> cos? x) == 1—cos (msin 2x). 


1. 2 |—sin (F-*)| = V3 tan — 
12. 3 cos? x—sin? x—sin 2x=0. 
13. cot [(/4)—x] =5 tan 2x+-7, 
14, 2cos 2x-+ sin 38x—2=0. | 

7 Beg & 5s. 
15. 7 COS G = Cos qt sin-. 
16. tanx=(2+ V3 ) tan (x/3). 
17. cos (10x-+ 12) +4 V2 sin (5x+6)=—4. 

1 — x — L— TUX JL — TUX 

18, 3 — 2 == 

cot (5) V 3 cot (SF) Beor (7), 
19. 4sin4 x-+-cos 4x= 1-4 12 cos‘ x. 


~ 20. sin 3¢ cos f= tant 


21. (2sint $—1) — =: 2, 
cos* -> 


22. sin? x-+ cos® x= a cos? 2x, 


38. 
39. 
40. 
41, 


. sin® 2x-+- cos® 2x == — g 


. cosx+sinx= 
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16° 


. cos” x-+ cos? (F) -+- cos* @ -+- cos? (+) = 2, 
» sin y+-cos 3y = 1—2 sin? y-+-sin 2y. 
. sin 2x sin 4x sin6x= - sin 4x, 


. cos? (x—y)-+cos? (0.5x-+ B —y) 
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—2 cos (0.5x—f) cos (x—'p) cos (0.5% +--B —y) = 3. 


. sin? x-++sin 2x sin4x-+...-+-sin nx sina’x=1. 
- Sinx-+-sin 2x-+-sin 3x-+- sin 4x =0. 
- sin x cos 2x-+ sin 2x cos 5x = sin 3x cos 5x. 

sin x-+-sin 3x-+- sin 5x 
" cos x-E cos 3x-+ cos 5x 


+2 tanx=0, 


cos 2x 
l—sin 2x ° 


» sin 3x-+ sin x-+2 cos x= sin 2x-++2 cos? x. 


2 
—— (tan x—cot x)= tan? x+ cot? x—2. 
Vy | 
es sec? x -+- 16 (a x Sec x—1] =2tanx(1 -+ 4 sin x). 


] 
gt costx— cos? x-+ V/ 2400s! x= cos? » + cost x — 5 cos* x= — 7 


. sin eeoaystaie (12*)—2 sin (812%, =8 sin® (12*) +2 cos (302*) 


— cos (%2*)— cos (512%), 


2 cos? (n4*)— sin (n4*+1)-++ sin (04**'/#)—2 cos (n4** '/2) =0, 
6 tan x--+- 5 cot 3x = tan 2x. _ 

5 (sin x-++- cos x)+ sin 3x—cos 3x =2 V 2 (2+ sin 2x). 
Find all the solutions of the equation 


sin.x-+sin— V (l1—cos x #-+ sin? x=0 


lying between 5/2 and 7n/2. 
42. Find all the solutions of the equation 


V l~—cosx-+ VY 1-+ cos ae 


COS xX 


between 0 and 2x. 
Solve the following equations. 


43. 
44. 


45. 


46. 


tan 2x tan 7x==1. 
logs ,.— 6x— at (— COS X— COS 3x) = log, 6x~x1 (— cos 2x). 
“Th “Ti 
logy, — x24 (Sin 3x—sin x) = logg,_ ys 4 COS 2x. 
—— — 
sin x-++ sin 9x = 2. 47, cos x-—sin3x=—2 


48. sin (F 3)—sin (+) =: 2, 49. cosx cos 6x=— Il, 
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50. (sinx —V 3cos x) sin3x=2. 51. cos(m Vx) cos(n Vx—4)= I. 
52. sinx sin 7x= 1. 53. tan x—tan 2x = sin x 
64. Prove that the equation 

sin 2x-+sin 8x+...+sinnx=n—! 

has no solutions for an arbitrary integer n > 2. 

55. For which values of a does the equation 


4sin («+5 ) cos (x5) == a? Y 3sin 2x — cos 2x 


have solutions? Find these solutions. 


56. Determine for which values of a the equation a*—2a-}+sec* x (a-++x)=0 
has solutions and find them. 


57. For which values of a does the equation sin? x-+sinx—a=0 have 
solutions? Find the solutions in the interval O<o x < 2n. 


58. Solve the equation sin4dx=imtanx, m> 0. 
59. For which values of 6 does the equation 
bcosx b-+- sin x 
2cos2x—I1 (cos? x—3 sin® x) tan x 
have solutions? Find these solutions. 
60. For which values of a does the equation 
a®  ~—_—_sin® x-++-a*—2 
1—tan?x cos 2x 
have solutions? Find these solutions. 


2.4 Systems of trigonometric equations 


To solve a system of trigonometric equations means (in accord 
with the general definition of a solution to a system of equations given 
in algebra) fo find all sets of values of the unknowns that make all equa- 
tions of the system true statements simultaneously. 

Ordinarily, when solving trigonometric systems the attempt is 
made either to eliminate one of the unknowns by expressing it in 
terms of the others in one of the equations of the system, or to reduce 
the trigonometric system to a system of algebraic equations by aptly 
introducing new unknowns or via a transformation of the equations of 
the system. 

Naturally, when solving systems of trigonometric equations one 
must be careful not to lose any solutions or to discard any extraneous 
solutions if they have been introduced. 

The solution of trigonometric systems does not require any special 
techniques or knowledge extending beyond the ordinary course of tri- 
gonometry. Nevertheless they involve certain difficulties, one of which 
is due to the fact that these systems, as a rule, have infinitely many 
solutions. For this reason, the proper notation of the set of values of 
the unknowns which constitute a solution, the choice of needed solu- 
tions, etc. may be complicated by the necessity to regard different cases 
or to solve auxiliary inequalities, 
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1. Solve the system of equations 


[—tan +x 
1+tanx =tany 
hi 
same cee 


The second equation makes it easy to express one of the unknowns 
in terms of the other. This suggests that the system is best solved by 
direct elimination of one of the unknowns; it then reduces to an ordi- 
nary trigonometric equation. | 

Which unknown is eliminated is immaterial, we choose y. Since 
y = x — (x/6), substitution of this expression into the first equation 
of the system gives a trigonometric equation in x: 

I—tanx hi 
l+-tan x =tan (x—F} 

The left member of this equation can easily be reduced to 

tan [(x/4)— x]. Then with the aid of the formula for the difference 


of tangents we get 


12 
Hence, the solutions of the original system are: 


ot okt - Rt 

*= 9,75? Y= 34D? k=0, +1, +2, a enie 
A check, which is obligatory, convinces us that all the pairs x, y of 
values that we obtained satisfy the original system. We emphasize 
the fact that to each integer & there corresponds a pair of values x, y 
computed from these formulas; such a pair constitutes a solution of 
the original system. The original system has an infinity of solutions 

2. Solve the system of equations 


sin (2x) =0 whence ox 20 = kay, k=0, +1, +2,... 


x ey Pe eee 
tan>-+ tan4—cot > =0 
cos (Xx —Yy—2) => 
tpypz=7 
The last equation permits eliminating z at once. Substituting z = 


= 1 — (x + y) into the first two equations, we get a system of two 


equations in two unknowns: 


x y ¥+Yy 
tan + tan-> = tan—)- 


(I) 


| : 
C08 24 = — > 


266 Ch. 2 Trigonometry 


The second equation can be solved immediately: 
x=ta+kn, k=0, +1, 42, ... (2) 


It would now seem natural to substitute this expression for x into the 
first equation of (1) and thus reduce the system (1) to a single equation. 
But this method leads to a rather unwieldy trigonometric equation in 
y (though it can be solved of course). 

Let us try a different approach. We will transform the first equation 
of system (1). Applying the formula for a sum of tangents to the left 
member and performing obvious manipulations, we get the relation 


ve HEY xy x y\ _ 
sin —} (cos 3 —cos 5 cos $) =0 (3) 


Equating to zero the first factor, we get an algebraic relation involv- 
ing x and y: 
xt+y=2nn, n=0, +1, +2,... (4) 


If we now recall the expressions for x and z, it will be easy to get the 
first group of values of the unknowns: 


x= Zh, k=0, +l, +2, ees 


= FZ+(Qn—k)n, n=0, +1, +2, ..., (5) 
Z, = a—2nn 


Equate the second factor of the left member of (3) to zero. Using the 
formula for the cosine of a sum, we at once get the relation sin (x/2) x 
x sin (y/2)=0. But by (2), sin (x/2)=40 and so sin (y/2)=0, whence 
y = 2mn, man integer. Recalling the expressions for x and z, we find 
the second group of values of the unknowns: 


x= ob Zt ha, k=0, +1, +2,..., 
y, = 2mn, m=0, +1, +2, ..., 
z= 1 —(2m+k) x 


A check shows that both of the groups just found are indeed ‘solutions 
of the original system. 
_ A few words are in order concerning the notation of solutions to 
trigonometric systems. | 

In solving this problem, many students reasoned as follows: “Since 
it follows from (4) that y = 2nn — x, then, taking into account ex- 
pression (2) for x, we find ; 


y= 2nn hn = + (2n—h) an” (6) 
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Some even tried to substantiate the legitimacy of this formula: “Since 
in (2) we can take both signs (plus and minus), so in the expression 
for y we have to take both signs, and this is indicated in (6) by the 
-++ sign there.” 

Actually, the expression (6) for y is not true: because if.we take a cer- 
tain value of x corresponding to the choice of a plus sign in (2), then 
the appropriate value of y corresponds to the choice of a minus sign in 
the second formula of (5). Thus, the signs in the formulas of (5) do 
not indicate an arbitrary choice of signs (plus or minus) in each of the 
formulas but a very definite choice: in all these formulas we take 
either both upper signs simultaneously or both lower signs. _. 

It is important to understand properly the notation of (5). In parti- 
cular, it means that to each choice of values & and n there correspond 
two solutions, or two nimber triples x, y, z, of the original system. 

Another typical mistake of students is that they frequently denote 
arbitrary integers by one and the same letter. For example, in place 
of (4) many students wrote x + y = 2kn, R= 0, +1, +2, ... and, 
taking into account (2) and the expression for z, they obtained [in 
place of (5)] the group 


kot ho, y = = +ha, 2=n—2kn 


Although these number triples do satisfy the original system, many 
of the solutions have been lost. The reason is that in passing from the 
equations of system (1) to the equations for.x and x + y, we must 
retain the independence of these equations by introducing distinct 
integral parameters & and n [as was done in (2) and (4)] and not con- 
nect them by introducing one and the same integer &. 

3. Solve the system of equations 


cosx-+cosy=1 


x y¥ V2 
COS 5 + COS = 5 l 


In this system there is no equation that would permit us to express 
directly one of the unknowns in terms of the other and thus eliminate 
one of the unknowns. And so we will try to transform the equations 
of the system in order to obtain an algebraic system of equations in 
certain trigonometric functions of the unknowns x and y. 

The cosine of any angle, it will be recalled, can be expressed in terms 
of the cosine of half an angle. This suggests denoting cos (x/2) by u 
and cos (y/2) by v and writing the first equation of the system in terms 
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of w and v.* Obvious transformations lead at once to the system 


3 
a ? eee eee 
11? -- y? = 5 
2 
iegel 


which is an ordinary algebraic system. 

This system can easily be solved. Isolating in the left member of 
the first equation the perfect square of the sum of the unknowns y 
and v and taking into account the second equation, we get the value 
of the product uv. Thus, we obtain the following system: 


which can be solved by the familiar reduction to a quadratic equation 
(via the converse of the Viete theorem). However, it is easier simply 
to guess the solution of the last system. It is evident that there are two 
pairs of such numbers,* that the sum of these numbers is equal to 


(V 2/2) —1 and the product is equal to —/2/2: 
u,=V 2/2, v,=—1, “,=—I, v,=V 2/2 


Hence, to determine the unknowns x and y we must naw solve two 
systems of equations: 


x VY 2 x 
COS =a cos =— | 
and 
__— y_V2 
cos = ] COS T= 5 


whence we find two groups of solutions of the original system: 
x= ab Tt 4kn, y,=2n-+4nn, k, n=0, +1, +2, ..., 
x,= 20+ 4pm, Y= > +4gn, P, g=0, +l, +2, eee 


In the next problem, again, elimination of one of the unknowns 
‘cannot be carried out directly, but the system can rather simply be 


* Incidentally, we could express cos (x/2) in terms of cos (y/2) in the second equa- 
tion and then, transforming the left member of the first equation to cos (x/2) and 
cos (y/2), eliminate cos (x/2). The result would be a quadratic equation in cos (y/2). 

** Of course our guess does not mean that the system does not have any other 
solutions. For complete rigour-we must refer to the fact that any system of the form 
u-+v=a, uwvo= b has at most two solutions. 
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reduced to a form that permits finding the solutions. The peculiarity 
of this problem is that we will not be interested in all the solutions of 
the trigonometric system but only in those that satisfy certain supple- 
mentary conditions. 
4. Find all the solutions of the system 
l 


jsinx| siny=—z 


cos (x+y) + c0s (¥—y) => 


that satisfy the conditions O<ix<(2n, n<Cy< Qn. 

To solve this system we employ the common technique of getting rid 
of the absolute-value sign. We consider two cases: sin x > 0 and 
sinx<<0. The former inequality is valid (with regard for the restriction 
on x imposed by the statement of the problem) for0 <<« <q, the lat- 
ee for xn << x <t 2n. It is obvious that the equation x = m is impos- 
sible. | 

To start with, let sin x > 0, that is, O << «<< a. Then the first equa- 
tion of the system can be rewritten as sin x sin y = —1/4, and we can 
expand the product of sines into a difference of cosines; the original 
system is thus reduced to the system 

] 


cos (¥—y) —cos (x+y) =—y 


cos (x+y) + cos (¥§—-y) = 5 


whence we get a very simple system: : 
cos (X—Y) => (7) 


cos (x-+y)=1 
This system can clearly be reduced to an algebraic system of two li- 
near equations in two unknowns: 


x—y=tatokn, k=0, +1, £2, :.., 


x-+y=2nn, n=0, +1, +2,... 


which readily enables us to find all the solutions of system (7). How- 
ever the subsequent choice of solutions that satisfy the supplementary 
restrictions would be very awkward because we would have to solve 
inequalities in integers and run through a variety of possibilities. 

It is therefore easier to seek at once the needed solutions, that is, 
the solutions of system (7) lying in the intervals that interest us: 
0< x < x (we assumed that sin x > 0) and x << y < 2m. From these 
inequalities it follows that 

—2n <x—y <0 
m< x+y < dn 
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In other words, we have to find only those solutions of system (7) for 
which these inequalities hold true. 

But if the difference x — y lies between —2n and 0, then the equa- 
tion cos (x — y) = 1/2 is only valid in two cases: when x — y = — 21/8 
and when x — y = — 5x/3. This can be seen, say, by referring to the 
trigonometric circle in Fig. 59 or to the graph of the cosine. Further- 
more, if the sum x+y is situated between x and 3x, then the equation 
cos (x + y) = 1 is valid in only one case, when x + y = 2n. 


Fig. 59 


Thus; .we have two linear algebraic systems: 
X—y=— 21/3 x—y = —5n/3 
and 
xX+y=2n x-+y=2n 


whence we get, respectively, two solutions to our problem: 
x, =5n/6, y,=7n/6 and x,=2/6, y,=1127/6 


_ The case of sin x < 0, which is valid for 7 < x < 2n, is considered 
in the same manner and yields another two solutions to the original 
Naess that satisfy the inequalities given in the statement of the prob- 
em: 

x,= 77/6, y,=7n/6 and x,=I11n/6, y,= 1120/6 


5. Find the solutions of the system 
log, x log, 2-++1=0 
sinx cos y= 1—cosxsiny 


which satisfy the condition x +y< 8. , 

In solving this system, we again have to deal with a choice of solu- 
tions. But this time, besides the inequality « + y < 8 indicated in 
‘the statement of the problem there are other supplementary conditions 
necessitated by the fact that we have to ensure the existence of the loga- 
rithms in the system. Namely, we can only be interested in pairs of 
values of x and y such that for them x >0, y>0, y< 1. 

- Remembering these supplementary conditions, we can easily reduce 
the first equation of the system to the form xy = 1, The second equa- 
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tion of the system can be rewritten as sin (x + y) = 1, whencex + y= 
= (n/2) + 2kn, k= 0, +1, +2,.... 

Thus, in place of the original trigonometric system we have the 
following infinite set of algebraic systems: 


xt y= 5+ 2kn, k=0, +1, £2, ... (8) 


XY = | 


Here we are interested only in such solutions of each of these systems 
for which x -+ y< 8, x>0, y>0, y 4 I. Instead of solving all the 
systems of (8) and then choosing the solutions we need, we will start 
from the very beginning to seek the ones we need. 

From the supplementary conditions x+y<8, x>0, y>0 
it follows that O0<¢ x + 4 <8 and so it makes sense to consider 
only those systems of (8) which correspond to (integral) values of & 
that satisfy the inequality 


0<>+2kn <8 


A direct enumeration (see Problem 15 of Sec. 2.3) shows that this ine- 
quality is satisfied by only two (integral) values of k, namely, k = 0 
and & = 1; the systems of (8) which correspond to the remaining va- 
lues of & cannot contain solutions of interest to us. 

It thus remains to solve the two algebraic systems 


5 
“+= and *tY= 7 @) 
xy= 1 xy = | 
the first of which does not have any real solutions and the second of 
which yields 


Sn V 2502 — 16 __ dn— V 25n?— 16 


Xx 4 3 Nh 4 ’ 
Si — V 250? — 16 _ bn-+ V 25n?— 16 
Lge gee as 4 


We are convinced directly that for each of these solutions x > 0, 
y > 0, y 4 1. The first two of these conditions are obvious, inciden- 
tally, from the second system of (9) (because both the sum and the 
product of the numbers x and y are positive). As to the condition y +4 
+ |, it can be obtained directly from the second system of (9). It does 
not have any solutions with y = 1. 

Let us consider yet another system of trigonometric equations whose 
solution requires a certain amount of ingenuity in carrying out trigono- 
metric transformations. We give several modes of solution to illustrate 
a certain diversity of approaches that may prove useful in solving other 
trigonometric systems. 
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6. Solve the system of equations 
sinx-+ sin y=sing 


cos x -|- cos y= cosa Am) 


First mode. The underlying idea of this solution is to obtain a certain 
algebraic relationship between the unknowns x and y and then, via 
substitution, to eliminate one of the unknowns. In so doing, note that 
if we rewrite the original system as 
x+y 


x—y 


2 sin 5 COS 5 = sing 
es (11) 
2cos +4 cos F4 = cos & 


the left members of both equations contain one and the same factor 
cos [(x— y)/2]. If we could eliminate this factor, the result would be 
a trigonometric equation in x -+ y which would then yield a linear 
relationship between x and y. 

Let us now carry through a full solution of system (10) by elimina- 
tion of the factor cos [(x — y)/2] from the equations of (11). . 

First suppose that the angle a is such that cos a = 0 (the opposite 
case will be given special. consideration below). Then, too, the left 
member of the second equation of (11) is nonzero and so we can divide 
the first equation termwise by the second to get 


x+ 


tan 4 = tana (12) 


whence 
x+y=2a+2kn, R=O0, +1, 42, ... (13) 


Note that the transition from (12) to (13) leads to an equivalent 
equation. Indeed, if x +-y = 2a + 2kn, then (x + y)J//2 =a-+ kn 
and since tan (a + kn) = tana exists (cosa=40 by assumption), 
it follows that tan [(x + y)/2] is also meaningful and equation (12) is 
valid. . 

_ What follows now is obvious. From relation (13) we find 


y= 2a+2kn — x (14) 


which is substituted into the second equation of the system (10): 
cos x + cos (2a + 2kn — x) = cosa. Now, making use of the perio- 
dicity of the cosine and transforming the sum of cosines into a product, 
we get the equation 2 cos a cos (x — a) = cosa. oe 

Earlier we assumed that cos a = 0, and so from the last relation it 
follows at once that cos (x — a) = 1/2, i.e. x = a@ + (n/3) + 2nn, 
n= 0, £1, +2, ... . Substituting the values of x thus found into 
(14), we get the solutions of the original system (10): 


K=O bp t+2nn, y=aFZ+2(k—n)a (15) 
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Here, & and n are arbitrary integers and in both formulas we take, 
simultaneously, either the upper or the lower signs. 

We have thus completed consideration of the case cosa + 0. Ti 
must be borne in mind of course that all the foregoing relations (12), 
(13) and others and, in particular, the answer, (15), are valid only for 
those values of a for which cos a = 0 because they were all obtained on 
that assumption. For example, for the time being we cannot write for- 
mulas (15) for a = 2/2, although in themselves these formulas are me- 
aningful for this value of a. 

Now let us examine the case when cosa = 0. It can rather easily 
be reduced to the preceding cases. Indeed, if,cosa = 0 then surely 
sin a@ 340, and so we consider the original system (10) under the 
assumption that sina = 0. But then we can divide the second equa- 
tion of (11) termwise by the first to obtain 


cot ~T4— cot o7 


whence again follows relation (13), but the difference is that previously 
this relation was obtained for all @ except when.cosa@ = 0. Now it 
turns out that it is valid also for those values of a for which cos a =0, 
that is for all a. 

Furthermore, in (13) expressing y in terms of x and substituting (14) 
into the first equation of (10), we now find (since sin a +4 0) that 
cos (x — a) = 1/2 for arbitrary a. We can thus conclude that formulas 
(15) constitute the solution of the original system (10). 

Second mode. The same idea (obtaining an algebraic relationship bet- 
ween the unknowns and eliminating one of them) can be effected diffe- 
rently. To do this, note that if the first equation of (10) is multiplied 
by cosa and then sina times the second equation of the system is 
subtracted from it, we get the relation 


sin (x—a)-+ sin (y—a)=0 
Obviously, if we simultaneously have cos a = 0 and sin a = (0 (these 
were the quantities we multiplied the equations of the system (10) by!), 
then in place of (10) we can, from now on, solve the equivalent system * 
sin (x—a) + sin (y—a) =0 
(16) 
cos X-+-coOS Y=COS@ 


The first equation of this system rewritten in decomposable form, 


sin (=$4—a) cos —— 0, 


* We might with equal justification consider the system 
sin (x —a)-+ sin (y—a) =0 
sin ¥ +- sin y = sina 
18—3480 


274 Ch. 2 Trigonometry 


makes it necessary to consider two possibilities. If 


sin (4 —a) =(), that is, x-+y=2a-+ 2kn 


2 


where & is an arbitrary integer, then we can express y in terms of x 
[see (14)] and substitute the resulting expression into the second equa- 
tion of (16). We then get a trigonometric equation in the single un- 
known x: : 

2 cOS a COS (X¥—a) =COSa 


or, since cos a@=&0 by hypothesis, it follows that cos (x— a) = 1/2, 
whence we readily find the solution (15) of the original system. 

We still have to consider the second possibility, namely cos I(x — 
— y)/2}=0. The simplest way is to rewrite the second equation of 
the system (16) as 
x+y 

2 


x— 
2 cos cos —* = COS A 


whence it is evident that, since cosa = 0, the equation cos I(x — 
— y)/2] = 0 is impossible because then system (16) becomes inconsis- 
tent.* 

It now remains to examine the cases sina = 0 or cosa = 0. If 
sina = 0, then direct substitution of the resulting values (15) into 
the original system (10) shows that the system is satisfied, that is to 
say there are no extratieous solutions among the solutions (15). The 
very same thing goes for the case when cos « = 0. Hence, the formulas 
(15) describe the solutions of system (10) for all values of a. 

Third mode. The underlying concept here is simple. Using a funda- 
mental trigonometric relation (the sum of the squares of the sine and 
cosine of any argument is equal ‘to 1) attempt to obtain from (10) an 
equation involving only the unknown x and another equation involv- 
ing only y. . 

-To do this, rewrite the original system (10) in the form 


sinx =sina—siny 
cOS X =cOoSa@—cosy 


square each of these equations and combine. Obvious transformations 
yield the equation cos (y— a) = 1/2, whence y— a = +(a/3) + 
-+- 2kn, k an integer. If (10) is rewritten so as to isolate sin y and cos y 
in the left members of the equations and carry through the same opera- 
tions, we get the equation cos(x— a) = 1/2, whence x—a = 
== + (1/8) + 2nx. 


* If from the relation cos{(x—y)/2]=0 we found a relationship between x and y 
and then eliminated one of the unknowns by substituting the appropriate expression 
into the second equation of (16), we would get the relation cosa=0. Since this rela- 
ah is invalid, the second possibility does not lead to any solutions of the original 
system, 


2.4 Systems of trigonometric equations 275 


We thus have four groups of values of the unknowns (note here that 
the relations y— a = +(n/3) + 2kn and x— a = +(n/3) + 2nn 
are absolutely independent, and so we have to take all possible combi- - 
nations of signs): 


x, =a+3+2na, y, =a-+— + kn, 
x= a+z-+ Qnn, Y,=a—Z-+ 2kn, 
X= a—Z-+ Qnn, Ys =-+ 5+ Qkn, 
x, =a—Z + 2na, UP =a—>-+ 2kr 


where k and n are arbitrary integers. 

It would be premature to regard all four groups as solutions of the 
original system (10) since we squared the equations and this operation 
might have introduced extraneous solutions. A check is required. 

The check only involves certain purely manipulative difficulties. 
For example, let us check the first group. Substitute the expressions x, 
and y, into the equations of system (10). Obvious manipulations yield 
the equations | 


2 sin (a-+F) <sina V 3cosa=0 
or 
2 cos (a+) = COS @ /3sina=0 


which cannot be valid simultaneously. Hence, the first group is not 
a solution of system (10). In the same way we see that the fourth group 
is not a solution of the original system. Now the second and third 
groups do satisfy the original system [they coincide with solution (15)]. 

Fourth mode. This is yet another effective approach to the solution 
of system (10). It utilizes the peculiarities of the system and gets the 
result in a very simple manner. This time the underlying idea is to in- 
voke the theory of complex numbers, more precisely, their geometric 
interpretation. | 

It may be noted that the system (10) is equivalent to the equation 
2i:+ z, = w relating the complex numbers 


Z,=cosx-+isinx, z,=cosy+iéisiny, w=cosa-+isina 


where w is known (since its argument a is given), and z,, 2, are unknown 
complex numbers. It is further clear that |z,] = |z,| = Jw] = 1. 

Thus the problem of solving system (10) reduces to this: for each 
complex number w with absolute value 1, find two complex numbers 
z, and z, with unit moduli whose sum is equal to w, Clearly, it suffices 


[8* 
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to determine only the arguments of the numbers z, and 2,, since their 
moduli have the specified value of 1. 

Let point A represent the known number w; since Jw| = 1, A will 
lie on the unit circle with centre at the origin (Fig. 60). Points B and C 
which depict the sought-for numbers z, and z, must also be located on 
this circle. The equation z,+ z,= w geometrically signifies that OA 
is a diagonal of a parallelogram whose nonparallel sides OB and OC 
are equal and are equal to this diagonal. But then the triangle OBA 
must be an equilateral triangle, or 72BOA = Z.AOC = n/3. 


Fig. 60 


From this it is clear that since a is the argument of the given number 
w, then a -+ (x/3) is the argument of one of the desired numbers and 
a~ — (x/3) is the argument of the other. It will be recalled that all the 
arguments of a (nonzero) complex number are obtained from one of 
them by formula (3) of Sec. 1.5. Therefore all the arguments of one 
of the unknown numbers.are of the form a -++ (1/3) + 2ka, k any inte- 
ger, arid all the arguments of the other, of the form a — (m/3) + 2nn, 
n any integer. If we now notice that the numbers z, and z, are of equal 
status (we may assume that point B represents the number z, and point 
C the number 2., or vice versa, that B represents z, and C represents 
21), we get two groups of solutions defined by the formulas 


x,=a-+ + 2kn, y= %—Z + Inn, 
X= a—Z+ Qnn, Y= a+ -+2kn 


where &, n are arbitrary integers.. This answer coincides with the ans- 
wer. (15). 
We conclude this section with an example of the solution of a 
system of trigonometric equations involving a parameter.. 
7. Find all the values of a for which the system 
sin x cos y= a? 
sinycosx=a 


has solutions and find these solutions, 
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Adding and subtracting the equations of the system, we get the 

system 

sin(x+y)—=@+a 

sin (x—y)=a?—a un) 
It is clear that this system has solutions if and only if the following 
two double inequalities are valid simultaneously: 

—l<@ta<l 

—l<@—a<l (18) 


The first of these double inequalities can be rewritien as a =yeteit of 
two quadratic inequalities: 
e’tatl>o 
e@+ta—|l1<0 


the first being valid for arbitrary values of a, the second, for 


sal erg gee ae (19) 


It is this interval that serves as the solution of the first double inequa- 
lity of (18). 
The second double inequality of (18) can also be rewritten in the 
form of a system of two quadratic — 
at—a-+ l> = 0 
@—a—|1<0 


the first being valid for arbitrary a, the second, for 
ee gir (20) 


SSS SS 


This interval is the solution of the second double inequality of (18). 

Consequently, the solution of the system (18) of double inequalities 
is the common portion (in set theory, it is called the intersection) of 
the intervals (19) and (20), namely, 


eae (21) 


For these values of the parameter a, the original system of trigonomet- 
ric equations has certain solutions: for all other values of a, it does 


not have any solutions. 

It is not hard to find solutions of the original. system, given condi- 
tion (21). Indeed, for any value of the parameter a in the interval 
(21), system (17) can be rewritten as follows: 


x+y =(—1)" arcsin (a?+-a)+nn, n=0, +1, +2, 
X—y =(—1)*arcsin(a’@—a)+kn, k=0, +l, +2, 
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whence 
x= [(—1)" aresin (a? + a) + (—1)* aresin (a®@—a)-+(n+4) a], 
y= - [(—1)” arcsin (a? +- a) —(—1)* arcsin (a? —a) + (n—k) m1] 
where n and & are arbitrary integers. 


Exercises 


Solve the following systems of equations. 


7 2m 
I. X—Y=TR 2. Ap y =a 
a\ . n\ 1 sinx 
sin (=+75) sin (v5) =7° sing =2. 
3. tanx-+coty=3 4. tanx tanz=3 
ge ja tan y tan z=6 
: i iar a stytz=n. 
5. sinx-+ sec y=2 6. sin(x—y)=3 sin x cos y—1 
sin xseey=-. sin (¥-++ y) =—2 cos x sin y. 


7. Find the solutions of the system 


| > sin (l1— y-+ x”) cos 2x =cos (y— 1—x?) sin x cos x 
OV +2x 
log, s “pita =2—x% 


that satisfy the condition y—!—x?+2x>0. 
8 Find the solutions of the system 
sin x= sin 2y 
. cos x=siny 
that satisfy the conditions O<x<q, Ocyan. 
9. Find the solutions of the system 
|sinx|=asiny (a> 0) 
tanx=2tany 
that satisfy the conditions 0 <x < 2n, O< y < Qn. 
10. Determine for which values of a and 6 the system 
tan x=acot x 
tan 2x=6 cos y 


has solutions. Find these solutions. 


2.5 Inverse trigonometric functions 


The student of secondary school does not have much to do with in- 
verse trigonometric functions and, consequently, usually has a hazy 
idea of just what they are. The theory of these functions appears to be 
complicated and overloaded with cumbersome formulas that cannot be 
derived or memorized. 
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Actually, inverse trigonometric functions are not so complicated. The 
starting definitions are very simple and all one needs to handle them 
effectively is a firm grasp of trigonometry. As to the enormous formu- 
las that some textbooks give, there is no need either to remember them 
or to be able to derive them. 

First of all, it is important to clarify the difference between Arcsina 
and arcsin a, From the properties of the function y = sin x it follows 
that for —1 << a< I there are an infinity of angles x which satisfy 
the equation sin x = a. This infinite number of angles is symbolically 
denoted by Arcsin a. Of this infinite set of values, there is one which 
lies in the interval fromi —zx/2 to n/2. This angle is sometimes called 
the principal angle and is denoted symbolically as arcsin a. All this 
is pictorially represented in Fig. 61, which displays the graph of the 


Fig. 61 


function y = sin x. Points on the x-axis mark the angles included in 
Arcsin a; and the point « enclosed in a square between — x/2 and 1/2, 
is arcsin a. 

Thus, arcsin a is an angle whose sine is equal to a and which is located 
between —n/2 and n/2. This definition may be written compactly and 
formally as follows: 


a=aresina if (1) sina =a and(2)—n/2 <a<a/2. 


A very common and serious mistake of students is this: for example, 
when they see an equation like = sin a, they often immediately write 
a = arcsin t, This is not correct since from the equation ¢ = sina 
it only follows that the angle @ is in the set denoted by Arcsin #, but it 
does not in the least follow that it also satisfies the second condition 
—W2<a< n/2. 

Another common mistake is the incorrect statement of the second 
condition. Instead of the proper formulation, we hear things like this: 
“The angle lies in the first or fourth quadrant.” But this phrase, the 
exact meaning of which is that the terminal side of the angle (radius 
vector) lies in the first or in the fourth quadrant, expresses something 
quite different from the second condition of the definition. For example, 
the radius vector 9:/4 lies in the first quadrant but the inequality 
—m/2 < 9n/4 << n/2 is not valid. 

Similarly, the definitions of the other inverse trigonometric functi- 
‘ons merit careful scrutiny, These definitions are conveniently tabula- 
ted below. 
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Q=arcsin a @ == arccos a a@=arctan a a= arccot a 


(1) sina=a, (1) cosa=a, { (1) tana—=a, (1) cota=a, 


(2) —n/2<acn/2 | (2) O<a<n | (2) —n/2<a<n/2|Q0<acn 


The definitions and trigonometric formulas given above are quite 
sufficient to solve a variety of computational problems involving in- 
verse trigonometric functions. We now take up a few typical examples 
of this kind. Some of them will yield very useful formulas. 

1. Compute arccos (— 1/2). 

According to the definition, the angle a = arccos (—1/2) lies bet- 
ween 0 and x and its cosine is equal to —1/2. Consider the trigonomet- 
ric circle in Fig. 62; let the positions OA and OB of the radius vector 


Fig. 62 


correspond to angles whose cosine is equal to —1/2 [these angles thus 
belong to Arccos (—1/2)]. The curved arrow depicts the angle a which 
lies aoe 0 and x; clearly, a = 2n/3, that is, arccos (—1/2) = 
== 21/3. 

2. Compute cot larccos (—1/3)]. 

First of all, do not be frightened by the aspect of expressions like 
this one. If the definitions are firmly grasped and the trigonometric 
formulas are at your finger tips, there is nothing difficult about this 
problem. What does it call for? We have to find the cotangent of the 
angle a = arccos (—1/3). By the definition of the arc cosine, we can 
write that cosa = —1/3 and0O< a@ < 9; since the cosine is negative, 
the angle a lies in the second quadrant: 1/2 < a < x. The problem 
is thus reduced to the following simple one: 

Given that n/2<a< x and cosa = —1/3, find cota. 

This problem is solved by means of the fundamental relations bet- 

‘ : ° COS & COS & 
ween trigonometric functions. We have cot a=: sin W Tosca 
(the sine in the second quadrant is positive; as usual, the radical sign 
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denotes a nonnegative root), whence we finally get 


V2 


cot a = cot| arccos or, | omnes Ae 
3 4 


-3. What is the solutions of cos (arcsin a), ja| < I? 

Let a = arcsin a, then (1) sina =a and (2)—n/2<a< n/2, 
We thus know the sine of the angle a and it is required to find the co- 
sine of that angle. But cos?a = | — sin*a, that is, cos?a = I — a’, 
How do we find cos a now? It is clearly sufficient to find the sign of 
cos a. But the angle @ lies between —x/2 and 1/2, and in this interval 


the cosine is nonnegative: cos a > 0, and so cosa = V1 — a’, Thus 
cos (aresina) =V 1 —a? 
Similarly, it can be shown that the formula 


sin (arccos a) =V 1 —a? 
holds true. 
4, Find the solution of cos (2 arcsin 2/3). | 
Taking advantage of the formula for the cosine of a double angle, 
cos2a = 1— 2sin?a, we get 


_ 2 ae 2\7_ J 
sin) |) — | —9 jn? — jo l—2e( >] =o 
cos (aresin y)=1 2 sin (arcsin 3 )= —2 € 9 


Here, we also made use of the formula. 
sin (arcsina)=a 


which follows from the definition of the arcsine. | 
Similar formulas are valid for the other trigonometric functions as 
well: ; 
cos (arccos a) =a, tan (arctana) =a, cot (arccota)=a 


A separate group of problems have to do with different notations of 
an angle, that is, the notation of an angle through the use of different 
trigonometric functions. For instance, to each angle, say 2/6, there 


corresponds a definite value of the sine: sin = = 1/2, of the cosine: 


Cos = =: V 3/2, etc. Hence, this angle may be written in two distinct 


forms: as arcsin 1/2 and as arccos V 3/2. 

Another example of thesametype is afforded by Problem2 above. From 
the answer to this problem it is evident that the angle a = arccos (—1/3) 
may be written in the form «@ = arccot (—V 2/4) since cot a = 
= —/ 9/4 and O0<a<n. Actually, it was demonstrated in this 
problem that both notations designate the same angle. 

This aspect—establishing the fact that distinct notations designate 
one and the same angle—is of great importance in the solution of 
problems in geometry. Suppose, in a problem in which it isrequired to 
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determine an unknown angle, we got the answer a = arccos (—1/3). 
But the same problem can be solved differently, and the answer may, 
generally speaking, be quite different; say, a = arccot (—)V 2/4). 
What this all amounts to is that different notational forms should not 
bother the student. 
5. Prove that 
] 3 1 nN ] 4 
= arccos = = arctan > = {7 arecos = 
Let us double each of the three expressions and then attempt to prove 
that 


arccos oe 2 arctan ee arccos El 
eee 5. a, 5 


Note first of all that the three angles lie between 0 and 1/2. For the 
first angle this is obvious since if a = arccos 3/5, thn OX aca 
and cos @ = 3/5 is positive, whence what is required follows. The 
same goes for the angle 1/2 — arccos 4/5. Finally, if B = arctan 1/2 
this signifies that —n/2< B < n/2 and tanf = 1/2. Hence, the angle 
B lies eos 0 and «1/4 and so the angle 2 arctan 1/2 lies between 0 
and m/2. 

Since all three angles lie between 0 and 2/2, to prove their equality 
it suffices to demonstrate that some trigonometric function, say the 
cosine of each of the angles, has one.and the same value. Indeed, we 
easily find 


a 7 
COS ; arccos = | = 


5 5? 
1—tan* | arctan us 
1\. 2 3 
cos 2 arctan > Sg 
: 1-++ tan? (arctan z) 
1 4\__. 4\ ‘ 4\__ 3 
cos (}—arecos 7 ) = sin (arccos 7 } = 1—cos ( arccos - ) = 


(Note that arccos 4/5 is an angle in the first quadrant and so we choose 
the plus sign in front of the radical!l). The proof is complete. 

Unfortunately, many mistakes are made in thesolution of problems 
of this kind. The basic and worst mistake of this type is the following. 
In establishing the equality of the angles, a check is made to see that 
some trigonometric function of each of the angles has the same value; 
on this basis the conclusion is drawn that the angles are equal. But such 
a conclusion is totally unjustified. For example, the angles arcsin 1/2 
and arcsin (—1/2) are clearly equal, but 

cos (aresin z) = COS | arcsin (—-)| pa! 


2 


The whole point is that it does not follow from the equality of the cosines 
(sines, etc.) of two angles that the angles are equal, However, if we are 
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able to demonstrate that the angles lie, say, between 0 and x/9 (as j 
the foregoing problem) then the equality of trigonometric functions 
implies the equality of the angles. a 

6. Find the angle arcsin 1/3 + arcsin 3/4. 

Let a = arcsin 1/3, B = arcsin 3/4, y = @ + f. To find the angle 
it is first necessary to find one of its trigonometric functions, It would 
seem to be natural to compute sin y: 


sin y= sin (a+) = sinacosp-+sinB cosa 
i Fa eae 1 V7+6y3 
<3)! stg V 1-psteys 
But how do we find the angle y itself? As we already know, we cannot 


write p= aresin VE SY 2 without having first found out whether 


y lies in the interval from —x/2 to 1/2. It is not so easy to determine 
this in the given case. Therefore let us try to solve this in a different 
way by first analyzing the condition. We know that the angles a and 
B lie in the interval from —s/2 to 1/2, but their sines are positive so 
we can state more exactly that they lie between 0 and m/2, that is 
O<a<n/2,0<fp< a/2, Adding these inequalities we get 


0<y<ca 


It is now clear that the angle y can be determined if we know the co- 
sine of it: 


cos y=cosacos §—sinasinf 


Ss V pet yf 32 V 3 
as 9 163. 4 277 
To summarize: (1) cos y = pe (2) 0O<y<ux,* 
Consequently 
= arccos aL 

7. Find the angle 2 arctan (— 3). 

The angle @ = arctan (—3) obviously satisfies the inequality 
—n/2<a<i0, whence —x < 2a <0. Now what function can be 
used to determine 2a? There are different ways of approaching this. 

First way. Multiply the last inequality by —1 to get x >— 2a > 0, 


Then 
I—tan?a 1-9 4 
Cos (— 2a) = cos 2a = TT iantg To 5 


; « tp clear that if 0<y<a, then surely the inequality O<yeqnr is valid (see 
ec, 1.1), 
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Thus, (1) cos (— 2a) =— 4/5 and (2) O<— 2a<‘n. Consequently, 
— 2a = arccos (— 4/5), or 2a = — arccos (— 4/5). 

Second way. From the inequality ~n<2a <0 it follows that 
0< 2a +2< mn. Furthermore, cos (2a + m) =—cos 2a = 4/5. But 
if these two conditions hold, then 2% + 2. = arccos 4/5, that is, 
2a = — nm + arccos 4/5. 

Third way. From the inequality —n<2a< 0 it follows that 
—n/2<2a4 + n/2< n/2. Furthermore, 


] 1— tan? a@ 4 


It 
tan (21 +3) a Olea nog onan 
And so 2a -+ 1/2 = arctan (— 4/3), whence we get yet another answer: 
9a = — n/2 + arccot (— 4/8). | 

Three modes of solution have thus yielded three different answers. 
But all these answers only appear to be different, actually they are me- 
rely different forms of notation of one and thesame angle, and this can 
be shown in the same way as was done in Problem 5. 

The next problem is of a type that often causes considerable diffi- 
culty, although all that is needed to obtain a solution is a good know- 
ledge of definitions. 

8. Find the angle arcsin (sin 10). 

By definition, @ = arcsin (sin 10) is an angle that satisfies two condi- 
tions: sina = sin 10 and —n/2 < a < n/2. The easiest way to deter- 
mine this angle is by means of the graph of the function y = sin x 
(Fig, 63). Plot the number 10 on the x-axis and find sin 10 geometri- 


cally (this is the ordinate y of the point on the graph corresponding to 
x = 10) and then draw the horizontal line y = sin 10. The abscissa of 
one of the points of intersection of this straight line with the graph lies 
in the interval from —zx/2 to m/2. This abscissa is the desired angle, 
since by the construction it lies between —m/2 and 1/2 and its sine is 
equal to sin 10. It can be computed by simple geometric teasoning. 
It is easy to see that the points a and 10 are symmetric about the point 
3/2 so that 10 — 3/2 = 3n/2 — a, whence «a = 3n — 10. 

We now pass from these numerical examples to inverse trigonometric 
junctions as such. 

The expression arcsin a is defined for numbers @ that satisfy the con- 
dition —1<<a< 1. We can consider the function 


y= arcsin x 


which associates with every number a a number y equal to the radian 
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measure of the angle arcsin a. This number is also denoted arcsina. 
The domain of this function (that is, the set of values of x for which it 
is meaningful) is the set of numbers in the interval from —1 to I. 


yz=aresing AY 


Y=Qrclos yx 


Fig. 64 Fig. 65 


The other inverse trigonometric functions are defined in similar fa- 
shion. Their domains are: for the function arccos x, the set of numbers 
in the interval from —1 to 1, for the function arctan x and arccot x, 
the set of all real numbers. 


Ybor =arclan xX 
a J 


Fig. 66 


The graphs of the inverse trigonometric functions are shown in 
Figs. 64-67. Naturally, before they can be constructed the necessary 
properties of these functions have to be thoroughly investigated. 
For one thing, it must be proved that arcsin x and arctan x are increas- 
ing functions and that arccos x and arccot x are decreasing functions. 


Fig. 67 


0 “a 
These proofs are not very difficult, but we do not give them here be- 
cause the graphs of inverse trigonometric functions are outside the 
scope of the secondary-school curriculum. We merely state them here 
for the sake of completeness. The interested student can carry out the 
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proofs by himself. On the one hand, this is a useful exercise, and on 
the other, employing these properties frequently simplifies problem 
solving. 
Let us consider some problems whose purpose is the proof of separate 
properties of inverse trigonometric functions. 
9. Prove the identity 
arcsin(— x)= — arcsinx, —l<x<l 


Rewriting this equation as —arcsin (— x) = arcsin x and denoting 
a=arcsin (— x), we get, by definition, (1) sin a=—¥x and (2) —3< 


<a >: However these conditions imply at once that 


sin (— a) = —sina=x and +See SF 
but this signifies that —a@ = arcsin x, which completes the procf. 

The identity that has just been proved may be stated as follows: 
y = arcsin x is an odd function. 

Note that we have no grounds to assert that y = arcsin x is an odd 
function for the reason that y = sin x is odd. Reasoning in that fa- 
shion we could then assert that the function y = cos x is even and so 
y = arccos x is also even. Yet this is obviously not true since, for 
example, arccos 1 = 0 and arccos (~1) = x 0. The relationship 
between arccos x and arccos (—x) is more complicated. 

10, Prove the identity 


arccos (— x) = m—arccosx, —l<x<l 


The proof is analogous to the preceding case. Let a = arccos (—x). 

This means that | 

(1) cosa=—vx and (2) OXSacn 
but then cos (t—a) =—cosa= x and 0>—a>—n, that is, 
m= an—a zy 0 so that n—a = arccos x or x — arccos (—x) = 
= arccos x, which is what we set out to prove. 

Identities 9 and 10 permit us to simplify certain expressions. Also 
note that both these identities can be illustrated effectively on the 
trigonometric circle. , 

11. Prove the identity 

IU 


arcsinx-}-arccosx==, —l<x<l 


First method. The inequalities —n/2< arcsin x < n/2 and 0O< 
< arccos x< a imply that 


It ; 31 - 
eos < arcsin x + arccos x 


Besides (see Problem 3), 
sin (arcsin x ++ arccos x) = x? + Vi—xvV1—x?= 1. 
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But in the interval between —x/2 and 3n/2 there is only one angle 
whose sine is equal to 1, namely 1/2, so that arcsin x ++ arccos x = 
= 1/2, and the proof is complete. 

Second method. The given identity is equivalent to 


. aU 
arcsin x = 7 arccos x 


But sin ($— arccos x] = cos (arccos x) = x and, besides, 
—F<F—arecosx KF 

(this readily follows from the inequality 0< arccos x< x). Therefore, 
m/2 — arccos x = arcsin x, which completes the proof. 

This identity is well illustrated on the trigonometric circle (do not 
forget to consider two cases: x > 0 and x <0). 

Rr us solve a few equations that involve inverse trigonometric fun- 
ctions, 

12. Solve the equation arcsin x = n. 

This equation clearly does not have any solutions since arcsin x 
cannot exceed 1/2. 

Many students solve this equation as follows: “We take sines of 
both members: sin (arcsin x) = sina, that is, x = sina = 0. The 
answer is then x = 0.” Where is the flaw in this chain of reasoning? 
The point is that, in the general case, the equations f(x) = g(x) 
and sin f(x) = sin g(x) are not at all equivalent. The second equation 
is a consequence of the first but, naturally, can have extraneous roots, 
which is what happened in the case at hand. 

This should always be kept in mind because, when solving equations 
involving inverse trigonometric functions, one often has to take direct 
trigonometric functions of both members. Don’t forget to check.* 
A check of this erroneous solution would have shown that arcsin 0 = 
= 0 5 1a, that is, the root x = 0 is extraneous. 

13. Solve the equation arccos x V3 + arccos x = n/2. 

Rewrite the equation in the form 


opm KAA 
arccosx V 3= + — arccos x 


and take cosines of both members: 
cos(arccosx V 3) = cos ($- arccos x 


or x V3 = VY 1—x*. Now square both members of this equation 
(this may give rise to extraneous roots, but we already have to make 


* Also remember that since the functions tanx and cotx are meaningless for 
certain values of x, roots can also be lost when taking these functions of both sides, 
In short, handle them with care. 
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a check since we took cosines of both members!): 3x? 1 — x?, whence 
Ax®= 1, or X1,0= 41/2. 
Check. For x = 1/2, we have 


V 3 Ln, nm 
arccos —5— +- AFCCOs 5 = + =a 
and, hence, x,= 1/2 is a root of the given equation. For x = —1/2 we 
have 
V 3 | 5 , 2n  3n 
arccos (— ar, a + arccos (—s) Se a 
which means x = —1/2 is an extraneous root. 


o¢ « 3 e 4 e 
14. Solve the equation arcsin a arcsin—— == arcsin x. 
9) vo 
Take sines of both members to get 


3x V | 6x2 | 4x V 9x? 
6) oo 5 Ye a 


x (3V 25— 16x¢-+ 4V/ 25 —9x2) = 25x 
One root is obvious: x,;= 0. It remains to solve the equation 
8V 25 — 16x?-+ 4V 25 — 9x? = 25 


For the sake of simplicity, set x?= y and solve the resulting irratio- 
nal equation by the usual technique of squaring, first isolating one of 
the radicals,* to get y = I. 

Thus, x?= 1, or ¥2,3== +1. Nowcheck. Since arcsin 9 + arcsinO = 
= arcsin 0, then x,= 0 is a root. It is more difficult to verify the se- 
cond root. It reduces to proving or disproving the equation 


or 


_ 3d . 4 mt 
arcsin = -+- arcsin <9 


Let us prove this equation. The angle arcsin 4/5 is a positive acute angle 
and its cosine is equal to VA l—s =; therefore arcsin 4/5 = 
= arccos 3/5. But then, on the basis of the identity of Problem 11, 


ar) .. 4 wo 3 ; 
arcsin > + arcsin = = arcsin = +-arccos 7 = = = arcsin ] 


so that.x,= 1 is a root of the original equation. Now, by Problem 9, 
we have the equations 


in z) -- arcsin a = — arcs] 3 ar in 4 
arcs 5 =) = csin-~—arcsin < 

== — >= arcsin(—1) 
Thus, x3;= —1 is also a root of the original equation. 


* This irrational equation is solved very simply if we note that y=1 is a root and 
the left member is a decreasing function. 
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15. Solve the equation arcsin (1 — x) — 2 arcsin kt. 
First method. Rewrite the equation as arcsin (1 — x) = n/2 + 
+-2arcsin x and take sines of both members to get, after obvious 


manipulations, the equation x = 2x*, or x,= 0, x,= 1/2 
A check shows that x,= 1/2 is an extraneous root. 
Second method.‘ The domain of the variable of our equation is de- 


fined by the inequalities 

—l!<l—«x«<l, -—l<x<l 
Solving these two inequalities, we get 0< x< 1. But ifx > 0, then 
2 arcsin x >> 0 and 1— x <1, and so arcsin n (1 — x) <i n/2. Hence 
if x > 0, then 

arcsin (l—x)—2 arcsinx < > 


so that x>>0 cannot be a root. It remains to check the value x =:0, 


which turns out to be a root. 
Problems of this kind could be continued, but it is clear that there 


is nothing particularly difficult in the theory, and a good knowledge 
of trigonometry and of the basic definitions of inverse trigonometric 
functions is quite sufficient for the solution of many problems. 


Exerclses 


Evaluate the following angles. 


1. arcsin (— v3) . arcsin], arcsin(—l). 
2. arccos (— 5) , afrecos(—1), arccos 0. 
3. arctan (— 5) , arctan (—!). 


4. arccot (—saAy) arccot (—I), arccot 0. 
5. arcsin (sin 5), arccos (cos 10), arctan [tan(—6)], arccot [cot (—10)). 
6. arccos Siete — arctan = arctan, arccot (—2)—aretan(— 3] Bee 
Prove the following formulas. . 
a 


V 1—a@ ° 

ee ee 

Vi+a | 
Tent 

9, cot (arcsin a) =LI=® —laagl, a0. 


Prove the identities: 
10. arctan (— x) =— arctan x, 


7. tan (arcsin a)= —Il<a<t. 


8. sin (arccot a) = 


19—3480 
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Il. arccot (—x) =a—arccot x. 
12. arctan x-parceot x= 
State for which values of x the following equations are true: 
13, arcsinx=arccos V1—x®. 14. arccot x=arctan - ; 
Solve the equations: 
15. sin (5 arccos «| =|. 
| 
Vx 


17. arccot «= arccos x. 


16. arcsin 


° a oe ALF 
—arcsin V | ere 


V 3 
2 


18. arcsin x—arccos x= arccos 


Chapter 3 GEOMETRY 


3.1 General remarks on geometry 


There seems to be a general dislike of geometry on the part of the 
student due, it would appear, to the fact that the student frequently 
regards geometry as a haphazard collection of definitions and theorems 
that have to be memorized. The result is that learning by rote is the 
practice, even down to the simplest designations, Yet geometric con- 
ce ane facts, if examined closely, are very logical, pictorial and 
natural, 

Some students have the idea that the statements of geometry have 
to be memorized word for word as given in the standard textbook. 
This is not true at all. Any statement (formulation) will do as long as 
it is clear-cut, exact and correct. : 

[t is a well-known fact that many theorems may be proved in a va- 
riety of ways. All proofs are admissible as long as they are correct. 
Choose the one that is easiest to understand and carry through. Bear in 
mind that it isnot permissible to use a theorem which itself depends on 
the theorem to be proved. The result is a vicious circle that we must 
avoid under all circumstances. ; 

Note in particular that the proofs of geometry must be exhaustive. 
All auxiliary theorems (lemmas) referred to in the proof of a theorem 
must be explicitly stated and, if necessary, proved. 

Some students have the habit of skipping a stage in a proof, stating 
that “it is obvious” or “quite clear”, etc. The student should be able to 
explain why this is so. It is therefore advisable, in going through 
proofs, do strive towards a complete explanation of every assertion, 
every step in one’s reasoning. In preparing for examinations, the stu- 
dent would do well to pose the question: Why? From what does that 
follow? Do not accept a single step of any proof on faith, do not leave 
any stage of a proof unclarified. 

In the study of geometry one should never forget that even the sim- 
plest notions (except of course such primary ones as point, line, plane) 
have definitions. Be ready to answer questions like “What is a right 


19* 
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angle?” “Why is it possible to draw a plane through two parallel 
lines in space?” and the like. It is well worth the effort to pay particu. 
lar attention to definitions and not substitute geometric images for 
them. For instance, we all readily recognize a circle, prism, pyramid, 
cone, sphere, etc. but not everyone can give a proper definition for 
each. 

To illustrate, let us examine the prism. We all have an intuitive 
idea of what sort of an object a prism is, but students often give faulty 
definitions of prism. | 

Some define the prism to be a polyhedron with two faces that are 
congruent polygons with respectively parallel sides and all other faces 
parallelograms. Firstly, one often loses sight of the fact that this only 
applies to convex polyhedrons. Secondly, even the convex polyhedron 
shown in Fig. 68 (it is called a rhombic dodecahedron; all faces are equal 


rs 
ew 


rhombuses, the planes of opposite faces are parallel, the edges of op- 
posite faces are correspondingly parallel) fits this definition. It is 
quite obvious that this polyhedron does not fit the geometric concep- 
tion of the prism, to say. nothing of the fact that formulas for the 
surface area and volume that are proved in textbooks for the prism 
are invalid here. 

The point is that in proving these formulas we assume that the prism 
has the form as we picture it geometrically, and so the definition 
should be made to fit this picture. 

This can be done in different ways, For example, a prism is a convex 
polyhedron two faces of which are equal convex polygons with correspon- 
dingly parallel sides, while the edges joining corresponding vertices of the 
polygons are equal and parallel.* 

A different definition may be given by employing the concept of 
a cylindrical surface: the prism is a solid bounded by a cylindrical surface, 
whose directrix is a convex polygon, and two parallel cutting planes not 
parallel to the generatrix. 

Geometry, like all other divisions of mathematics, requires a cer- 
tain definite level of logical culture, so to speak. The ability on the 
part of the student to get a clear idea of what is given and what is re- 
quired in a proof, to be able to state clearly and succinctly each mathe- 


Fig. 68 


* Actually, this definition is somewhat redundant. 
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matical idea. This is what the student should aim for in his study of 
geometry. 

“Comimensurable and incommensurable segments” is a topic that 
causes a good deal of trouble since it is closely tied in with the new .and 
logically difficult algebraic notion of irrational number. 

The most common mistake is that made in the method of establi- 
shing whether two given segments are commensurable or not. Some 
students argue in this fashion: “Given two line segments AB and CD 
(Fig. 69). Take the smaller one (AB) and lay it off on the larger one 


A Acbelebebelatatattes § 
lig. 69 C ¢' 6" 
eps ecard) 


(CD), starting from some point C, until the larger segment is comple- 
tely exhausted, or a remainder (segment C’D) is left over, which is 
less than the segment AB. In the former case the segments AB and CD 
are commensurable. In the latter instance, we divide AB into 10 equal 
parts and lay off each tenth of AB on C’D starting from point C’ 
until it fits exactly or there is a new remainder—segment C"D, which 
is less than a tenth of AB. In the former case, AB and CD are commen- 
surable, in the latter, they are not and we divide a tenth of AB into 
10 equa! parts and lay off the hundredth part of AB on C’D, beginning 
from C”, and so on. If the procedure just described comes to a halt at 
some stage, that is, if some part of AB fits the appropriate “segment” 
an integral number of times, then AB and CD are commensurable. 
If the process does not end, then the segments are incommensurable.” 

The mistake here is easy to see. Indeed, can we decide whether line 
segments of length 3 and 4 units are commensurable or not? First the 
smaller line segment fits the larger one once and has a remainder of 
length 1; then 1/10 of segment 3 fits the remainder 3 times and has a 
new remainder of length 0.1; 1/100th part of a segment of length 3 fits 
the remainder 3 times and has a new remainder of 0.01, etc. This pro- 
cess is clearly without end, and so, by the “rule”, the segments of 
length 3 and 4 units are incommensurable. On the other hand, it is 
evident that these segments are commensurable after all, since their 
common measure is a line segment of length 1. 

This “paradox” is resolved in a very simple manner: AB ‘and CD ~ 
are incommensurable not when the procedure described above conti- 
nues indefinitely but when it leads to a nonterminating nonperiodic 
(nonrepeating) fraction. But if the process continues indefinitely but 
leads to a terminating periodic (repeating) fraction, then AB and CD 
are commensurable, just as in the case when the process comes to a 
halt at some finite stage. In the case of line segments of length 3 and 4 
units, we get a nonterminating periodic fraction 1.(3), which means 
the segments are indeed commensurable, 
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Before reviewing questions connected with the length of the circum- 
ference of a circle, the area of a circle, and the surface areas and volu- 
mes of circular solids, the student should carefully examine the con- 
cept of the limit of a sequence. 

For example, the circumference of a circle is defined as the limit of 
the sequence of perimeters of regular inscribed polygons when the number 
of sides is increased without bound. 

Now the formula C = 2nR, which gives the numerical value of the 
circumference, is a theorem which is proved on the basis of the defini- 
tion. This also holds true for the area of a circle, the surface area of 
a cone, and so on. 

We bring this to the attention of the student because there is occasi- 
onally some confusion between the definition of the circumference of 
a circle and its evalution.* 

A few words are in order concerning the proof of the formula for the 
circumference of a circle. Many students think that the formula C = 
= 2nR follows from the duplication formula. Actually, by proceeding 
from the definition of the circumference we prove that for any circles 
the ratio of the circumferences is equal to the ratio of the radii, whence 
it follows that for all circles the ratio of the circumference to the dia- 
meter is one and the same number. This number is x. Thus, the equa- 
tion ns = C/2R or, what is the same thing, C = 2nR, holds true by the 
definition of the number n. Hence, the duplication formula has no con- 
nection here. It can merely serve as an approximate computation of x. 

When proving geometric theorems and formulas, it is useful to make 
extensive use of trigonometry and algebraic methods. The trigonomet- 
ric form of many geometric statements (the cosine law, the formula 
S = 0.5ab sin C for the area of a triangle, the sine law) simplifies the 
proofs and is more convenient in problem solving. Trigonometric func- 
tions permit stating many geometric facts more simply and with suf- 
ficient generality, which it is not always possible to do in purely geo- 
metric terms. 

For instance, using trigonometric functions it is very easy to express 
the side of a regular n-gon itr terms of the radius r of an inscribed circle 
or the radius R of a circumscribed circle. Since the central angle sub- 
tended by one side of a regular n-gon is equal to 2n/n radians, it is 
clear that the side is 


I 
a, = 2r tan = (1) 
Similarly, we are convinced that 


a, =2R sin = (2) 


* Logically, the situation here is similar to that which we encountered in defining 
mH evaluating the sum of an infinitely decreasing geometric progression (see Sec, 
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For n = 3, 4, 6, we get the familiar formulas for the sides of an equila-. 
teral triangle, a square and a regular hexagon. 

A very useful relation is 

a 
R= san (9) 

which expresses the radius R of a circle circumscribed about a triangle in 
terms of a side and the opposite angle (this relation is used in proving 
the sine law). A curious corollary is: to compute the radius of a circum- 
scribed circle it suffices to know only one of the sides of the triangle 
and the opposite angle, yet these data do not fully define the triangle! 

Another frequently used relation in problem solving is - 


S= pr (4) 


which relates the area S of a triangle with the semiperimeter p and the 
radius r of an inscribed circle. This relation is obtained directly from 
the obvious (Fig. 70) equation 0.5ar+0.56r+0.5cr=S. It is easy 
to see that this formula holds true for any polygon with inscribed circ- 
le (where S is the area and p the semiperimeter of the polygon). 


ale . ZR . 


It is interesting to note that an analogous formula may be written 
for solid geometry as well. If, for example, a sphere of radius r is in- 
scribed in a pyramid, then the volume V may be computed from the 


formula 
V =Sr/3 (5) 


where S is the total area of the pyramid. The proof of this formula is 
carried out in the same way as for the plane case. The centre of the 
sphere is joined to all vertices and then the pyramid can be conceived 
of as partitioned into several smaller pyramids. Then, noting that the 
radius of the inscribed sphere is the altitude of each of the subpyra- 
mids, we compute the volume of the pyramid as the sum of the volumes 
of the subpyramids. | 

The part played by drawings in geometry is regarded by students 
differently. Some students look upon the drawing as something super- 
fluous; they give a rough sketch and argue without any reference to 
the drawing. Other students, on the contrary, take great pains with a 
drawing, consider it the decisive element in a solution, but do not even 
find it necessary to justify what, as they put it, is “obvious from the 
drawing”. | 

Both of these extreme views are absurd. Naturally, even the neatest 
and most accurately drawn diagram cannot take the place of tthe logi- 
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cal proof of a geometric fact, because the drawing is merely illust,g- 
tive and is intended to support the reasoning of the student (see Sec. 3.5 
for more on this point). It is therefore necessary to justify every geo- 
metric fact that we “see” in a drawing. Only then can we be sure that 
this fact is true and is not merely the result of a correct (perhaps eyen 
incorrect) drawing. . . 

However, the role of the drawing is not confined to illustrating the 
student’s reasoning in problem solving. It often happens that a pro- 
perly constructed drawing helps to suggest an approach or a theorem 
or the necessity to make additional constructions. In most problems, 
a drawing plays a very important part, which ofttimes amounts to 
hinting at the idea of a solution. It is therefore well to put a good deal 
of effort into making drawings accurately and to learn to see geometric 
facts in them that may be extremely suggestive (see Sec. 3.6 on that 
same subject). . 

Sometimes a property extracted from the drawing permits reducing 
the solution of a problem to a couple of lines. The following problem, 
which has many solutions, is a good illustration of this point. 

1. A rectangle ABCD, side AB of which is equal to a, is inscribed jin 
a circle. Draw diameter KP parallel to side AB, then side BC subtends 
at K an angle of 2B. Find the radius of the circle. 

Let O be the centre of the circle, KP || AB, “BKC =2fh and AB = gq 
(Fig. 71). It is required to find the radius R of the circle 


Fig. 7] 


Here is a solution based on a superficial geometric consideration, 
Let M be the point cf intersection of diameter KP and side BC. 
Since R = KM — OM, we compute KM and OM. From the right 
triangle KMB we find that KM = BM cot f. Drawing the line OB 
and noting that BOK is an isosceles triangle, we can conclude that 
ZBOM=26 (as an exterior angle of this triangle), and so from the 
right triangle BOM it follows that OM = BM cot 2B. Thus, R = 
=BM/sin 2p. 

Drawing the diagonal AC of rectangle ABCD, we get, by the Pytha- 
gorean theorem applied to the right triangle A BC, (2R)? == a® + (2BM)?. 
Eliminating BM from this and the preceding relation, we get the de- 
sired radius of the circle: R == a/(2|cos 2B). 
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However, the shortest solution to this problem is this. Start by 
drawing the diagonal AC; it is then clear that the angles BKC and BAC 
are inscribed and intercept (cut off) the same arc BPC, and so the right 
triangle ABC yields the answer at once. | 

Of course, both solutions are quite admissible. In general, any cor- 
rect and mathematically sensible solution is legitimate, irrespective 
of its length. At examinations it is best not to spend too much time 
looking for an elegant solution and to stick to one reliable solution 
and carry it through to the end, even though it may be rather long. 
True an elegant solution of only a few lines is undoubtedly valyed 
highly as an indication not only of knowledge but of keen geometric 
intuition and observation on the part of the student. 

Returning again to Fig. 71 which we used in solving this problem 
an important point may be noted: the statement of the problem does no{ 
determine the drawing in unambiguous fashion. In Fig. 71 we took a 
rectangle ABCD with side AB = a the smaller side; again, at our own 
discretion, we chose the case when the angle BKC is acute. Actually, 
in carrying out the solution in accord with Fig. 71 we inserted supple- 
mentary assumptions that were absent in the statement of the problem. 

Such indeterminateness in the condition of a problem is rather fre- 
quently encountered and it is left to the student to supply the neces- 
sary additional restrictions (which are ordinarily not indicated expli- 
citly) when representing the geometric configuration in a drawing. 


Fig. 72 


Strictly speaking, we should have considered all possible drawings 
and convinced ourselves that the choice of drawing does not in any 
way affect the answer. For instance, in Problem 1 we should have 
considered Fig. 72 (besides Fig. 71) and convinced ourselves that al- 
though the reasoning is somewhat altered, the final result is the same. 
This is not usually done because in a properly posed geometric problem 
the answer must be the same for all possible drawings and so it suffices 
to solve it for one of them. 

The situation is more complicated when the supp!mentary assump- 
tions we make in the process of producing the drawing are not com- 
patible with the statement of the problem. For example, in the next 
problem even a developed imagination is not enough to give us an 
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idea of the proper configuration in space, and only in the course of a 

_ rigorous solution are we able to see the actual arrangement of the 
S. 

aa Two faces of a triangular pyramid are equilateral triangles with 

side a, the other two faces are isosceles right triangles. Find the radius 

of a sphere inscribed in the pyramid. 

Make the traditional drawing: let SABC be the pyramid (Fig. 73) 
and let the triangles ASC and BSC be equilateral triangles and 
LASB= ZACB=90". Use formula (5) to compute the radius r 
of the inscribed sphere. 


5 


iN 


Fig. 73 


Q 
B 

The surface area of the pyramid SABC is determined at once: 
S=a?(2+V 3)/2. To find the volume, we have to compute the alti- 
tude SH. Join H to the vertices of the base. Since the lateral edges 
are equal, so are their projections AH = BH = CH. But this signifies 
that H is the centre of a circle circumscribed about the triangle ABC. 
But since “ACB=90° the centre of the circumscribed circle must lie 
at the midpoint on the hypotenuse AB, that is, point H must coincide 
with Q, the foot of the altitude of the lateral face ASB dropped from 
S onto AB. 

Thus, the drawing in Fig. 73 is impossible, erroneous. Actually, 
the plane ASB is perpendicular to the plane ABC and the altitude 
of the pyramid coincides with the altitude SQ of the lateral face ASB. 

With the proper drawing we can readily determine V=a?1/2/12 
and then the desired radius of a sphere inscribed in the pyramid 
r=aV 2 (2—YV 3)/2. 

Here is another problem in which the customary drawing does 
hot correspond to the statement of the problem and has to be replaced. 

3. Given a parallelogram ABCD with AB = 1, BC = 2 and angle 
ABC obtuse. Two straight lines are drawn through each of the points 
B and D, one perpendicular to AB, the other perpendicular to BC. 


The intersections of these four lines yield a parallelogram that is similar 
to ABCD. Find the area of ABCD, | 
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Some students started the solution with the drawing shown in 
Fig. 74, where BE|BC, DF_|.BC, BG|AB, DH|AB. By hypo- 
thesis, the parallelogram BNDM resulting from the intersections of 
the lines BE, DF, BG, and DH is similar to the parallelogram ABCD. 
To compute the area of ABCD we have to find the angle BAD (because 
the sides of the parallelogram are given). This angle is acute, by the 
statement of the problem; denote it by a. 

Let us first find the ratio BM: MD of the sides of the parallelogram 
BNDM. To do this,-it is necessary to establish which pairs of sides 
of the similar parallelograms ABCD and BNDM are corresponding 


Fig. 74 


sides. Draw the diagonal BD and consider the triangles BAD and BMD. 
Since Z ABD>Z ADB (because it is given that AD>AB in the 
triangle BAD), and 2 ABE=Z ADH (acute angles withcorrespon- 
ding sides perpendicular), it therefore follows that 2 MBD>Z. MDB 
and so the inequality MD=>BM is valid for the sides of the triangle 
BMD. Thus, in the parallelogram BNDM, side MD is greater than 
side BM, i.e, MD: BM >}. Since in ABCD it is given that BC: 

: AB=2 >1, the pairs of sides AB and BM, BC and MD are similar, 
and so MD : BM=2. | 

Let us now compute the angle a. From the similarity of right tri- 
angles MED and MHB we conclude that ED: HB = MD: BM, 
that iss ED=2HB. But ED=AD— AE=2—cosa (from the right | 
triangle ABE it follows that AE=AB cos a=cos a) and HB = AB — 
—AH=1—2 cosa (from the right triangle AHD it follows that 
AH = AD cosa=2 cosa) and therefore 2—cosa = 2 (1 —2 cos q), 
whence cos a=0, or a=90°. 

Having obtained the value of the angle a (which, by hypothesis, 
is acute), many students could not find a way out of this contradiction. 
Some attempted to find a mistake in the computations (but in vain 
because for the configuration drawn in Fig. 74 all computations are 
perfectly legitimate), other students stated that the problem does not 
have a solution. 

Few drew the correct conclusion: that the given result indicates that 
Fig. 74 does not satisfy the conditions of the problem. In other words, 
that under the conditions of the problem the configuration given in 
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the drawing is impossible.* It is thus necessary to find out whether a 
different configuration of figures that fits the condition of the problem 
exists or not. Unfortunately, insufficient geometric imagination pre- 
vented most students from finding the configuration shown in Fig. 75, 
where the parallelogram BNDM does not lie entirely inside the paral- 
lelogram ABCD. 


Fig. 75 


We will now solve the problem for the configuration shown in 
Fig. 75. Having established that MD>BM (to do this it is sufficient 
to draw the diagonal BD and note that 72 MBD>Z MBC=90°), 
we conclude, from the similarity of the parallelograms, that 


BM MD 
DC BC (6) 


Let K be the point of intersection of the straight line MD and side 


BC. From the similarity of the right triangles MBK and KDC it fol- 
lows that 


DC KE (7) 


Comparing (6) and (7) and noting that MWD=MK + KD, BC = BK + 
+ KC, we get the equation 
MK MK+KD — MK _ KD P 
KC BRK+KC ° KO BK (8) 


However, it follows from the same similar triangles MBK and KDC 
that MK :.KC = BK: KD. Comparing this equation with (8) we con- 
clude that MK = KC. But then from (7) it follows that BM = DC = 1, 
and from (6) that MD = BC = 2. It thus turns out that the paral- 
lelograms ABCD and BMDN are equal. 

Since MK = KC, from the right triangle - ay the Pythagorean 
theorem we find that MK?= 1 + (2— MK)?, , MK=5/4. Final- 


* To be more exact, if in the parallelogram ABCD (with sides AB=1, BC=2 
and obtuse angle ABC) we draw perpendiculars BE, DF, BG and DH to get the pa- 
eae tes BNDM lying inside ABCD (Fig. 14), then these parallelograms cannot 
be similar 
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ly, noting that 2 BMK=a, from the same right triangle MBK we 
find that sina = BK/MK =(2—KC)/MK =(2— MK)/MK = 3/5, 
Hence, the area of the parallelogram ABCD is equal to S=ABx 
¥~ BC-sin a=6/5. 

The problem is solved. It turned out that the only configurafion 
satisfying the statement of the problem is when parallelogram BMDN 
does not lie entirely within parallelogram ABCD. It is interesting 
to note that some students drew the configuration of Fig. 75 from the 
very start and found-the area of the parallelogram ABCD, but did not 
investigate the possibility, under the conditions of the. problem, of 
the case of Fig. 74. Naturally, a complete solution of the problem 
is only that one in which both cases are considered. 


Exercises 


1. Define the following: (a) a convex polygon, (b) alternate-interior angles, (c) a 
circle inscribed in a triangle, (d) skew lines, (c) the angle between two intersecting 
planes, (f) a spherical sector. . 

2. State whether each of the following assertions is a definition, an axiom or a 
theorem: (a) two intersecting straight lines can have only one point in common, (b) a 
regular polygon is a polygon whose angles are equal .and whose sides are equal, 
(c) any three points in space always lie in one plane, (d) a straight line is perpendi- 
cular to a plane if it is perpendicular totwo intersecting straight lines lying in the plane. 

3. Let a straight line / lie in a plane x and let L be an arbitrary straight line 
not in that plane. Consider the theorem: if L is parallel to /, then L is parallel to 
the plane m. State the converse theorem, the inverse theorem, and the contraposi- 
tive theorem. Which of these theorems are valid? 

4. Prove that a triangle with sides 5, 13, 12 is a right triangle. How is this 
assertion related to the Pythagorean theorem? . 

5. Is it possible to define the circumference of a circle as the limit of a sequence 
of perimeters of inscribed polygons when (a) the number of sides of the polygons 
increases without limit, (b) the sequence of lengths of the largest sides of the polygons 
tends to zero? | 

6. Prove that 3<n<4. 

7. Consider the statement: “If in the triangles ABC and A,B,C, we have AB = 
=A,B,, AC=A,C, and ZABC= £A,B,C;, then AABC= A A,B,C,”. Is this proof 
correct? Place triangle A,B,C, on ABC so that side A,C, is coincident with side AC, 
and vertex B, lies on some point B, located on the other side of the straight line 
AC from vertex B. Join the points B and B,. The triangle BAB, is an isosceles tri- 
angle (since AB,=A,B,=AB) and so 7 ABB,= Z ABB. Since Z ABC= Z AB,C 
(because “ AB,C= 7 A,B,C,), it follows that 7 CBB,= Z CB,B, that is the tri- 
angle BCB, is isosceles and BC=B,C. Hence, the triangles ABC and AB,C have 
corresponding sides equal, or A ABC=A A,B,C). Is the original assertion true? 

8. Given in space two triangles with corresponding sides parallel. What can be 
said shiek the straight lines connecting corresponding vertices of the first and second 
triangles: 

9. Prove that all three bisecting planes of the dihedral angles of a trihedral angle 
intersect along one straight line. 


3.2 Problems involving loci and construction problems 


Descriptions of collections of points having a cartain.property are 
of great importance in geometry. To handle questions of this nature, 
it is necessary to have a good understanding of the definition of a lo- 


302 Ch. 3 Geometry 


cus and to have a firm grasp of those loci encountered in the school 
curriculum. 
It often happens however that the solution of problems involving 
loci stems from the apt use of some geometric fact. 
1, Given a triangle ABC. Find (in the plane of the triangle) a 
locus such that the areas of the triangles ABM and BMC are equal. 
Note that these triangles (Fig. 76) have a common side BM, The- 
refore their areas will be equal if the altitudes dropped onto this side 
are equal. We thus have to find a locus of points M such that the dis- 
tances from the points A and C to the straight line BM are the same. 


Fig. 76 


Thus stated, the problem is simpler. We can at once state that any 
straight line parallel to AC has the property that the distances from 
it to the points A and C are equal, and so all the points of the straight 
line / which is parallel to AC and passes through vertex B of the tri- 
angle belong to the desired locus. 

We see that it is possible merely to “guess” the points of the plane 
having the required property. The foregoing reasoning does not ho- 
wever constitute a solution to the problem, although some students 
at the examination thought so. 

Indeed, we have the definition that a collection of points in a plane 
(or in space, if the problem is one of solid geometry) having a certain 
property is called a locus if (1) every point of the set has the speci fied 
property, (2) every point not belonging to the set does not possess that 
. property. 

The fact that all points M of the constructed line / (Fig. 76) possess 
the property stated in the problem is quite clear. But we are seeking 
all the points of the plane having the indicated property. We did not 
prove that there are no qther such points with this property in the 
plane. 

The question now is whether the line / exhausts the desired locus. 
No, it turns out, it does not. Any straight line passing through the 
_ midpoint of AC has the property that the distances from it to points 
A and C are the same. But we have to choose that straight line which 
passes through the vertex B. Hence, all the points M’ of the straight 
line /’—the median of the triangle A BC drawn from vertex B (Fig. 76)— 
likewise belong to the desired locus. This second “guess” convincingly 
shows that we cannot dispense with rigorous proof, for we wil! never 
be sure that we have guessed everything. 
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Here is a proof carried out without any preliminary conjectures. 
First let us make a few remarks in order to establish the type of de- 
sired locux, Extend indefinitely the sides AB and BC of triangle ABC 
(Fig. 77) and then consider separately two possible cases. 

(a) The point M having the required property lies inside the angle 
ABC (or inside the associated vertical angle A’ BC’). Since the triang- 
les AMB and BMC have the same area, the altitudes AH, and CH, 
are equal and so also are the right triangles AOH, and COH, (point O 


Figs::77 


is the intersection point of side AC and line segment MB or its exten- 
sion; it is left to the reader to make the drawing for the case when 
point M lies inside the angle A’BC’) and, consequently, AO=OC. 
Thus, M lies on the median of triangle ABC drawn from the vertex B 
(the median is assumed to be extended indefinitely). 

(b) Point M’ having the required property lies inside the angle A BC’ 
(or inside the associated vertical angle CBA’). Since triangles AM’ B 
and BM’C have the same area, the altitudes AH; and CH, are equal 
and, hence, the quadrangle AH(H;C is a rectangle (AH; | Ai, 
CH, 1 H:H;, the sides AH; and CH; are equal and parallel; we leave 
it to the reader to make the drawing for the case where M’ lies inside 
the angle CBA’). Thus, point M’ lies on the straight line that is pa- 
tallel to side AC and passes through the point B. - 

It is obvious that the points of the desired locus cannot lie on the 
straight lines AA’ and CC’, for then one of the triangles AMB or 
BMC would degenerate into a line segment. 

The foregoing reasoning shows that the desired locus can only con- 
Sist of two lines: the median (extended indefinitely) of triangle ABC 
drawn through the vertex B and the straight line parallel to side AC 
and passing through B (which is to say we again arrive at Fig. 76). We 
have thus proved the following: if a certain point M of the plane has 
the given ‘property, then it must necessarily belong either to the line 
{or the line /’; in other words, every point of the plane that does not 
belong to these lines does not possess the given, property. 
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The proof of the statement that every point of the straight lines / 
and U’ belongs to the desired locus is simple enough. If M is an arbit- 
rary point of / (Fig. 76), then triangles ABM and CMB have the same 
area since they have acommon side MB and equal altitudes drawn to 
that side. If M’ is an arbitrary point of /’, then, inverting the argu- 
ments of case (a), we can prove that triangles AMB and CMB have 
the same area. . 

Hence, the straight lines / and /’ are the desired locus.* 

In the sequel we shall need two important loci in space (see Sec. 3.8). 

The locus of points in space equidistant from the faces of a dihedral 
angle constitutes a plane that divides the dihedral angle into two equal 
dihedral angles (the reader can see the validity of this at once). This 
plane is called the bisecting plane of the dihedral angle (by analogy 
with the bisector of a plane angle). 

Furthermore, it is easy to verify that the locus of points in space 
equidistant from two given points A and B constitutes a plane _perpendi- 
cular to the line segment AB and passing through the midpoint of the 
segment. 

A traditional type of problem is the plane-geometry construction 
problem involving the construction of a certain geometric configura- 
tion by means of two Euclidean tools: compass and straightedge. The 
main thing here is not a precise drawing neatly executed but the des- 
cription of the algorithm, the sequence of operations necessary to 
perform the construction. 

A knowledge of general methods of solving such problems (the 
method of symmetry, the method of similarity, etc.) is not provided 
for by the school curriculum and the student is called upon to solve 
only those construction problems that reduce directly to the basic tech- 
niques of construction taught in school. 

In solving construction problems it is first necessary to perform an 
analysis, to find the idea that enables one to go forward with the con- 
struction. In the analysis, on the assumption that the problem has been 
solved, a drawing is made of the desired configuration and we attempt 
to find the relationships between the given data of the problem and 
the desired data that would permit employing the basic techniques 
of construction. 

After the plan of the solution has been found, the student has to give 
a detailed description of the sequence of operations in the construction 
of the required configuration. It is then necessary to prove that the 


* However, a few words are in order concerning point B. If for M we choose the 
point B itself, then both triangles AMB and CMB degenerate into line segments, 
and on this basis we can eliminate B from the required locus. However, if we agree to 
consider such a degenerate triangle as having area zero, then, formally speaking, 
point B will possess the property required in the statement of the problem: both tri- 


angles AMB and CMB have the same area, equal to zero, when points M and B 
merge. 
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constructed configuration does indeed satisfy the requirements of the 
problem. It is finally necessary to investigate the problem, that is, 
to find out whether the construction is always possible, how many 

segment BC. On 


solutions the problem has, etc. 
2. On one side of a given acute angle lay off a line 
BC is seen at the 


the other side of the angle construct a point from. which 


maximum angle. 

Let us begin with an analysis of the problem. Let the, given line 
BC lie on side MO of angle MOP, and let point A lying on side OP 
be the desired point (Fig. 78). This means that for any other point D 
lying on ray OP the following condition holds true: 2 BAC >Z. BDC. 
To solve this problem we need to find a way of comparing the angles, 


) 


Fig. 78 
A D P: 


A good way to compare angles is gi 
given by the theorems on the me- 
faa of angles whose vertices lie on a circle. within it, and we 
ab . . If through points A, B and C we draw a circle, then 2 BAC 
ce . measured by half the arc it intercepts, while for any other 
by ier oe ee the saa the angle BDC will be measured 
e arc j 
BDC i be les fae fy en by it, that is, the angle 
is now obvious that to solve the problem we have to draw a ci 
ROE B and C so that it is tangent to side OP of the ae 
ee en i point of tangency will be the desired point because 
eee eh s of the ray OP will lie outside the constructed circle. 
ee er to make the construction, it is not at all necessary to build 
er ae through B and C and tangent to OP; it is-sufficient 
pened co A of tangency. To do this, we find the distance from 
we o the vertex O of the angle MOP, using the familiar pro- 
eh v2 a tangent line and a secant line: OA?=OC- OB. : 
Poo a order to complete the construction we have to find the 
fay off this eat of two known line segments OB and OC, and then 
A ie ine segment on the side OP of angle MOP from the vertex 
‘By ae ‘a endpoint of that line segment is the point we desire 
fae y. e ie all the arguments in reverse order, we can prove 
aes p us constructed will be the desired one. An investiga- 
ows that the problem is always solvable and has a unique so- 


lution, 
20—348() 
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3. Given a point M inside an angle A. Draw through M a straight 
line | so that it cuts from the given angle a triangle of minimum area. 
Start with an analysis. For the sake of definiteness, we assume that 
the angle A is acute. 
Let PN and RS be two lines passing through M (Fig. 79): Compare 
the areas of the triangles APN and ARS. Construct points P, and R, 
so that P,\M=PM and R,M=RM; then, passing from the triangle 


Fig. 79 


APN to the triangle ARS, we reduce the area since the discarded 
area of the triangle MNS is greater than the additional area of triangle 
PRM equal to triangle P,R,M. It is obvious that a reduction can only 
be executed if point M divides the line segment PN (between the sides 
of the angle) of line / into unequal parts. 
¢ And so through point M we have to draw a straight line / so that 
the equation NM = MP holds; only in that case will the area of 
the triangle ANP be a minimum. But then it is obvious that AM is 
the median of triangle ANP. : 

Taking this triangle and building it up to a parallelogram, we at 
once have a method of construction (Fig. 80). Prolong AM beyond M 


Fig. 80 


and on it lay off MB = AM. Through point B draw a straight line 
parallel to one of the sides of the given angle, say AC, to intersection 
with side AD at P. The sought-for line / passes through P and M. 

The proof consists essentially in repeating the steps taken in the 
analysis. Let /’ be an arbitrary line passing through point M. Since 
AMPP'=(MNR (by the second criterion for the equality of 
triangles), the triangle APN is equivalent to the quadrangle AP’RN, 
whose area is less than the area of the triangle AP’ N’. 

For the case when angle A is obtuse, the construction is analogous 
and is left to the reader. The investigation of the problem is simple, 
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The problem is always uniquely solvable if angle A is less than a 


straight angle. ie 
For additional remarks concerning the solution of construction 


problems see Sec. 3.3. 


Exercises 


1. Find the locus of points in the plane: (a) the difference in the distances of 
which to two given intersecting straight lines L and / of the plane is equal (in absolute 
value) to a given quantity a> 0; (b) the sum of the squares of the ‘distances of 
which to two given points A and B of the plane is equal to a given quantity a. 

2. Given two fixed points A and B on a straight line. Two circles touch this 
line at points A and B respectively, and are tangent to each other at point M. Find 
the locus of points M. 

3. Given in the plane three straight lines that intersect in pairs and do not pass 
through one point. Find the focus of the centres of the circles circumscribed about 
all possible triangles with vertices on these lines. ; 

4. In a plane, find the locus of the feet of perpendiculars dropped from a given 
point A to straight lines passing through another given point B. 

5. Find the locus of the midpoints of chords of a given circle passing through 
a given point A within the circle. 

6. Find the locus of points in the plane such that the tangents drawn from these 
points to a given circle form an angle a. 

7. Find the locus of the midpoints of line segments joining a given point A 
outside a given circle to points of the circle. 

8. In a plane,’ given two fixed distinct points A and B. Find the locus of points 
M of the plane for which AM- BM-cos(Z AMB)=3/4 AB?. 

9. Find the locus of points in space equidistant from three given points A, B, C 
(a) not lying on one straight line, (b) lying on one straight line. 

10. Find the locus of points in space which lie at a given distance a from two gi- 
ven intersecting planes fi and 1. | 

11, Find the locus of points in space which are equidistant from three planes 
intersecting in pairs and not passing through the same straight line. and perpendicu- 
lar to a plane x. 

12. Find the locus of the feet of perpendiculars dropped from a given point A to 
all possible straight lines drawn in space through a fixed point B. 

13. Find the locus of projections of a given point A on all possible planes passing 
through the given straight line J that does not contain A. 

14. Find the locus of the midpoints of line segments AB where the points A and 
B lie on different faces of a given acute dihedral angle. 

15. Find the locus of points in space through which it is impossible to draw a 
straight line intersecting the given skew lines L and I. . 

16. In the plane x lies a square with side a. Find the locus of points in space 
which lie at a given distance / from the vertices of the square. 

17. Given a plane x and points A and B located to one side of it so that the 
straight line AB is not parallel to the plane =. Consider all possible spheres passing 
through the points A and B and tangent to the plane wx. Find the locus of the points 
of tangency. | 

18. Given a cube with side a. Find the locus of the midpoints of line segments 
of given length /, one of the endpoints of which lies on the diagonal of the upper 
base of tHe cube, the other on a diagonal of the lower base not parallel to the 
first diagonal (or on prolongations of these diagonals). 

19. Construct the line segment / a@+64 knowing the line segments a and 8. 

20. Construct a triangle, given side a, median m of the other side, and radius R 


of a circumscribed circle. 


20) 
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21. Construct a circle tangent to a given straight line / and passing through two 
given points A and B which lie to one side of the straight line. 
22. Construct a circle tangent to a given circle and a given straight line / at ag 


fixed point A. 

23. Given a circle with diameter AB. Construct on the diameter AB a point c 
such that the sum of the areas of the circles constructed on the line segments 
AC and BC as diameters is 2/3 of the area of the given circle. sak 

24, Given a triangle ABC. Construct a. rectangle ABDE one side of which is 
equal to side AB of the triangle, and the area together with the area of the square 
constructed on side BD is equal to the area of the given triangle. 

25. Given a pyramid the base of which is a square; the altitude of the pyramig 
is equal to a side of the base. It is required to construct a trihedral prism whose alti- 
tude is equal to a given line segment 4. The base of the prism is an isosceles right 
triangle. The volume of the prism is equal to the volume of the given pyramid. Des. 
cribe a method for constructing the base of the prism using compass and straightedge, 
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A rather widespread view among students is that there are alge. 
braic, geometric and trigonometric problems whose methods of so. 
lution are in no way related. That explains why geometric problems 
are so often tackled by purely geometric means. 

This is a completely erroneous view that tends to separate the vari- 
ous branches of elementary mathematics, whereas many problems are 
best solved by invoking the whole range of knowledge from different 
divisions of elementary mathematics.* The employmerit of trigono- 
metric or algebraic methods and facts in the solution of geometric 
problems is sometimes inevitable for the simple reason that no purely 
geometric approaches to the solution are possible. 

In such problems, geometry, trigonometry and algebra must appe- 
ar as a single whole, and successful solutions are only possible if the 
student combines facts from the diverse divisions of geometry, tri- 
gonometry and algebra, in other words, if he has a firm knowledge of 
the entire school course of mathematics. 

How useful the employment of trigonometry is to the solution of 
so-called “computational problems” in geometry is familiar to all. 
Many problems would be beyond our scope if we did not invoke 
trigonometric relations between the sides and angles of different 
figures. 

However, the use of trigonometry in solving geometric problems 
is not confined only to solving triangles and simplifying the resulting 
formulas. Its possibilities are much broader. For one thing, a very 
useful idea is to find an angle from trigonometric relations. Unfor- 
tunately, this method of solving geometric problems is not generally 
known. We will therefore illustrate it in the following two problems. 


* See Problem 19 of Sec. 1.8 where geometric ideas were employed in the solu- 
tion of an algebraic problem. 
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1. A point M is taken inside an acute angle a. The feet P and Q of 
perpendiculars dropped from M on the sides of the angle are separated 
from the vertex O of the angle by OP=p and OQ=gq. Find the angles 
into which OM divides the angle a. 

Let us denote the (unknown) distance OM by x, the acute angles 
POM and QOM into which OM divides angle a by @, and @., respecti- 


Fig. 81 


vely (Fig. 81). The magnitude of angle @, may be expressed in terms 
of p and x from the right triangle MPO: 


COS Q, = + , OF , = arccos £ 


But then, from the right triangle MQO we get (noting that ~.=a—,) 


4 =cos (P,== COS (@— |p, ) ==COS & COS (arceos £) +sin @ sin (arccos 2 


Computing the resulting expressions (see Sec. 2.5), we find 


g=pcosa+sinaV x?—p’ 
From this equation we could determine x and then from the right 
triangles MPO and MQO find cos , and cos 9. A.simpler approach 
is this. Note that Vx?— p?=MP (from the right triangle MPO) 


and so 


And we finally get 
g—pcosa 


aren Pee * 
psina ' ee a 


@, = arctan 


2. The lateral edge of a regular triangular pyramid is equal to b and 
the angle between the lateral faces is p. Find the side of the base. 


*. The reader can perform some obvious manipulations and see for himself that 
p—qcos a 


=arctan 
¥a g sina 
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Let the pyramid SABC be regular: AS = BS = CS = 6 (Fig. 82). 
Drop from points B and C the altitudes BD, and CD, of the triangles 
ASB and ASC. We will show that the feet of these altitudes are one 
and the same point D, = D,=D. Indeed, ASBD, = SCD, and so 
the distance from‘vertex S to the feet of the altitudes dropped on side 
AS will be the same in each of these triangles. 


Fig, 82 


From this it follows that BDC is the plane angle of the dihedral 
angle between the lateral faces, or 2 BDC=gq. 

Draw the slant height SP of the pyramid and the altitude DH of 
the isosceles triangle BDC. We then obviously have AB=2AP=2bx 
xcos(Z. DAP) and it is sufficient for us to determine the angle DAP. 
Since this is an acute angle (being the base angle of a lateral face of 
aregular triangular pyramid), we can write from the triangle BAD that 


. BD 
Z, DAP =arcsin AB 


From triangle BDH we get 


BD BH AB 


~~ sin (p/2) ~ 2 sin (p/2) 
Hence ' 


AB = 2b cos [aresin (omen) | 


Simplifying this expression (see Sec. 2.5), we find 


bi l 
AB=b Vo 4—s (1) 


In connection with the result (1), note that usually in a geometric 
problem an attempt is made to reduce the answer to a form convenient 
for taking logs. The right member of (1) can readily be represented in 


the form 
_ 2b -{(/P , 1\.. p 
AB = Sp) V sin (4 +F) sin ($—F) (2) 
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Such representation is not obligatory however. 

Incidentally, this tradition of reducing to a form convenient for 
taking logarithms does not always by far result in the simplest form 
of the answer, Despite the widely held view that this form is the most 
convenient for computing concrete values of quantities indicated in 
the statement of a problem, it is not so in many cases. It is easy to se@ 
that for such computations the answer may be obtained faster and 
more simply by using formula (1) instead of (2). 

When solving problems of this kind, many students do not only car- 
ry out the necessary manipulations and justify them, but also attempt 
to make a detailed study of the resulting formula, which as a rule 
consists in finding the domain of the variable. 

This study. goes somewhat as follows. It is clear that (1) is meaning- 
ful only if 


-” 


I. 
‘— a > ° s) 


Since the angle @ between the lateral faces (due to obvious geometric 
considerations) must lie in the interval from 0° to 180°, so O°<q/2< 
< 90°, and then sin (~/2)>>0. Therefore, inequality (3) may be re- 
written as sin (@/2)>>1/2, whence (1) is meaningful for 60°<@<180°, 

It is readily seen that this condition holds true for any regular tri. 
angular pyramid, since, by the familiar property of a perpendicular 
and inclined lines, BD<BA (Fig. 82). For this reason, if in the plane 
of the base ABC of the pyramid we construct an isosceles triangle 
BD*C with sides BC, BD*=BD, CD*= CD (equal to the triangle 
BDC), then the point D* will be located inside the triangle ABC, 
Whence, after an elementary computation of angles, we conclude that 
£ BDC = Z BD*C>.Z BAC=60. | 

Consequently, in a regular triangular pyramid, the dihedral angle 
at a lateral edge is always greater than 60°. This in turn means 
that formula (1) is always meaningful for any regular triangular py- 
ramid. : 

[t should be stressed that such an investigation of the answer is 
not an obligatory element of the solution (if of course this is not expli- 
citly required by the statement of the problem). | 

However, many students go into such investigations and make 
the following logical error: it is taken that the configuration stated 
in the problem exists exactly for those values of the letters for which 
the final formula is meaningful. In actuality, however, an investigati- 
on of the conditions of existence of a geometric configuration is by 
no means equivalent to a simple analysis of the answer. 

This will be clear from the following problem. 

3. In the parallelogram ABCD the larger side AB = a, the smaller 
side BC = 6; the acute angle between the diagonals is equal to a. Find 
the distance between the parallel sides AB and DC 
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Let us form two distinct expressions for the area S of the parallelog. 
ram (Fig. 83). On the one hand, 


S = 4S” Boc =—-2-.0B.0C sina 


where a is the acute angle between the diagonals. To determine the 
product OB-OC we apply the cosine law to the triangle BOC: 


6? = OB? + OC?—2-0B-0C-cos a 
and the familiar property of a parallelogram 
OB? +. 0C? = (DB + AC*) = + (a? + 6) 


to get, finally, S= = (a 6?) tana. 


Fig. 83 


HW 

On the other hand, S=AB- DH, where DH=h is the desired distance 

(the altitude of the parallelogram). Equating the two expressions for 
the area.S, we get 


= oO" tan Oo (4) 


If we decided to seek the ‘eat of this formula, we would see that 
the right member is meaningful, say, for all values of a>0,0<b<aq 
and 0°< a< 90°. However, does it follow from this that for all such 
values of the letters the geometric configuration mentioned in the 
problem exists? To put it differently, is it possible to construct a 
parallelogram with sides a and 6 and acute angle a between the dia- 
gonals for arbitrary values of a>0, O<b<a and Oi a<90% 

If, say, we substitute in formula (4) the values a=3, b=1, a=45°, 
we get h=4/3. This result can’t but appear rather strange. ‘Consider 
the right triangle AHD (Fig. 83). The hypotenuse AD = 1 must then 
be shorter than the side DH=4/3. This can only mean one thing: 
that a parallelogram with the given values of a, 6, a cannot exist. 

This is also evident directly. Since the area of a parallelogram with 
sides. a and b does not exceed the area one rectangle with the same 


lengths of the sides, the inequality > (a? — ‘ tan «w <.ab must 
hold true. It can be rewritten thus: 

0<a<arctan (5) 
In other words, the quantities a, b, a cannot be speci fied in a totally 
arbitrary manner, irrespective of one another, They must satisfy 
inequality (5). 
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To summarize, then, cases are possible where a geometric configu- 
ration of the problem does not exist for all values of the letters in 
the domain of the answer. For this reason, the investigation of a ge- 
’ ometric problem (which amounts to determining the conditions under 
which the configuration exists) is a much more complicated underta- 
king and is not required of the student. The only thing required in 
all geometric problems is to carry through the solution on the assumption 
that -the geometric configuration given in the problem exists (unless of 
course such an investigation is explicitly required). 

In the solution of geometric problems, one occasionally encounters 
relations of unusual form that result from the application of familiar 
trigonometric formulas. These exotic formulas cause much difficulty 
since the student is ordinarily unable to interpret them properly. 
Yet this is very important because such formulas often “think” for 
us and take into account cases that we have not indicated in. the draw- 
ing or conditions that have eluded us. 

Here is a problem where the formulas automatically make allo- 
wance for a condition which, it would seem, was not intended to be 
utilized explicitly and which many students did not even notice at 
the examination. 

4. A circle of radius r is inscribed in an acute-angle triangle ABC 
with angles a and at the vertices A and B respectively. A tangent drawn 
to the circle parallel to BC cuts the sides AB and AC of the triangle 
at the points K and M respectively. Find the area of the trapezoid 
BCMK. . 

By the formula for the area of a trapezoid, we have to find the bases 
BC and MK of the trapezoid and its altitude (Fig. 84). It is quite 
evident that the altitude of the trapezoid is equal to the diameter 
2r of the inscribed circle. 


Fig. 84 


The first step in the solution is to find the base BC of the trapezoid, 
which base is a side of the given triangle. If we drop a perpendicular 
OD from the centre O of the inscribed circle (the point of intersection 
of the bisectors CO and BO) on the side BC, then OD = r. From the 
right triangles BOD and COD we then obtain 

m—a—B a-+f 


B = : 
BD=rcot-, CD=rcot —,;— =r tan 5 
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respectively, and, hence, 
BC= 7 (cot ft tan SEP 2 (6) 


The second step in the solution is to find the base MK .of the tra- 
pezoid. Drop perpendiculars MM, and KK, from points M and K 
on the side BC. Then clearly MM,=KK, =: 2r. Since 


MK =: M,K, = BC—BK,—CM, (7) 


it suffices to find BK, and CM,. This can be done from the right tri- 
angles BKK, and CMM,, respectively: 


BK, = 2rcot fh, CM, = 2rcot (n—a—B)=— 2r cot (cx +B) (8) 


What is the geometric significance of this minus sign that has sud- 
denly appeared in (8)? Quite naturally, it does not indicate any “ne- 
gative” length. What is more, it is precisely this minus sign (which 
appeared by itself) that ensures us that the length of CM, is positive. 
The crux of the matter is that the triangle ABC is given as an acute- 
angle triangle and therefore a+) > x/2, or cot (a-+f) <0. Thus, 
the formula takes into account the assumption concerning triangle 
ABC which was given in the statement of the problem and which 
we tae forgotten about, had not stipulated and had not utilized ex- 
plicitly. 

How did this minus sign get here after all> How was this fact that 
the triangle is an acute triangle taken into account? To find out let 
us carefully go over all the arguments and manipulations. Quite na- 
turally, when we started out we made the triangle ABC an acute tri- 
angle as indicated in the statement of the problem (Fig. 84). But did 
we make use of this fact later on? It is quite clear that we implicitly 
made use of it when we dropped the perpendicular MM, and conside- 
red it as obvious that the point M, lies on BC, for only then is (7) 
true. If the angle ACB were obtuse, the foot M, of the perpendicular 
would lie on the extension of BC beyond C and formula (7) would 
look like this: MK= M, K,=BC — BK,-+ CM, (this is easy to see 
if an appropriate drawing is made). 

Thus, there is nothing unusual in the appearance of the minus sign 
in the formula for CM,. Simply the formula explicitly indicates what 
we took for granted in the drawing and did not even bother to stipulate 
or justify. 

To complete the solution all we need to do is carry out the manipu- 
lations. Substituting expressions (6) and (8) into (7), we determine 
the base MK of the trapezoid and then find the area S of the trapezoid 
BCMK from the familiar formula 


Pn me l 
S=2r lang amerD " 
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It is well to bear in mind that the answer to a geometric problem 
can appear in a variety of very unlike forms, depending on the idea 
on which the solution is based or merely on the chosen .sequence of 
manipulations. 

For instance, if we seek the base MK ina different way, the answer 
will have a form unlike (9). Indeed, (A, ABC is similar to A. AKM 
(Fig. 84), and so BC: MK=H :h, where H and fA are the altitudes 
of triangles ABC and AKM, respectively, dropped from the common 
vertex A. Sinceh=H — 2r, from this proportion we get MK = BC — 


— (2r-BC/H). Since the area of the triangle ABC is equal to + Hx 


x BC=pr, where p is the semiperimeter [see formula (4) of Sec. 3.1], 
then H == 2pr/BC and we only have p to determine. Drawing the 
bisector AO and the perpendiculars O£ and OF to the sides of the tri- 
angle ABC, we find from the right triangle AOE that AE=r cot (@/2), 
and so (by the property of tangents to a circle) 


= (AB+ BC 4CA) = AE+BD+ DC 


Thus, we determine the base MK of the trapezoid and then its area: 


a 
cot > 
Sa 7? cot £4 tan 28 Pa ete (10) 
( d é cot Scot Bt tan atk 


It is not essential of course in what form the answer is given, although 
it is preferable to have it in the simplest form possible. All these 
forms of the answer can be transformed into one another, which is 
proof that they are equivalent and that no mistakes have been made 
[the reader will easily see how formula (10) can be transformed to 
formula (9)]. For this reason, do not hurry to discard as incorrect an 
answer which differs from that given in the book. 

In the next problem, the formula warns us that in different pyra- 
mids the centre of a circumscribed sphere can lie inside or outside the 
pyramid, or in the plane of a face. This fact (see Sec. 3.8). is familiar 
to many students, but some forget about it and fail to consider all 
possible configurations in the general case. : 

d. The base of a pyramid is a rectangle with angle a between the dia- 
gonals, and all lateral edges form the same angle 9 with the plane of the 
base. Determine the distance from the centre of a circumscribed sphere 
to the plane of the base and the volume of the pyramid if R is the ra- 
dius of the sphere. 

Let the given pyramid be SABCD (Fig. 85) with rectangular base. 
Draw the altitude SH. Then, by hypothesis, we haveZ HAS = 
=L£ HBS = /HCS = Z HDS = @ and therefore (because A ASH = 
=/\BSH= ...) all the lateral edges are. equal and H is the 
point of intersection of the diagonals of the rectangle. Since the centre 
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O of the circumsphere must be equidistant from.all vertices, it [jes 
on the perpendicular to the plane ABCD erected in the centre of the 
rectangle, that is, on the altitude SH. 

Consider the triangles CHS and COS. Since 2 CSH=90— @ and 
/\ COS is an isosceles triangle, then, by the property of an exterjor 


Fig. 85 


angle, we have Z. COH=180°— 2. Solving triangle COH, we fing 
the distance from the centre O to the plane of the base: 


‘OH = R cos (180°— 2) = — R cos 29 (11) 


The minus sign here should interest us. What does it stand for> 
The point is that having made the drawing in Fig. 85 we thus actually 
worked from the supposition that the centre of the circumscribed sphe- 
re lies inside the pyramid and we conducted the solution on that imp- 
licit assumption, which is not explicitly stated in the problem. But 
the centre of the circumscribed sphere need not necessarily lie inside 
the pyramid, and the formula is clear evidence that this is so. 

The centre of a circumscribed sphere lies inside the pyramid if the 
altitude of the pyramid is greater than one half the diagonal of the 
rectangle (then there will be a point O on SAH that is equidistant from 
C and from S), that is, if p>> 45°. But in this case, cos 29<0 and, 


Fig. 86 


consequently [see (11)], OH > 0. If the centre of the circumscribed 
sphere lies on the base of the pyramid, coinciding with point H, then the 
altitude of the pyramid is equal to one half the.diagonal of the recta- 
ngle, and p=45°, and so OH =0. Finally, if the centre of the circumscri- - 
bed sphere lies outside the pyramid (Fig. 86), then ~ < 45° and we 
cannot use formula (11) to seek OH, In this case, obvious reasoning 
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suggests that 2 COH=29 and so the distance from point O to the 
plane of the base O7=R cos 29 (a positive quantity).* 

Let us now compute the volume. From the triangle COH we find 
HC=R sin (180°— 2~)=R sin 29, an equation that holds true both 
for Fig. 85 and Fig. 86. Therefore the area of the base is 


Sapcp = 4AS/| DHC= 2R? sin? 2p sina 


The angle a may be either acute or obtuse. We consider three cases 
in computing the altitude of the pyramid. If > 45°, that is, if the 
centre O lies inside the pyramid (Fig. 85), then : 


SH =SO + 0H = R—R cos 29 = 2R sin® p 


if p< 45°, that is if the centre O lies outside the pyramid (Fig. 86), 


then 
SH = SO—OH = R—R cos 29 = 2R sin’ 


And if p=45°, then SH=SO=R=8BR sin? 45°. 
onus for all valties of the angle », 0°< » < 90°, we get the same 
result: 


V= = R3 sin? 29 sin?» sina 


Very important in the solution of geometric problems are algebraic 
methods. Algebra, often linked up with trigonometry, enables the 
student to topple many a complicated problem. 

The gist of the algebraic approach to geometric problems consists 
in setting up an equation for some quantity on the basis of geometric 
reasoning, and then in solving it or in investigating it by algebraic 
means. There of course remains the question of the geometric inter- 
pretation of the algebraic result. 

Broad opportunities for using algebra in geometry are provided by 
the metric relations which obtain in the triangle and the circle, by 
i formulas for solving right triangles, the laws of sine and cosine, 
etc. 
Note that problems amenable to solution by algebraic methods 
often require rather cumbersome computations. One should therefore 
get used to involved manipulations and awkward-looking answers. 
As a rule, the computations required in such problems have simple 
underlying ideas and are quite accessible to any student who has a 
firm grasp of the basic formulas of trigonometry and algebra, is fa- 
cile with the techniques of algebraic and trigonometric transformati- 
ons, and has trained himself in a careful execution of manipulations 
and works in a neat fashion generally, 


* It is not hard to see that the distance from the centre O of the circumscribed 
sphere to the plane of the base ABCD of the pyramid at hand is equal to R- [cos 29], 
irrespective of the location of the centre O, 
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6. The angle A in the triangle ABC ts equal to a, the opposite Side t 
equal to a. Find the other two sides if we know that side a is the geome 
mean of the radii of the inscribed and circumscribed circles of the trign oy 

Let us reduce the solution of this problem to an algebraic system 
To do this, set up the necessary number of independent equations 
Denote by 6 and c the lengths of the sides of the triangle ABC which 
lie opposite to angles B and C respectively. These quantities % and ¢ 
are our unknowns. | 

The first equation is provided by the cosine law: 


62 -+ c2—2be cosa =a? (12) 


To obtain the second equation we take advantage of the relation 
(given in the statement of the problem) a=V Rr, where R and - 
are the radii of the circumscribed and inscribed circles, respective] 
Recalling the familiar expressions for these radii [formulas (3) and 
(4) of Sec. 3.1] and for the area of a triangle, we can write down the 
chain of equations | 


2S a a | abc 


Oe pae Oeial ~(a-+b+esinA’ 2 bc sin A ~ T(a+b-pe 
whence we find the second equation: 
bc— 2a (b+ c) = 2a? (13) 


We thus have a system of two equations (12) and (13) in two yn- 
knowns 6 and c. Our task now is purely algebraic — to solve the system. 
Rewriting (12) as (6 + c)*~ 2bc (1-+cos a)=a? and substitutins 
the expression for bc from (13), we get a quadratic equation in +. o 


(b+ c)*—8a cos? = - (b-++.c)— (82 cos? = + a? =U (14) 
whence 
b+o=a(1+8 cos? +) (15) 


(we discard the second—negative—root of (14) since it has no geometric 
meaning). From (13) we now determine 


f 
» be'= 4a? (1 44 cos? | (16) 


From the relations (15), (16), it is clear that 6 and c are the roots 
of the quadratic equation 


z?—a (1 + 8 cos? 5) z-+- 4a? (1 + 4 cos? 5) = () 
Solving this equation, we get 


21,2 = 5 [5 +4 cosa + V 16 cos?a + 8 cosa — 23] (17) 
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Now for 6 we can, say, take the plus sign and for c the minus sign; 
any other combination of signs yields virtually the same triangle but 
with the sides designated differently. 

The solution is complete, the required lengths 6 and c of the sides 
of the triangle have been found. Although the problem does not re- 
quire any supplementary investigation, some students at examinations 
determined the conditions under which formulas (17) are geometri- 
cally meaningful. 

[t is obvious that these formulas have geometric meaning only when 
the radicand is a nonnegative number and, besides, z, > 0, 2, > 0. But 
the quadratic 16x*-+- 8x— 23 (its roots are easy to find) is nonnegative 
when x <= (—I — V 24)/4 and when x > (V 24—1)/4. Now, when the 
students at the examination formulated the condition for the angle a, 
they made a diversity of mistakes which indicated their inability to 
handle trigonometric inequalities. Actually, the radicand in (17) is 
nonnegative if 

0<a<arecos A=! (18) 
(Let us not forget that @ is an angle of the triangle and for this reason 
we are only interested in the values0 << a<x.) Furthermore, it is 
easy to see that for the values of a indicated in (18) both roots of (17) 
are positive, that is, are geometrically meaningful.* 

7. Given two concentric circles of radii r and R (R>r). Find the 
side of a square two verticies of which lie on the circle of radius rand the 
other two on the circle of radius R. For what relationship between r and 
R: (a) is the solution possible, (b) is there only one solution? 

First notice that the geometric configuration stated in the condition 
of the problem does not exist for arbitrary radii of the given circles. 
Indeed, if R is “very much greater” than r, then it is easy to see that 
no square can exist two vertices of which lie on one circle and the 
other two vertices on the other circle. It is furthermore clear that for 
certain values of R and r there can be two squares** thus located 
(Fig. 87). Finally, there is no guarantee that there may not even be 
more than two such squares. 

The above reasoning shows that one should not begin a solution 
with a drawing. Firstly, having made a drawing we thus at once con- 
fine ourselves to the case when the configuration exists and can say 
nothing about when it is impossible. Secondly, we already know that 
the configuration, is, generally speaking, not unique and we must 


* It is to be stressed (cf. Problems 2 and 3) that we only determined those con- 
ditions under which formulas (17) may be meaningful geometrically; the question 
remains open as to whether for all values of a that satisfy condition (18) the geo- 


metric configuration under consideration does: indeed exist. 
** We mean that there exist two squares with distinct sides. There is no sense in 


distinguishing between squares which satisfy the condition of the problem but have 
sides of the same length. 
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therefore draw all possible cases; however, we do not yet know exactly 
how many such cases there are. 

We shall therefore choose a different approach which does not make 
use of any specific drawing of the configuration but reduces to geomet- 
ric constructions. It is quite obvious that if a square satisfying the 
condition of the problem exists, then one of its sides lies on the chord 
of the greater circle intersecting the smaller circle (for instance, such 


Fig. 87 Fig. 88 


a chord is the prolongation of a side of the square, one end of which 
lies on the larger circle, the other on the smaller one). Conversely, if 
we prove that the side of the desired square cannot lie on any chord 
of the larger circle that intersects the smaller circle, then this will 
mean that (for given R and r) the sought-for configuration is impos- 
sible. 

We must therefore obtain necessary and sufficient conditions such 
that one of the sides of the square satisfying the condition of the prob- 
lem will lie on a certain chord of the larger circle intersecting the smal- 
ler circle. Let BC (Fig. 88) be an arbitrary chord of the larger circle 
which intersects the smaller circle at some point A. This chord is 
uniquely determined by the length A of the perpendicular OP dropped 
on it from the centre O of the circles. 

Denote the length of AC by x, that of AB by y. It is apparent that 
a side of the square of interest can lie on chord BC if and only if either 
x=2h or y=2h. Consequently, if (for given R and r) there is at least 
one value of A which satisfies either the condition x=2h or y = 2h, then 
the required configuration is possible. But if there is no such value 


of h, then (for the given R and r) the problem does not have a solution. 
Since : 


x=CP—AP=V R—R—V Poh, 
y= BP+ PA=V R—h#+4+VF—kh 
the necessary and sufficient condition thus obtained for solvability 


of the problem may be stated: the configuration we need occurs for 
(positive) values of A which satisfy at least one of the equations 


VR—B-VA—B = 2h, a 
VRB +VF—m =2h 
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and does not occur for a single other value of A. In particular, if nei- 

ther of the equations of (19) has positive roots, then the required con- 
figuration does not exist.* 

~The irrational equations (19) are conveniently solved in parallel. 

The domain of the variable (see Sec. 1.9) consists of values of A such 
that A<cr (because R>vr). The condition R>=>r implies that 


V R?—h> V r—h? so that both members of both equations are 
nonnegative. Therefore, when squaring we obtain (after obvious ma- 
nipulations) two equations: 


—2V (R?—h) (AF —A) = 4h? —(R* + 1?) 
2V (RA) (Ph 4h — (REP) 


which, in the domain, are equivalent to the corresponding equations 
(19). Again squaring each of the equations of (20), we obtain in both 
cases (after simple transformations) one and the same equation: 


32h* —8 (R?-+ 1?) h? + (R?—r?)? =0 (21) 


Now what we have to do, essentially, is find the roots of this biqu- 
adratic equation and, in accord with the general procedure for sol- 
ving irrational equations,choose those that satisfy the first equation 
of (20)—the roots for which h<r and 4h?— (R?+ r’) < 0—and 
those that satisfy the second equation of (20)—the roots for which 
Aer and 4h? — (R*+r)>0. 

This very long selection procedure in our specific case need not, 
it turns out, be performed if we note one obvious thing: we are not 
in the least interested in which root of equation (21) is a root of a 
particular equation of (20), because in either case that root leads to 
the required configuration. Therefore no selection procedure needs 
to be carried out and our problem has as many solutions as there are 
positive roots of the biquadratic equation (21) which satisfy the con- 
dition h<r, 

Let us now study and solve the biquadratic equation (21). If the 
discriminant D = 16 (6R?r?— R4— r') <0, then (21) has no real 
roots and the configuration we desire does not exist. 

Let us determine for what relationship between R and r this occurs. 
To do so, we have to establish the relationship between R and r for 
which the inequality 6R2r?-—R4—r!< 0 is valid. Denoting R2/r? by op, 
we reduce this inequality to the form p?—6p+1 > 0, whence it is 
clear that it occurs when p < 3—2)V 2 and when p> 3+2Y) 2. Since 
we are only interested in values of p>>1 (because R>>r, by hypo- 


(20) 


* Every positive root of the first equation of (19) corresponds to a configuration 
such that the square does not contain within it the centre O, and every positive root 


of me yee equation of (19) is associated with a square that contains within it the 
centre . 


21-3480 
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thesis), there remains only p > 3+2V 2=(1+V 2)?. Thus, if R=>> (1+ 
4-V 2) r, then the geometric configuration envisioned by the problem 
is impossible and the problem does not have a solution. 

In analogous fashion it is established that the inequality D > 0 
holds true when r< R< (1+) 2)r, and the equation D = 0 oc- 
curs when R=(I+) 2) r. Denoting h? by z and thus reducing the 
equation (21) to a quadratic equation in z, we get 

(R242) + V6R2r?— Ri— rt 
1.35 


I, 


(22) 


Now from the Viete theorem it follows that both these roots are po- 
sitive (for D = 0 the roots coincide). 

Before computing the roots of (21) themselves, let us check to see 
if they lie in the domain of the original equations (19). To do this, 
we determine whether the inequalities 2;< r?, z.< 7? hold; since 
0< 2,< 2,, it suffices to verify the inequality z,< r’, that Is, 
R?+12-+ V 6R2?—Ri—r 

8 


<r 
or 


V 6R2r?— Rt—r* < Tr? — R? (23) 

Since D > 0 in the case at hand, that is, R< (1+ V9), then 
7r?— R*> 7r’— (1+V 2)?r? > 0, and so, squaring inequality (23), 
we get (after a few simple manipulations) the equivalent inequality 
2 (5r?— R*)?> 0, which clearly holds. Thus, the roots of the biquad- 
ratic equation (21) (for D > 0) lie in the domain of the equations (19). 
Now we recall that we are only interested in the positive roots 


of (21) and from (22) we find that forr< R < (14+V 2) r the problem 
has two solutions corresponding to the values 


a (REY LV OR PR 
pay: enn ere 


and for R=(1+V 2)r it has a unique solution that corresponds to the 


value 
= _ R24 72 
hm Vf ES 


Then, in the case of two solutions, the sides of the squares are equal 


to 2h, and 2h, and, in the case of the unique solution, the side of the 
square is equal to 2h.* 


* Note that the approach we discarded of a separate solution to each of the irra- 
tional equations of (19) would have led to a geometrically more interesting result. 


Namely, when r<R<r V5, both existing squares fail to contain the centre 0; 
forrV¥5<R<r(I+ V 2), one of the squares contains the centre and the other does 


not; for R=ry 5, one of the squares does not contain the centre, while the side of 
the other square passes right through this centre. 
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Algebra and trigonometry are widely used in the solution of ge- 
ometric problems involving maxima and minima. In such problems, 
one ordinarily considers a solid (or figure) and seeks to find the dimen- 
sions so that some quantity associated with the solid-assumes a maxi- 
mum (or minimum) value. For an algebraic solution to such a problem, 
the procedure is, as a rule, to write down the function relating the qu- 
antity of interest to the dimensions of the solid and then to investigate 
the function. A geometric problem is thus reduced to an algebraic one, 
an investigation of the properties of functions. 


AY 


Fig. 89 


8. The radius of the base of a right circular cone is R, its altitude is 
equal to H. Which cylinder inscribed in this cone has the largest lateral 
surface area? 

Let a cylinder with base radius r and altitude A be inscribed in the 
cone (see Sec. 3.8). From the similarity of the triangles AOS and BO,S 
(Fig. 89) it follows that r=R (H —h)/H. The lateral surface area of 
the cylinder s=2nrh; or 


s= 8 h (HA) 


This is the function connecting the quantity s, which we are interested 
in, with the altitude of the cylinder 4, which we have at our disposal. 
From geometric considerations, the independent variable h varies. 
in the interval O<A< UH. | 
We now have to find the maximum of this function on the indicated 
range of the argument A. The function is a polynomial of degree two 
and so we shall proceed as one ordinarily does when seeking the ma- | 
ximum (or minimum) of a quadratic trinomial. Namely, isolating the 
perfect square, we rewrite the formula for s in the form 
mRH 2nR H \2 
so RS (t—F) 


From’ this expression we can see that the function s=s (A) assumes a 
maximum value equal to > ntRH when h =+ H. Since the value 
h= = A lies in the interval O<hA<H, the maximum value of the la- 


21* 
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teral surface area Sax nwRH is obtained when the altitude of the 


inscribed cylinder is equal to one half the altitude of. the cone. 

9, Given on acircle of radius R two points A and B separated by a dis- 
tance of 1. What is the maximum value that the sum AC?+ BC can 
assume if point C also lies on the circle? 


Fig. 90 


Let C be an arbitrary point of the circle on which are given A and B 
(Fig. 90). If we denote angle ACB by a, then by the cosine law we 
have, from the triangle ABC, 


AC? -+ BC? = 12-4. 2AC- BC cos a 


Hence, we have to determine the position of C on the circle for which 
the product AC: BC cos « assumes the largest possible value. 

The chord AB divides the circle into two arcs: arc AmB, which 
exceeds the semicircle, and arc AnB, which is smaller than the semi- 
circle.* It is readily seen that for any position of point C on the arc 
AmB (except for the endpoints A and B themselves of the arc) the angle 
a has one and the same value lying between 0° and 90° (because for 
any other point C the angle ACB is an inscribed angle intercepting 
the arc AnB, which is less than the semicircle), and for any position 
of C on the arc AnB the angle a has one and the same value lying in 
the interval from 90° to 180°. Since the cosine of an obtuse angle is 
negative, we can only be interested in points C on the arc AmB: in 
this case the product AC: BC cos « is positive. | 

Since, as we have already noted, the angle a is the same for any point 
C on the arc AmB, we then have to determine the position of C (on 
this arc) so that the product AC- BC is the largest possible one. Using 


formula S=% AC- BC sin a for the area S of the triangle ABC, we 
can write the equation AC- BC=2S/sin a, whence it is evident that 
the product AC- BC takes on the largest value when C on arc AmB 
is such that the triangle ABC has the largest possible area. 


* The reader will have no difficulty in considering the case when AB is the dia- 
meter of the circle, that is, when /=2R. If [> 2R, then the configuration indicated 
in the problem is impossible. 
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However, by a familiar formula, S=+ th, where A is the length 


of the perpendicular dropped from C on the chord AB. For this reason, 
of all possible triangles ABC with vertex C on arc AmB the triangle 
in which this perpendicular is longest will have the largest area, and 
this perpendicular is longest when the point C is chosen as the mid- 
point of the arc AmB. 

Thus, the sum AC?+ BC? assumes the maximum value when C 
is located at the midpoint of the largest of the two arcs into which the 
points A and B partition the circle. This maximum value is equal 
to 4R?-+2R V 4R?— [. — 

10. Required: to construct a kite in the form of a right prism having 
as base a right triangle with hypotenuse equal to 50 cm. The lateral sur- 
face area of this prism is equal to 0.96 m*®. What should the sides of: the 
base of the triangle be so that the sum of the lengths of all edges of the 
prism is a minimum? 

Denote the legs of the base of the prism by x and y and its lateral 
edge by z. We then set up two relations connecting the dimensions of 
the prism: 

2 Diet 
x? + y? = 0.25 (24) 
(x +y+0.5)z= 0.96 
We are interested in the smallest value of the sum /=2(x-+-y+0.5)+ 
-+32z of all edges of the prism. i 

The quantity / is a function of three variables x, y, z which are con- 
nected by the equations of (24). Substituting in place of the sum x-+- 
-+y-+0.5 its expression in terms of z obtained from the second equation 
of (24), we can represent / as a function of one variable: 


p= 4 32 (25) 


We determine the minimum of this function. Applying the inequali- 
ty between the arithmetic and the geometric mean (see Sec. 1.8), 
we can state that for arbitrary z> 0 


jai +432>2 10? 32 =4.8 


In other words, the function (25) has a minimum value of 4.8. It 
attains this minimum value when 1.92/z=3z, that is, for z=0.8 (we 
are naturally interested only in positive values of z). 
There is a logical subtlety at this point. We proved that function 
(25), as a function of the variable z, assumes its smallest value 4.8 
when z=0.8. But to be assured that this is the smallest value of the 
geometric quantity (the sum of the edges of the pristn) we have to be 
sure that there actually exists a prism which satisfies the. condition 


of the problem and which has a lateral edge 2=0.8. 
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In other words, we still have to determine whether system (24) 
has a solution for z=0.8. If it does, then the corresponding prism 
(or prisms, if the system has several solutions) will be the solution to 
the problem. But if system (24) does not have a solution for z=0.8, 
then the sum of the lateral edges cannot be equal to 4.8 and we will 
have to reexamine the situation. 

Substituting z=0.8 into (24), we get 


whence x,=0.4, y,=0.3, x.=0,3, y.=0.4. These two solutions geomet- 
rically correspond to one and the same prism.* 

Thus, the sum of the lengths of al! edges of the prism will be least 
if the legs of the triangle of the base are equal to 30 cm and 40 cm. 

Though students make extensive use of trigonometry and algebra 
in solving computational problems in geometry, they rarely invoke 
algebraic and trigonometric methods to prove geometric facts, to find 
loci, or to perform constructions. Yet in all such problems the sig- 
nificance of such methods is hard to overestimate. 

Here is a problem in which the proof of the assertion we want is 
obtained in a purely analytical fashion without any geometrical 
reasoning whatsoever. There are any number of instances when the 
simplest proof is obtained by direct computation, 


Fig. 91 


11. An arbitrary straight line is drawn through the centre of an equi- 
lateral triangle in the plane of the triangle. Prove that the sum of the 
squares of the distances from: the vertices of the triangle to this straight 
line is independent of the choice of the line. 

Suppose the straight line / passes through O, the centre of an equila- 
teral triangle ABC (Fig. 91). Drop perpendiculars onto / from vertices 


* One should not think that the remark concerning the logical subtlety was 
superfluous for the reason that everything was so simple. If the length of the hypote- 
nuse was, say, 40 cm, then the corresponding system 

x7 + y2 = 0.16 
x+ys 0.7 
would not have had any real solutions. But this does not yet mean that there is no 
rism satisfying the condition of the problem. To solve this more complicated prob- 
em we would have to seek, from among all z such that system (24) has a solution, 
the solution associated with the smallest possible value of the function (25). 
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A, B, and C. The feet of these perpendiculars will be denoted M, N 
and P respectively. Join O to the vertices of ABC and denote angle 
BOP by 9. Then 2 AOM=Z AOB—Z BOM = 120° —(180—9) = 
=: (p—60° and Z COP = 120°— g. Furthermore, let O0A=OB=O0C= 
-=R, then BN=R sin 9, AM=R sin (p—60°), CP=R sin (120°— g)= 
=R sin (p-+60’). It is now easy to verify that 


AM? -+- BN? + CP? == R? [sin® @ +- sin? (p —60°) + sin? (@ + 60°)] 


where ais a side of the given equilateral triangle. 

In conclusion we give an example of the use of trigonometry and 
algebra in the solution of construction problems. Construction problems 
are often viewed by students as brain teasers. True, when worked by 
geometric tools alone they give rise to considerable difficulties. But 
trigonometry and algebra can substantially simplify the solution of 
such problems. | 

12. Construct a right triangle using the hypotenuse c and the bisector 
b of the right angle. | 

Suppose that the triangle ABC is the desired one (Fig. 92). Circum- 
scribe about the triangle a circle with diameter equal to c. It is easy 


», 6 
Fig. 92 A La EN 
Dp 


to demonstrate that the point D of intersection of the extension of 
the bisector CK with the circle is the endpoint of a diameter DM that 
is perpendicular to AB. It is now clear at once that the problem can 
be solved as soon as we find the line segment CD, which is what we 
will do. 

Denoting angle CDM by 9, we can write (from the right triangle 
MDC) that CD=c cos g, and, from the triangle DKO, that KD= 
=¢/(2 cos ») since DM=2 DO=c. Then set up the quadratic equation 


b 63 +- 2c2 
cos 7 = Bian Mea 
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is geometrically meaningful. From this we have 


b bP 4 2c? 
CD=ccosqp= e+ Vere 


Now the construction is clear. Construct on AB = c (diameter) 
a circle (with centre O) and locate the point D such that DO | AB. 
Then separately construct a = CD. To do this, first construct the line 


segment c V 2 as the geometric _mean of the line segments c and 2c.* 
Then construct x = V 62+ (c //2)* as the hypotenuse of a right triangle 


with legs 6 and c V2. Finally a= 5 -+ x). Obtain point C as 


the vertex of the right angle of the desired triangle by striking an arc 
equal to a with centre at point D. 


Exercises 


1. Given two sides 6 and c of a triangle and the bisector, of length /, of the angle 
between them. Compute the third side of the triangle. 

2.'In a cylinder the altitude A is equal to the diameter of the base circle. 
A point of the upper circle is connected with a point of the lower circle. The straight 
line joining these points forms an angle a with the base plane of the cylinder. 
Determine the shortest distance between this line and the axis of the cylinder. 

3. In a triangle ABC, the tangents of the angles stand in the ratio: tan A: tan B: 
-tanC=1:2:3. Find the ratio of the sines of these angles. 

4, In an equilateral triangle ABC each of the sides is divided into three equal 
parts: side AB by points D and E (so that AD=DE= EB), side BC by points F and 
G (so that BF=FG=GC), side CA by the points H and / (so that CH=H/=IA). 
L, M, and N denote, respectively, the points of intersection of pairs of lines B/ 
and re AF and CE, AG and BH. Find the ratio of the areas of the triangles LMN 
and ABC. 

5. The volume of a regular many-sided pyramid is v and a side of the base 
is ee to a. Determine the angle of inclination of a lateral edge of the pyramid to 
the base. 

6. Given sides a and 6 of a parallelogram. Determine the ratio of the volumes 
of We solids obtained by rotating the parallelogram about the sides a and 6, respe- 
ctively. 

7. Given in a triangle the base a and adjoining angles @ and a-+90°. Deter- 
mine the volume of the solid generated by rotating this triangle about the altitude 
dropped on side a. 

8. The area of a triangle ABC satisfies the relation S = a*— (b — c)?, where a, 
b and c are the sides of the triangle opposite the angles A, B and C, respectively. 
Find the angle A. ; 

9. Given sides 6 and c of a triangle and angle A between them. The triangle 
rotates on an axis that does not intersect it, passes through vertex A, and forms 
“equal angles with sides 6 and c. Find the volume of the solid of revolution. 

10. The radius of a sector is equal to R, the radius of the circle inscribed in the 
sector is 7, Compute the area of the sector. 


* It is useful to bear in mind that if the line segments a and ka, where & is a nu- 
merical coefficient, are given, then to construct x=aV & it is sufficient to construct . 
the geometric mean of the given line segments x= VY a-ka=ayY Rk. Incidentally, this 


device enables us to construct line segments of length ¥2, V3, V5, V7 and so on 
ifunit length is given. | 
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11, Given a triangle whose base is a and the angle at the vertex is a. A cir- 
_ cle is drawn through the centre of another circle inscribed in the triangle and through 
the endpoints of the base. Find the radius of the first circle. : 

12. The base of a pyramid is a square. Two lateral edges are perpendicular 
to the plane of the base and the other two form with it angles equal to a. Determine 
the dihedral angle between these latter lateral faces. 

13. Inscribed in a right triangle with legs 6 and c is a square having a com- 
mon right angle with the triangle (that is, two sides of the square lie on the legs, 
and one vertex on the hypotenuse). Find the area of the square. 

14. The base angle of an isosceles triangle is a. The altitude dropped to the base 
is greater by m than the radius of an inscribed circle. Determine the base of the 
triangle and the radius of a circumscribed circle. 

15. Two chords of a circle of radius R intersect at right angles. The portions of 
one chord are as 4:5, those of the other as 5: 16. Find the lengths of the four 
arcs into which the endpoints of the chords divide the circle. 

16. Inscribed in a circle are an. isosceles triangle and a trapezoid. The lateral 
sides of the triangle are parallel to the nonparallel sides of the trapezoid. One of 
the bases of the trapézoid is the diameter of the circle. Find the altitude of the tra- 
pezoid if the midline is / and the area of the triangle is S. 

17. Given a circle of radius 7. From an exterior point A are drawn a tangent AP 
and a secant AQ passing through the centre of the circle, AQ=2AP. Find the radius 
of the circle that touches the secant, the tangent line exterior to AP and the radius 
(drawn to point P) of the given circle. 

18. Given a circle of radius R. A chord AB is drawn through point M of the di- 
ameter at an angle @ to the diameter, BM : AM=p : q. Through point. B is drawn 
a chord BC perpendicular to the given diameter, and point C is joined to point A. 
Find the area of the triangle ABC. 

19. Given a circle of radius 1 with centre at point O and a straight line tangent to 
the circle at point E. A point M is taken on the circle. Find the radius of the 
circle that is tangent to the given circle at M and to the given line if the angle 
EOM is equal to 9, 0°<p<90°: 

20. The distance between two parallel lines is 1. A point A lies between the 
lines at a distance a from one of them. Find the length of a side of an equilateral 
triangle ABC, vertex B of which lies on one of the narallel lines and vertex C on 
the other. 

21. An isosceles trapezoid with base angle 60° is such that it is possible to in- 
scribe in it two circles tangent to each other, each one of which is tangent to 
the bases of the trapezoid and to one of the nonparallel sides. Each nonparallel side 
of the trapezoid is equal to 2. Find the area of the trapezoid. 

22. In a trapezoid with bases a and 6 a straight line parallel to the bases is 
drawn through the point of intersection of the diagonals. Find the portion of this 
line lying between the nonparallel sides of the trapezoid. eee : 

23. Given angles a, B, y of triangle ABC. Let A’, B’, C’ be points of interse- 
ction of the bisectors of the interior angles of ABC with a circle circumscribed 
about the triangle. Find the ratio of the area of triangle ABC to the area of triangle 
A'B'C'. 

24, Given the altitudes AA'=A, and BB'=hy of a triangle ABC and the length 
CD-=1l of the bisector of angle C. Find angle C. 

25. Inscribed in an isosceles triangle is a square of unit area whose side lies 
on the base of the triangle. Find the area of the triangle if the centroids of the 
triangle and the square are known to coincide. 

26. Compute the area of the common portion of two rhombuses: the diagonals 
of the first are 2 and 3, and the second is obtained by turning the first through 90 
about ils centre. 

27. Given in an isosceles triangle a lateral side 6 and the base angle a. Compute 
the distance from the centre of the-inscribed circle to the centre of the circumscribed 


circle, 
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28. From point A exterior to a circle of radius r is drawn a secant that does 
not pass through the centre O of the circle. Let B and C be points at which the 


secant cuts the circle. Find the value of tan (52 AOB |-tan wl AOC | if OA= a. 


29. A square is inscribed in a circular sector bounded by radii OA- and OB with 
central angle @ (a< 1/2) so that two adjacent vertices lie on radius OA, the third 
vertex on the radius OB, and the fourth vertex on the arc AB. Find the ratio of the 
areas of the square and the sector. 

30. Two equal spheres are tangent to each other and to the faces of a dihedral 
angle. A third sphere of smaller radius is also tangent to the faces of the dihedral 
angle and to both given spheres. Given the ratio m of the radius of the smaller 
sphere to the radius of one of the equal spheres. Find the dihedral angle. Over 
what interval can m vary? 

31. The base angle of an isosceles triangle ABC is a (a> 45°), the area of which 
is S. Find the area of a triangle whose vertices are the feet of the altitudes of 
the triangle ABC. 

32. In a triangle ABC, “~ A= Z B=a, AB=a; AH is the altitude, BE a bise- 
ctor (point H lies on side BC, point E on AC). Point H is joined by a line segment 
to point E. Find the areas of the triangle CHE. 

33. A point M is taken inside an angle AOB; “7 MOA=a, Z MOB=B, OM=a 
(at+B <x). Find the radius of a circle passing through M and cutting off, on sides 
OA and OB of the given angle, chords of length 2a. 

34. Given an angle AOB equal to a (a<x). A point C is taken on side OA, a 
point D on side OB, OC=a40, OD=b<0. A circle is constructed tangent to the 
side OA at C and passing through D. Let this circle cut side OB a second time, 
at point E. Compute the radius r of the circle thus constructed and the length of 
the chord DE. | 

35. A pedestal in the form of a rectangular parallelepiped is to be cut out of 
granit. The altitude must be equal to the diagonal of the base, and the area of the 
base must be 4 square metres. For which sides of the base will the total surface 
area of the pedestal be a minimum? 

36. A box is to be built in the form of a rectangular parallelepiped with base 
area 1 cm’. The sum of the lengths of all edges of the parallelepiped must equal 
20 cm. For which box dimensions is the total surface area a maximum? 

37. A hole is cut in a square sheet of plywood withside equal to 10 units 
of length. The hole is in the form of a rectangle whose diagonal is equal to 
5 units of length. The opening is bordered with a fine wire frame. A unit of 
area (that is, the area of a square with side equal to unit length) of the ply- 
wood weighs 2 grams, a unit of length of the wire weighs 7 grams. What must 
the sides of the rectangle be so that the weight of the resulting sheet with the 
bordered opening is a maximum? 

38. In a triangle ABC, a straight line is drawn from vertex A to intersection 
with side BC at point D which Hes between B and C; CD : BC=a (where a < 1/2). 
A point E is taken on side BC between B and D and through it is drawn a line 
parallel to AC and intersecting AB at F. Find the ratio of areas of the trapezoid 
ACEF and the triangle ADC if we know that CD=DE. 

39. A point D is taken on side AB of a triangle ABC between A and B so 
that AD : AB=a (where a < 1). Take a point E on BC between B and C so that BE: 
: BC=B (where B < 1). Through point & draw a line parallel to AC and intersecting 
side AB at F. Find the ratio of the areas of the triangles BDE and BEF. 

40. Indicate possible types of triangles in which the sides constitute a geometric 
progression and the angles an arithmetic progression. _ 

41. Will it suffice to buy 4000 pieces of glazed tile of size 10 cm by 10 cm_ to 
face the walls of the above-water portion of a swimming pool having the shape 
of a rhombus of area 450 square metres with sides 0.5 metre above the water level? 

42. The base of a quadrangular pyramid is a rectangle. The pyramid has al! 


lateral edges equal and altitude 72 cm. A bug is crawling along the edges of 
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the pyramid at a rate of | cm/sec. Will 2 seconds be sufficient for it to go down 
. from the vertex of the pyramid along a lateral edge to a vertex of the base if it 
can traverse the perimeter of the base in 8 seconds? 

43. Find the cosine of the base angle @ of an isosceles triangle if it is given 
es ihe point of intersection of the altitudes lies on a circle inscribed in the tri- 
angle. 

44, Drawn in a triangle ABC are: bisector AD of angle BAC and bisector CF 
of angle ACB (point D lies on side BC, point F on side AB). Find the ratio of the 
areas of the triangles ABC and AFD if it is given that AB= 21, AC=28, CB = 20. 

45. Inscribed in a circle is an isosceles triangle ABC in which AB=BC and 

ABC=a. From vertex A draw a bisector of the angle BAC to intersection 
with side BC at D, and to intersection with the circle at point &. Vertex B 
is joined by a straight line to point E. Find the ratio of the areas of the tri- 
angles ABE and BDE. 

46. In a trapezoid ABCD the angles at the large base a are.equal to a and 
f and the altitude of the trapezoid is A. Let 0,, 02, O3, O, be centres of circles 
circumscribed, respectively, about triangles ABC, BCD, CDA, DAB. Find the area 
of the rectangle 0,0,030,. 

47. In a right triangle, the ratio of the product of the lengths of the bisectors 
of the interior acute angles to the square of the length of the hypotenuse is equal 
to 1/2, Find the acute angles of the triangle. 

48. From an endpoint of a diameter of a sphere draw a chord so that the 
surface generated by a rotation about this diameter divides the volume of the 
ye into two equal parts. Determine the angle between the chord and the dia- 
meter. 

49. In a convex quadrangle ABCD the bisector of the angle ABC intersects side 
AD at point M, and the perpendicular dropped from vertex A to side BC cuts BC 
at point N so that BN=NC and AM=2-MD., Find the sides and the area S of 
quadrangle ABCD if the perimeter is equal to5+) 3, Z BAD= 90°, Z ABC= 60°. 

50. The base of a quadrangular pyramid OABCD is a trapezoid ABCD and the 
lateral faces OAD and OBC are perpendicular to the plane of the base. Find the vo- 
lume of the pyramid knowing that AB ==3, CD=5, the area of face OAB is equal to 
9 and the area of face OCD is equal to 20. 
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This section of solid geometry is of fundamental significance for 
a thorough mastering of all subsequent material and the development 
of spatial imagery in general. The theorems are in themselves simple 
but require a certain level of logical culture, the ability to reason 
rigorously on the basis of given definitions, and to reduce the proof of 
any theorem to the application solely of the starting axioms and earlier 
proved theorems. This in turn requires a very precise knowledge of the 
initial definitions and theorems. Unfortunately, the attitude of stu- 
dents is often somewhat slipshod, they believe that geometric intuition 
will always help them to get at the proper definition and statement of 
the axioms. As a result, in.the best of cases we hear equivalent formu- 
lations, which lead to unexpected (for the students) complications in 
the formulations and proofs of theorems. 

Crucial to the study of this section is a precise understanding and 
firm memorizing of definitions. The parallelism and perpendicularity 
of lines and planes, the angle between skew lines and the distance 
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between them, the angle between a line and a plane, the angle between 
_two planes—all these notions must be firmly rooted in the mind of the 
student. 

True, one should not go to extremes. Firstly, one should not learn 
by rote the definitions without grasping their geometric meaning or 
visualizing an associated geometric configuration. Secondly, (this is 
typical and therefore more dangerous) the student must not confine 
himself to geometric imagery alone and dismiss precise definitions. 

To illustrate, every one can visualize parallel lines in space, yet 
many students start out by proving the “completely obvious” assertion 
that a plane can be drawn through two parallel straight lines. They 
lose sight of the fact that the existence of such a plane is part of the 
very definition of parallel lines. 

Another similar case has to do with proving the existence of skew li- 
nes. There are some who confine themselves to pointing to the floor 
and the ceiling. It is of course a good thing to have ready such a neat 
example of skew lines but this does not relieve them of the necessity of 
giving a rigorous proof of their existence. 

Take any three points A, B, C and, exterior to the plane defined by 
them, a fourth point D. Then the straight lines AB and CD are skew 
lines. Indeed, if they were in one plane, then all their points would be 


in that plane as well, but then that would contradict the choice of 
point D (Fig. 93). 


Fig. 93 


Then there are cases where the student, since he doesn’t know the 
proper definition, makes do with such erroneous analogies and fanta- 
stic inventions as “a straight line is parallel to a plane if it is parallet 
to any line in the plane”; “a straight line is perpendicular to a plane if 
it is perpendicular to some straight line in the plane”; “the angle bet- 
ween a straight line’and a plane is the angle which this line forms with 
the straight lines of the given plane”, and others in the same vein. 
Their absurdity becomes obvious as soon as we attempt to picture the 
geometric meaning of such definitions. 

' At the same time, there is no necessity to memorize definitions word 
for word; certain departures from the statements given in standard text- 
books are permissible. It is best, however, to keep such deviations wi- 
thin bounds. For instance, rather often the student takes the criterion 
for the perpendicularity of a straight line and’a plane for the definition 
of the perpendicularity of a straight line and plane, Unfortunately, 
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they fail to grasp the fact that in this new definition, the earlier defi- 
nition becomes a theorem that has to be proved. So here too such loose 
handling of definitions can lead to added complications. 

Many mistakes are made due to incomplete formulations of definiti- 
ons and, particularly, theorems. Here is a typical answer to a request, 
to formulate the criterion of parallelism of two planes: “If two straight 
lines lying in a plane are parallel to two straight lines lying in the 
other plane, then the planes are parallel.” Just a single word was left 
out; the student should have said, two intersecting straight lines. 
So the student’s statement of the theorem was incorrect and the answer 
cannot be considered exact. 

One of the most important notions dealt with in this section is that 
of the angle between skew lines. Let us recall it. To construct an angle 
between skew lines one usually does as follows: he takes an arbitrary 
point in space and draws through it two straight lines parallel to the 
given lines. The angle between the constructed skew lines is, by defi- 
nition, the angle between the given skew lines. 

This definition may give rise to a natural question: does not the angle 
between the skew lines depend on the point chosen as its vertex? It 
turns out that the choice of the point does not affect the size of the angle. 
To justify this assertion, it is necessary to refer to the familiar crite- 
rion of parallelism of two planes and to the theorem on angles with 
parallel sides in space. 

The concept of an angle between skew lines can, when systematically 
employed, simplify many definitions and theorems. For example, it 
is possible at once to define perpendicular lines as lines the angle bet- 
ween which is a right angle, irrespective of whether the lines lie in one 
plane or not. In turn,-this definition greatly simplifies the solution of 
many problems. 

In the same way it is easy to see that a line perpendicular to a plane 
is perpendicular to any line in the plane, including such that does not 
pass through the point of intersection of the given straight line and 
the plane. This follows directly from the definition of a straight line 
perpendicular to a plane and from the definition of perpendicular lines. 

Of particular interest in this respect is the so-called strong criterion 
of the perpendicularity of a straight line and a plane: if a straight line 
is perpendicular to two arbitrary nonparallel (intersecting) straight lines 
lying in some plane, then it is perpendicular to the plane itself. . 

This statement, unlike the ordinary one, does not require that two ~ 
straight lines necessarily pass through the point of intersection of the 
given straight line and the plane. What would seem to be a minor de- 
tail is seen to play an essential role in problem solving. 

Proof of the strong criterion is exceedingly simple (Fig. 94). If the 
given, straight line / is perpendicular to two intersecting straight lines 
l’ and (* of plane P, then it is perpendicular to the parallel lines 2" 
and /** drawn through the point 0 of its intersection with the plane P. 
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Hence, the line /, by the ordinary criterion for the perpendicularity 
of a straight line and a plane, is perpendicular to the entire plane P. 
The proof is complete.* 

The foregoing strong criterion permits, say, reducing to a few words 
the proof of the so-called theorem on three perpendiculars, which, pro- 


L 


Fig. 94 


perly speaking, is now merely a special case. Indeed (Fig. 95), let AC 
be perpendicular to plane P, let AB be inclined, and let BC be the 
projection of the inclined line on the P plane. If DE is drawn in the P 
plane perpendicular to AB, then DE is perpendicular to the plane ACB 


A 


Fig. 95 


(since DE |. AC and DE |-AB), and so DE is perpendicular to any 
straight line in this plane, in particular, to the projection BC of the 
inclined line. Conversely, if DE is drawn in the P plane perpendicular 
to the projection BC, then again DE is perpendicular to the plane 
ACB, and therefore DE | AB. 

Note besides that the use of the notion of the angle between skew 
lines permits us, in the theorem on three perpendiculars, not to as- 
sume that a straight line in a given plane must necessarily pass through 
the foot of the inclined line. 

The concepts we consider here are particularly important for a pro- 
per understanding of geometric facts when solving a variety of problems 
involving pyramids. The following theorem, for example, is very 
useful. It has to do with an arbitrary triangular pyramid (Fig. 96): 
the altitude SH of a triangular pyramid SABC passes through the altitude 
AD of the base if and only if the lateral edge SA is perpendicular to the 


* Quite naturally, the fact that a straight line is perpendicular to two parallel 
lines in a plane does not imply the perpendicularity of the straight line to the plane 
itself (give an examplel). 
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base edge BC. It is easy to see that this assertion is simply a different. 
formulation of the theorem concerning three perpendiculars: SH and 
SA are the perpendicular and inclined lines, respectively, to the plane 
of the base ABC, and BC is the third straight line. 

The next problem, which many students find particularly difficult, 
is solved at once with the aid of this theorem. 


§ 


Fig. 96 


B 


|. /n a triangular pyramid, the altitude drawn from the vertex falls 
in the point of intersection of the altitudes of the triangle lying in the base. 
Show that all altitudes of the pyramid dropped from the vertices of the 
base on the lateral faces possess this property. | 

Indeed, since the altitude of the pyramid passes through all altitudes 
of the base, it follows that each lateral edge of the pyramid is perpendi- 
cular to the opposite edge of the base. By the same theorem, only in 
reverse, any altitude of the pyramid has this property. 

From this same theorem it follows, for example, that the lateral 
edges of a regular triangular pyramid are perpendicular to the opposite 
edges of the base. This statement may for instance be needed in the 
construction of the plane angle of the dihedral angle at the lateral edge 
of the pyramid. Students often suggest the following construction: 
“We pass a plane through a side of the base perpendicular to a lateral 
edge and then the angle obtained in the section will be the required 
angle.” In principle the idea is correct but there is one very essential 
detail lacking—why such a plane can be drawn; because in the case of 
arbitrary skew lines it is not, generally speaking, possible to draw such 
a plane. It is possible when and only when the lines are perpendicular 
(prove this!). For this reason, the construction is indeed possible in 
a regular triangular pyramid. 

We note another typical mistake. Many students drop a perpendi- 
cular from a vertex of the base of a regular triangular pyramid on a la- 
teral face and, without any hesitation, consider that this altitude falls 
on the altitude of the lateral face. This assertion is of course true but it 
requires justification, It can readily be seen that it follows from the 
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theorem we formulated above and also from the result of Problem 1. 
However, when solving a problem in which this statement is used, one 
should not rely on the indicated theorem (or, all the more so, on 
Problem 1) but must provide a separate independent proof. 

The most unpromising is the following “brute force” approach to a 
proof of this statement: draw the altitude SD of the lateral face ASB 
of the regular pyramid SABC, drop the altitude CK of the pyramid 
from vertex C of the base on face ASB and prove that SD and CK in- 
tersect (Fig. 97). Unfortunately many students reason in this fashion, 
whereas it is much simpler to do otherwise. 

Let SABC be a regular pyramid and CK a perpendicular dropped 
from vertex C on face ASB (Fig. 97). Join K and D, the midpoint of 


5 


Fig. 97 


A 


edge AB. The line DC is perpendicular to AB, being the median of 
the equilateral triangle ABC. The line CK is perpendicular to the 
plane ASB and hence to any straight line of this plane, in particular, 
to edge AB. Hence, edge AB is perpendicular to the plane DCK since 
it is perpendicular to two intersecting straight lines CD and CK lying 
in the plane. Therefore, AB is perpendicular to any straight line in 
the plane DCK, to DK for one. 

Thus, DK | AB and since D is the midpoint of the base AB of the 
isosceles triangle ASB, the point K lies on the altitude SD of this tri- 
angle. 

The strong criterion of perpendicularity is a good worker in many 
problems where for given dihedral angles it is required to construct 
plane angles. 

2. A perpendicular equal to p is drawn from the foot of the altitude of a 
regular triangular pyramid to a lateral edge. Find the volume of the py- 
ramid if the dihedral angle between its lateral faces ts equal to 2a. 

Let SABC be the given pyramid (Fig. 98), OK the perpendicular 
equal to p, and let the dihedral angle at edge SC be equal to 2a. 

Let us first construct the plane angle of this dihedral angle. It is 
natural to take point K for the vertex of the plane angle. It is then 
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necessary, in the planes of the faces ASC and BSC, to draw perpendi- 
culars KL and KM from K to edge SC. | 

At this point, many students at the examination made mistakes. 
Some figured that these perpendiculars must necessarily pass through 
points A and B, others believed the points L and M to be the mid- 
points of sides AC and BC of the triangle ABC. Neither view is correct. 
The reasoning should be as follows. 


- J 


Fig. 98 


The plane containing KL and KM must be perpendicular to edge 
SC (since SC | KL and SC | KM). To find this plane that is per- 
pendicular to SC, it suffices to find any two nonparallel lines perpendi- 
cular to SC. One such line is given; this is OK, since OK 1 SC. For 
the second such line we can take edge AB. Indeed, SO is a line perpen- 
dicular to plane ABC, SC is an inclined line, CO is its projection; 
but AB | CO and, hence, by the theorem on three perpendiculars, 
AB | SC. | 

We have thus found two straight lines, OK and AB, which are per- 
pendicular to SC. But unfortunately they do not intersect, they are 
skew lines. However, there is a way out of this situation: through O 
draw LM || AB. Then LM is also perpendicular to SC, and LM and 
OK then intersect. Consequently, SC is perpendicular to the plane in 
which these lines lie, that is, to the plane of the triangle KLM. But 
then SC | KL and SC | KM, that is, 2. LKM is the plane angle of 
the dihedral angle at the edge SC. Thus, ZL KM = 2a, and points 
L and M_of perpendiculars KL and KM (to edge SC) are located on the 
sides AC and BC of triangle ABC in such a manner that LM passes 
through the centre of triangle ABC parallel to side AB. 

Only computations remain now. Having proved that ZOKM = 
= ZOKL = a, we find OM = p tana, and so (from the right triangle 
OCM) we have OC = p V3 tana. But OC is the radius of a circle cir- 
cumscribed about the equilateral triangle ABC; hence, AB = 3px 
x tan a, and the area Sp 4 nc of the base of the pyramid follows at once. 
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On the other hand, from the right triangle KOC 


, OK l 
sin (Z CON 06 gag 
Since Z. KOS = Z OCK (as acute angles with perpendicular sides), 
the altitude of the pyramid is 


SO p V3 


—- eel eee ed 
cos(Z OCK) yW3—cot®a 


Thus the sought-for volume is 


tan? a 
V 3—cot? a 


3. The base of a pyramid is an equilateral triangle with side a. One 
of the faces of the pyramid is perpendicular to the plane of the base. This 
face is an isosceles triangle with side b 4 a, Find the area of a section 
through. the pyramid that is square. 

Let KLMN be the square stipulated in the problem (Fig. 99). We 
do not as yet make any assumptions as to which particular lateral face, 
ASB, BSC or ASC, is perpendicular to the plane of the base. 


a) 


l 9 
V=zS0-Spaasc=7P* 


Fig. 99 Fig. 100 


C p R 


Since KN || LM, it follows that KN is parallel to the plane of the 
base ABC, and so the plane ASB that passes through KN intersects the 
plane ABC along the edge AB which is parallel to KN. The proof that 
SC || KL is analogous. 

From this it follows that, first, the plane of the section is parallel to 
the skew edges AB and SC and, second, these edges must be mutually 
perpendicular since the (right) angle LAN of the square KLMN is 
the angle between these skew lines. , 

Now notice that the pyramid SABC has only one pair of. mutually 
perpendicular skew edges. We will prove this on another drawing 
(Fig. 100). 
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Let SPQR be the given pyramid in which the face PSQ is perpendi- 
cular to the base PQR. Draw the altitude ST of the pyramid. It is 
obvious that ST lies in the plane of the face PSQ and is at the same 
time the altitude of the isosceles triangle PSQ and, hence, the median 
as well, since RT is the altitude of the equilateral triangle PQR. By 
{he theorem on three perpendiculars, the inclined line SR is perpendi- 
cular to PQ, which is the line perpendicular to its projection PT. 
On the other hand, the line in plane PQR perpendicular to edge SQ 
must be perpendicular to its projection PQ. But PR does not have this 
property, and so edges SQ and PR are not perpendicular. Similarly, 
edges SP and QR are not perpendicular. Thus, only edges SR and PQ 
are mutually perpendicular. These are: the lateral edge not lying in the 
face perpendicular to the base, and the edge of the right dihedral angle. 

Returning to Fig. 99 we conclude that it is precisely AB that isthe 
edge of the right dihedral angle, that is, face ASB is perpendicular to 
the plane of the base. | 

To carry out the computations, draw KH __ AB and join H and L. 
The line KH is perpendicular to HL, since it lies in one of two mutually 
perpendicular planes and is perpendicular to the line of their intersec- 
tion. Also, draw the altitude ST of the isosceles triangle ASB and 
the altitude CT of the base ABC. Denote the side of the square KLMN 
by x. Then 


ST = Ve—, AT=4, AH=->- 


Since (A. AKH is similar to A AST and A ALH is similar to 
/\ ACT, it follows that ~ 


a—xX » ae a—x q? 
KH = - Ve, HL = — Va—= 
and, by the Pythagorean theorem, from the right triangle KHL 
a—x\2 fa? 
= (Sete) 
whence, after extracting the root (with allowance made for a> x) 


and performing the necessary manipulations, we get the side x of the 
square and then its area: 


a V 2a? +40? \? 
™\ 9a+ V 2a? + 40? 


Of great importance in solving problems of solid geometry is a pro- 
perly constructed drawing. If it is done properly, the solution is frequ- 
ently obvious at a. glance. a 

However, a plane representation of spatial configurations Is only 
possible with certain distortions, and therefore the drawing, no matter 
how carefully made, will require some effort to grasp properly, neces- 


pe 
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sitating that the student indicate right angles which appear acute 
in the drawing, skew lines which in the drawing intersect, etc. 

Every fact, no matter how obvious it looks on paper, must be justi- 
fied by rigorous logic so as to avoid the confusion caused by the peculi- 
arities of a plane representation of spatial configurations. This is par- 
ticularly true of problems involving proof. Moreover, in these problems 
the particularities of representation (distortion of angles and the like) 
frequently obscure the true picture and complicate the proof, 


Fig. 10! 


4. Given in space two rays Ax and By not lying in the same plane and 
forming an angle of 90°; AB is their common perpendicular. Consider 
point M on Ax and point P on By such that 2AM-BP = AB?. Prove 
that the distance from the midpoint O of AB to the line MP is equal to 
AB/2. 

Let Ax and By (see Fig. 101) be the rays given in the problem. 
In our drawing they will appear as two rays of intersecting straight 
lines, but we will bear in mind that this is merely an illusion. The rays 
do not lie in one plane. 

The following construction will be found useful in many problems 
involving skew lines. Draw through a point B ray Bz || Ax and lay 
off line segment BN = AM. By the definition of the angle between 
skew lines AM and BP, we have ZPBN = 90°, which means PBN 
is a right triangle with hypotenuse PN. It is well to stress this fact 
because some students fell. into the trap of the drawing and regarded 
BPN as the right angle. 

By the Pythagorean theorem, from the right triangle we find PN?= 
= BN*+ BP*= u?-+ v? (the designations are as given in Fig. 101). 
The line MN is perpendicular to the plane yBz, and so from the right 
triangle PNM we have PM?= 4h?+- 12+- v2, But it is given that 
(2h)?= 2uv, hence PM?= (u +- v)*, or PM = u+u. 

Draw the altitude OT of triangle POM, the length of which is the 
desired distance. When applying the Pythagorean theorem to the 
right triangles PTO and MTO, we can write the equation b?-- PT?= 
= c?— (u + v— PT). Noting that 6?= u?+ h? (from the right tri- 
angle OBP) and c?= v?+ h? (from the right triangle OAM), we get 
the equation 2u(u + v) = 2-PT-(u + v) or PT =u. Hence OT?= 
= $}— PT?= h? or OT =h = AB/2. 
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Ordinarily, problems involving the computation of polyhedral 
angles cause some difficulty that is due largely to an insufficiently deve- 
loped geometrical imagination and an inability to make a proper draw- 
ing, whereas all the elements of a trihedral angle can rather easily be 
determined with the aid of trigonometry by proceeding from simple 
geometric reasoning. 

5. Let the acute angles A, B and C be the plane angles of a trihedral 
angle. Prove that if the dihedral angle opposite the plane angle C isa right 
angle, then cos C = cos A-cos B. | 

Let Sxyz be a trihedral angle (Fig. 102) in which Z xSy = A, 
ZL. 28x = B, Z ySz = C, and the plane of the face zSx is perpendicu- 
lar to the plane of face ySx, Draw plane MNP perpendicular to Sx; 


Fig. 102 


then MN | Sx, PN 1|..Sx, Z MNP = 90°. It may be noted that the 
remaining angles of the triangle MNP, namely 72 PMN and Z MPN, 
are not the plane angles of the dihedral angles at the edges Sy and Sz. 
Denoting the length of SN by a, we get, from the right triangles 
PSN and MSN, 
PN=atanB, MN=atanA, 
Q a 
PS= eB? MS = ssa 
We now calculate in two ways (from the right triangle MNP and from 
the oblique triangle MSP) the length of MP and equate the results: 
a* tan? B +-a*tan® A= airy + ata dos cos A 


Cancelling out a? and performing the obvious manipulations, we get 
the relation required. : 

Note that both Fig. 102 and the foregoing solution were carried 
through under the assumption that all angles A, B, C are acute. Howe- 
ver, the.formula which we derived holds true without any supplemen- 
tary assumption. We leave it to the reader to consider all possible 
cases and to justify the formula. 

Note that if we depict the given trihedral angle not vertex upwards 
as in Fig. 102 (and as most students do), but more conveniently, the 
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solution may be obtained in a much simpler fashion. Indeed, the right 
dihedral angle is more reasonably depicted as one ordinarily repre- 
sents a pair of mutually perpendicular planes (Fig. 103). 

Let Sx be the edge of the right dihedral angle, the edges Sy and Sz 
lie in different planes of this angle. From an arbitrary point K of edge 
Sz drop perpendiculars KH and KL, respectively, on Sx and Sy, 


Fig. 103 \ 


Se 


Since the dihedral angle at edge Sx is a right angle, the line KH is 
perpendicular to the whole plane xSy and, in particular, KH 1 SL. 
Hence, by the theorem on three perpendiculars, HL 1 SL. 

From the right triangle KLS we now obtain SL=SK cos C, 
and from the right triangles SLH and SHK we haveSL = SH cosA = 
= SK cos B cos A. Comparing these two expressions for SL, we 
see that the required equation is valid. 

6. The plane angles of a trihedral angle are equal to 45°, 45° and 60°. 
Through the vertex ts drawn a line perpendicular to one of the faces whose 
plane angle is equal to 45°. Find the angle between this line and the edge 
(of the trihedral angle) that does not lie in the indicated face. 

In constructing the drawing we will again deviate from the standard 
procedure. Since we are dealing (as stated) with a perpendicular to two 
straight lines, that is, to the plane defined by them, it is convenient 
to represent this plane horizontally and the perpendicular vertically. 

Thus, let S be the vertex of the trihedral angle (Fig. 104); from it 
issue the edges S/ and Sm which form an angle of 45°. Sp is a perpendi- 
cular to these lines; Sn ‘is the third edge of the trihedral angle, and 
Z.nSm = 45° while Z nS/ = 60°. ! 

On Sn take a line segment SA of length a and from point A drop 
a perpendicular AK on the plane mS/ and perpendiculars AB and AC 
on the lines Si and Sm, respectively. Joining points B and C to K, 
by the theorem on three perpendiculars we find that BK and CK are 
perpendicular, respectively, to S/ and Sm. | 

From the right triangles ACS and ABS we readily find SC = 
= al 2/2, SB = a/2 However if we join B and C and consider the tri- 
angle CBS, then by the cosine law we can determine CB = a/2, or 
CB = SB. Since Z.CSB = 45°, the isosceles triangle CBS has a right 
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angle at the vertex B. But it was already noted that 2 KBS = 90°, 
and we quite unexpectedly come up with a contradiction. 

Very few of the students were able to find a way out of this contra- 
diction, although the matter at hand is not so complicated. From the 
foregoing reasoning it follows that the configuration represented in 
Fig. 104 actually does not occur (see Sec. 3.2): point K must lie on 


Fig. 104 


line CB (Fig. 105). But as soon as we put K on CB, we immediately 
reveal another contradiction: since CK |. Sm and BK |. Sl, there 
are two right angles in triangle SBC. How do we resolve this contradic- 
ticn? From right triangles ACS and ABS we find AC = aV 2/2, 
AB = a 3/2. Recalling that CB = a/2, we easily find, by the con- 
verse of the Pythagorean theorem, that ABC is a right triangle with 
right angle ACB. | 

Thus, neither does the configuration given in Fig. 105 occur. Points 
K and C coincide, which is to say that the perpendicular AC to the 
ae line Sm is at the same time perpendicular to the entire plane 
mS, 

But in this case it is obvious that AC || Sp, that is, the lines Sp 
and AC lie in one plane. Since 2 ASC = 45°, the sought-for angle 
between Sp and Sn, or angle nSp, is equal to 45°. 


Fig. 106 


It is interesting to note that with a sufficiently developed geometri- 
cal imagination it is possible to find a very short, purely geometric, 
solution to this problem that does not require any computations 
at all. Consider the cube (Fig. 106). If one notes that the trihedral angle 
SABC is precisely the trihedral angle mentioned in the problem and 
the edge SM of this cube is perpendicular to face BSC, then, clearly, 
angle MSA is the desired angle and it is equal to 45°. 
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We conclude this section with an investigation of the concept of 
orthogonal projection. 
If in space a line segment AB is orthogonally projected on some plane 
P, then the length of the projection, A’ B’, is connected with the length of 
AB by the relation 
A'B’ = AB cos » (1) 


where is the angle between AB and the P plane (Fig. 107).* If 
through B we draw BK parallel to the projection A’B’, then this 
formula follows in obvious fashion from a consideration of the right 
triangle AKB because angle ABK is the angle between the straight 
line AB and the P plane. 


Fig. 107 “s 


Formula (1) shows that the length of the projection of a line segment 
can never exceed the length of the segment itself and is equal to it 
when the line segment is parallel to the plane on which the projection 
is performed. Now if the line segment is perpendicular to this plane, 
then its projection is a single point. . 

The following proposition very often comes in handy in problem 
solving. It describes the relationship between the areas of a plane 
figure and its orthogonal projection. /f S is the area of a plane polygon 
and Sy, is the area of its projection on some plane P, then 


Spr S COs @ (2) 


where a is the angle between the P plane and the plane of the polygon at 
hand.** | 


Fig. 108 


We first prove this formula for a triangle (Fig. 108). Let triangle 
ABC have an orthogonal projection A’B’C’ on plane P. (If the projec- 


* Jf a straight line and a plane are parallel, then the angle between them is taken 
(by definition) to be zero. 
** The angle between two (intersecting) planes is measured by the plane angle 
of any one of the dihedral angles formed by these planes. If the planes are parallel, 
then the angle between them is taken to be (by definition) zero, 
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tion is a line segment, then this means that the plane of triangle ABC 
is perpendicular to the P plane and the formula is obvious if we take 
into account that the area of a triangle that degenerates into a line is. 
equal to zero.) Of the three vertices of triangle ABC let vertex B have 
the property that AA’> BB’> CC’. (We leave it to the reader to exa 
mine the case AA’= BB’=4 CC’; if AA’= BB'= CC, then the plane 
of triangle ABC is parallel to the P plane.) 

Through point B draw plane P, parallel to the P plane. The projec. 
tion of triangle ABC on the plane P, is the triangle A”BC” equal to 
triangle A’B’C’. The line MN of intersection of the plane P, with the 
plane of the triangle ABC divides this triangle into two triangles: 
JNABL and A BLC. . 

In the plane of triangle ABC, drop a perpendicular AH from point 
A on side BL; then, by the theorem on three perpendiculars, A"H 1 BL 
and so 


Sq ann=% BL-AH, Sp apis BL+A'H 


But the angle between AH and plane P, is equal to the angle a between 
the plane of triangle ABC and the plane P, (or plane P). And so 
A”"H = AH-cosa and, hence, 


SA ArBL= 5 BL- A"H =~ BL- AH cost = Sp api-cos 


The reasoning is exactly the same for the triangles BCL and BC’L; 
thus, we finally have 


Sor = Sa are =Sp A*Bc* = Sp ABC'COS@==S+C0S & 


If the figure being projected is a polygon, then by dividing it and 
its projection into triangles and summing the results for each pair of 
triangles, we obtain the formula to be proved. 

Formula (2) is conveniently used to compute the areas of sections of 
various solids, lateral surface areas, angles between planes, and the 
like. For example, if we know the area s of the base of a regular many- 
sided pyramid and the angle a of inclination of a lateral face to the 
plane of the base, then the lateral surface area is 

S 
$= cea 
But if the solid is a truncated pyramid (parallel bases; also called 
frustum), then for s we have to take the difference of the areas of the 
bottom base and top base. It is easy to see that this fact is valid also 
for any irregular pyramid as long as all its lateral faces are inclined to 
the plane of the base ai one and the same angle a, 


346 Ch. 3 Geometry 


Exercises 


1. Let ABCDA,B,C,D, be a cube (ABCD is the square of the bottom base; 
AA,, BB, CC,, DD, are the lateral edges). What is the size of the angle between the 
lines: (a) AA, and B,D, (b) AD, and D,C, (c) AD, and B,D? Find the distance bet- 
ween the lines: (d) AA, and B,D, (e) AD, and DC, if an edge of the cube is equal to a. 

2. In a regular tetrahedron find the angle between skew edges and: the dihedral 
angle between faces. Find the distance between skew edges if the side of the tetrahed- 
ron is equal to a. | 

3. Is the statement true that if L and J are skew lines, then through L it is 
possible to pass a unique plane’parallel to the straight line 7? Determine whether 
the following proof of it is correct. 

Take a point A on line L and draw through it a line L* parallel to J. The 
pane m passing through the intersecting lines L and L* is obviously parallel to é. 

ince it is possible to draw only one line L* parallel to / through the point A, and 
since it is possible, through two intersecting lines L and L*, to pass only one 
plane, it follows that through L it is possible to pass a unique plane parallel to 
the straight line J. 

4. L and / are two skew lines. Is it always possible to construct a plane con- 
taining L that is perpendicular to /? 

. Does there always exist a line perpendicular to three given pairwise skew 
ines 
, a: Does there always exist a line that intersects all three given pairwise skew 
ines: 

7. Can there exist in space four pairwise mutually perpendicular skew lines? 

8. In a cube with edge a is drawn a common perpendicular of two skew dia- 
gonals of adjoining faces. Find the lengths of the line segments into which it divides 
the given diagonals of the faces. 

9. Prove that if a straight line forms equal angles with each of three pairwise 
nonparallel lines lying in one plane, then it is perpendicular to that plane. 

10. Can two nonadjacent lateral faces of a many-sided pyramid be perpendicular 
to the plane of the base? ; 

f1. A plane angle is formed as the result of cutting a given dihedral angle 
by possible planes intersecting its edge. Within what limils can the plane angle 
vary 

12. Let A, B, C, D be four arbitrary points in space. Prove that the midpoints 
of the line segments AB, BC, CD, DA lie in one plane. What figure is formed if the 
midpoints of these line segments are joined in succession? 

13. Prove that all four altitudes of a regular tetrahedron intersect in one point. 

14. A line AB is parallel to a plane n. CD intersects AB at an acute angle @ 
and forms with the plane m an angle m. Determine the angle between the 1 plane 
and the plane in which the lines AB and CD lie. 

15. The plane passing through one of the edges of a regular tetrahedron divides 
the volume of the tetrahedron in the ratio 3: 5. Find the tangents of the angles into 
which this plane divides the dihedral angle of the tetrahedron. 

16. In a regular triangular pyramid the side of the base is equal to a and the 
lateral edges are equal to 6. Determine the dihedral angle at a lateral edge. 

17. A right triangle is located so that its hypotenuse lies in a plane a and the 
legs form with this plane the angles a and B, respectively. Find the angle between 
the plane of the triangle and the 2 plane. | 

18. From a point of the edge of a dihedral angle a (0<a< 90°) issue two rays 
lying in different faces. One of the rays is perpendicular to the edge of the dihedral 
angle and the other one forms with the edge an acute angle B. Find the angle between 
these rays. 

19. The line segments of two straight lines contained between parallel planes 
stand in the ratio 2 : 3 and their angles with one of the planes stand in the ratio 2; 1. 
Determine the angles, 


. 
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20. The plane angles of a trihedral angle are a, B and y. A point is taken at a 
distance | from the vertex of the trihedral angle on the edge adjoined by the plane 
angles B and y. Determine the distance from this point to the plane of angle «, 

. 21. A point M is taken on a sphere of radius R and from it are drawn three equa} 
chords MP, MQ and MR so that Z PMQ= Z QMR= ZRMP=a. Find the lengths 
of the chords. : 

22. In a right triangle, a plane is drawn through the bisector of the right angle, 
The plane forms with the plane of the triangle an angle a. What angles does it form 
with the legs of the triangle? 

23. A straight line tangent to a cone forms with its generatrix, at the point of 
tangency, an acute angle @ and is inclined to the plane of the base of the cone at an 
angle 8. Determine the angle between the generatrix and the base plane. 

24. The altitude of a triangular pyramid ABCD. dtoppes from the vertex D 
passes through the point of intersection of the altitudes of the triangle ABC. It js 
also given that DB=b, DC=c, Z BDC=90°. Find the ratio of the areas of the faces 
ADB and ADC. 

25. Two line segments, AB of length a and CD of length 6, lie on skew lines, 
the angle between which is a. The feet O and O’ of a common perpendicular (of length 
c) to these Jines divide AB and CD sothat OA : OB=2:3 and CO’ : 0'D=3:9. 
Find the lengths of the line segments BD and BC. 

26. Let ABCDA,B,C,D, be a right parallelepiped (ABCD and A;,B,C,D, are pa- 
rallelograms and the lateral (parallel) edges AA,, BB,, CC,, DD, are perpendicular 
to the planes of these parallelograms), in which AD =A,D=a, BA\= of AC= 
= c, BD=d. Compute the dihedral anrle between the faces AA,B,B an AA,D,D, 

27. A straight line passes inside a trihedral angle, all plane angles of which 
are equal to a. The line is inclined identically to all the edges. Find the angle of 
inclination of this line to each edge of the trihedral angle. 

28. An equilateral triangle ABC with side a is given in a plane P. A line 
segment AS=a is laid off on a perpendicular to plane P at point A. Find the 
pee of the acute angle between AB and SC and the shortest distance between 

em, 

29. A perpendicular, equal to a, is dropped from the foot of the altitude of a re- 
gular triangular pyramid to a lateral face. Find the volume of the pyramid, given 
that the plane angle at the vertex of the pyramid is equal toa. 

30. A perpendicular, equal to p, is drawn from the foot of the altitude of a regular 
triangular pyramid to a lateral edge. Find the volume of the pyramid if the dihedral 
angle between a lateral face and the base is equal to a. 

31. Determine the volume of a parallelepiped, all edges of which are equal to 
unity and the plane angles at one of the vertices are p<90”. 

32. Determine the sine of the angle between two altitudes dropped from two ver- 
tices of a regular tetrahedron on opposite faces. 

83. In a trihedral angle OABC the angle between the faces OAB and OBC is a 
nent angle and each of the other dihedral angles {s equal to y. Find the plane angle 


34. The angle between two skew lines is 60°. A point A lies on one line, a point 
B on the other, the distances from each of these points to the common perpendicular 
of the skew lines are the same and are equal to the distance between the lines. Find 
the angle between the common perpendicular and the line AB. Note the possibi- 
lity of an ambiguous solution to this problem. 

35. A line segment AB lies on the edge of a dihedral angle. M is the point of 
one of the faces of the angle and is at a distance / from the edge. A perpendicular 
dropped from M on the other face of the dihedral angle is seen from A at an angle 
of a and from point B at an angle of f. The distance from the centroid of triangle 
ABM to the second face of the dihedral angle is m. Find the length of the line se- 
gment AB. Note the possibility of an ambiguous solution to this problem. __ 

36. Three equal right circular cones with angle a (@ < 27/3) in the axial section 
have a common vertex and are externally tangent to one another along the generat- 
rices ly, i, Js. Find the angle between /, and J. 
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3.5 Proofs in geometry 


Geometric proofs have always plagued students. The various prob- 
lems involving proofs that come up are ordinarily considered to be very 
complicated and harder than computational problems. 

Geometric proofs are difficult because they require an ability to 
reason logically and express one’s ideas precisely, a clear understanding 
of what is given and what it is required to prove. It is precisely a lack 
of properly developed habits in carrying through a logical argument 
that accounts for the numerous mistakes made in the solving of prob- 
lems involving proofs. What it means to prove a fact is already a stumbl- 
ing block to many. | 

The ability to reason logically, rigorously justifying geometric facts 
can only be developed by practice, by solving a sufficient number of 
problems. There are of course no general procedures for finding a proof 
of some assertion or solving a specific problem involving proof. The 
following selected problems will help the student to see how logical 
arguments are conducted and to overcome some typical mistakes. 

When taking up the proof of some geometric fact or solving a pro- 
blem involving a proof, it is first of all necessary to find the underlying 
idea, with the aid of which it is possible to construct a rigorous justi- 
fication of the statement at hand. This requires ingenuity, the ability 
to “see” the applicability of certain familiar theorems, to seek various 
supplementary constructions and to notice a specific property of the 
geometric configuration under study.* 

The exploratory search need not of course be presented in the final 
version of the solution, which must simply contain the rigorous proof. 
It is of no importance how the student guessed and what avenue he 
proceeded by to start off the proper chain of logic. What is definitely 
required in the final version is an exhaustive, logically correct justi- 
fication of all arguments. 

One should not, however, overstate the case for ingenuity, since at 
examinations the student is not required to do more than can be expe- 
cted of one who has thoroughly and actively worked through the schoo! 
course of mathematics: _ 

Let us examine a number of examples of how one might approach the 
solution of geometric problems involving proof. | 

1. Draw through the centre of an equilateral triangle a line parallel 
fo the base. On this line take an arbitrary point M inside the triangle. 
Prove that the distance from M to the base of the triangle is the arithmetic 
mean of the distances from M to the sides of the triangle. 


* The method of grouping in algebra is an analogy. In the general form it is . 
hard to say anything definite about what will lead to an appropriate grouping, but 
experience in problem solving facilitates seeking out the right approaches after a 
few attempts and some probing. 
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Let us first try to find a starting idea of the proof. Let A, be the di- 
‘stance from M to the base AC, and h, and hg, the distances from thi 
point to the sides AB and BC, respectively (Fig. 109). 


We need the equation h,= > (ha-+ hs). Since the distance from { 
to the base AC is equal to one third the altitude H of the triangle, 
then h= 3 H. Itis therefore sufficient to prove that hy + Ms= > H, 


Fig. 109 


It is easy to notice that in place of this one we can prove the equation 
hit Aa-+ As= H. Since each of the line segments h,, h, and hs is per- 
pendicular to the corresponding side of the triangle, it is natural to 
attempt to prove the last equation by arguments involving areas. 

Now let us carry through a rigorous proof. Join M to the vertices of 
the triangle. Then Sasc= Samat+ Smact+ Scma or, what is the 


same thing, aH = sats ahs ++ ah, where a is the length 
of a side of the triangle. From this it follows that A1+ A.+ As= H. 
On the other hand, h,= ON = -H, since O—the centre of an equi- 
lateral triangle—is the point of intersection of the medians. There- 
fore, naturally, A,+thy= H—A, == H. Hence, we indeed have 


he-+ hs= 2h,, orh, is the arithmetic mean of the line segmentsh, and hg. 

Here is another plane problem involving proof. The chief difficulty 
of this problem consists apparently in that the statement to be proved - 
is simply too obvious from the drawing and so it is not very clear how 
one should substantiate it rigorously. 

2, An equilateral triangle is turned through 60° about its centre. Prove 
that the hexagon obtained at the intersection of the original and new posi- . 
tions is regular. 

Let ABC be the given triangle (Fig. 110). A rotation through 60° 
takes A into A,, B into B;, C into C,. By hypothesis, 2 AOA,= 
= £ BOB,= Z COC,= 60°. But, on the other hand, 2 AOC = 
= £ AOB = Z BOC = 120° and, hence, 4 AOA,= Z A,OB = 
= Z BOB,= Z B,OC = Z COC\= 2 C,0A = 60°. Besides, all 
line segments OA, OA,, OB, OB,;, OC, OC, have the same length. 
From these two facts it follows that points A, Ai, B, B:, C, C, are the 
vertices of a regular hexagon inscribed in a circle with centre at 0. 
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Furthermore, since 2 AOA,+ 2 A,OB + Z BOB,= 180°, it fol- 
lows that the radii AO and OB, constitute one straight line. This line 
AB, is the transversal of the two lines A,B, and AC, and the alternate 
interior angles A,B,A and B,AC are equal (namely, 7 A,B;A = 30°, 
since it is an inscribed angle subtended by arc AA,, the central angle 
of which, A,OA, isequal to 60°; similarly 2 B,AC = 30°). Hence, 
A,B,|| AC. In the same way we prove that BC || A,C, and B,C,|| BA. 
8 


Fig. 110 


| Cy 

But then MN || AC so that A. MBN is similar to A, ABC, whence 
it follows that A. MBN is an equilateral triangle. In similar fashion 
it can be proved that the remaining small triangles with vertices 
B,, C, C1, A, A, are equilateral. - | 

Draw A,B. The angle A,BA is inscribed in a circle and intercepts 
an arc of 60°. Angle B,A,;B is also inscribed in a circle and also inter- 
cepts an arc of 60°. Hence, 2 A,BM = Z MA,B. Therefore A A\MB 
is an isosceles triangle: A;M = BM. But the triangles A,SM and 
BMN are equilateral so that from this equation it may be deduced 
that SM = MN. Insimilar fashion we can prove the equations MN = 
= NP = PQ=QR=RS of all the other sides of the hexagon 
MNPQRS. Finally, all the angles of this hexagon form straight angles 
with the 60° angles and are thus equal to 120° each. Hence, the hexagon 
MNPQRS has equal angles and equal sides, which means it is a regu- 
lar hexagon. 

A different proof can be givén if we begin from the other end. Divide 
the sides of triangle A BC into three equal parts. The resulting hexagon 
MNPQRS is clearly regular since from the similarity of triangles it is 
readily deduced that all the sides are equal to 1/3 AB and all angles 
are equal to 120°. 

It now remains to prove that precisely this hexagon is obtained in 
the intersection of triangle ABC and the rotated triangle. To do this, 
extend sides MN, RS and PQ of the hexagon to mutual pairwise inter- 
sectons and-consider the newly formed triangle AiBiC;. Clearly, 
Z.A,MS = 60° (as the supplement of 2 SMN, which is equal to 
120°) and 2 A,SM = 60°. Therefore Z SA,M = 60° and so also 
Z NB,P = Z. QC\R = 60°. Consequently, A, A,BiC; is an equilate- 
ral triangle, 
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Consider the quadrangle A,MOS. Its opposite angles are equal in 
pairs (2 SAM = Z MOS = 60°, 2 A,SO = Z A,MO = 120°). 
Hence, A,MOS is a parallelogram, more precisely a rhombus, since 
OS = OM. Therefore A,O is the bisector of angle SA,M and, similar- 
ly, B,O is the bisector of angle NB,P. It then follows that O is the cent- 
re of the triangle A,B,C,. Besides, A,B,x= A\M + MN + NB,= 
= SM + MN + NP = AB, which is to say A ABC and A A,B,C; 
are equal triangles. 

Finally, 2 A,OS = 30° (since A,O is the bisector of angle MOS) 
and similarly 2 AOS = 30°, whence Z AOA,= 60°. 

Thus, the equilateral triangles ABC and A,B,C, are equal, have a 
common centre and the vertices of the second one are obtained from the 
vertices of the first by means of a rotation through 60°. Hence, the 
triangle A,B,C, is the second position of the given triangle, and 
MNPQRS is the regular hexagon we are interested in. 

In this problem the statement to be proved was quite obvious. In 
the next one, we have an extremely cumbersome condition, numerous 
constructions and a conclusion that is not at all evident from any scru- 
tiny of the drawing. However, if one goes into the problem painstaking- 
ly, it will be found that there is nothing involved about the construc- 
tions, and the proof of the required assertion is extremely natural. 

3. The angles C, A, B of triangle ABC form (in that order) a geometric 
progression with ratio 2. Let O be the centre of a circle inscribed in triangle 
ABC, K the centre of the circle tangent to the side AC and the extensions 
of sides BC and BA beyond. points C and A, and let L be the centre of a 
circle tangent to the side BC and 
the extensions of the sides AC and 
AB of the triangle beyond pointsC 
and B. Prove that the triangles ABC 
and OKL are similar. 

From the statement of the pro- 
blem it follows that in triangle 
ABC (Fig. 111) we have the re- Fig. 111 
lations: 2 CAB =2 Z BCA, 

LZ CBA =2Z CAB. Point K is 

clearly equidistant from the lines 

AC, AB, and CB and is therefore 

the point of intersection of the 
bisectors BK and AK. Similarly, 

AL and BL and also AO and BO 

are bisectors of the corresponding angles. Then the angles LAK and 
LBK are right angles as being between the bisectors of supplementa- 
ry angles, 

Therefore if we construct circle on KL (as diameter), then points A 
and B will lie on the circle. But angles KLA and KBA will then be 
subtended by arc AK. Consequently, they are equal. Similarly, 
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/.LKB=2Z. LAB. But 2 KBA = 1/22CBA = ZCAB and 
Z.LAB=1/2Z4CAB=2Z BCA so that 2 KLA = 2 CAB, 


Z. LKB = Z BCA. 

Hence, /A\ ABC is similar to A. OKL (two corresponding angles in 
each are equal). 

There can be no question that proof problems in solid geometry are 
more difficult than those in plane geometry. This is due firstly to hav- 
ing to imagine spatial configurations that are often rather difficult to 
visualize on a flat drawing (see Sec. 3.6 where this is discussed). Also, 
it is more difficult in solid-geometry problems to“see” a useful auxili- 
ary construction that might lead to a solution. What is more, the logi- 
cal level of reasoning for proofs in space is much higher than for proofs 
in the plane. 

4. Ina triangular pyramid, all the plane angles at the vertex are right 
angles. Prove that the vertex of the pyramid, the point of intersection of 
the medians of the base, and the centre of a sphere circumscribed about the 


pyramid. lie on one straight line. 
Denote the vertex of the pyramid by A, its base by BCD (Fig. 112). 


Fig. 112 


B=K 


It is convenient, for the solution of this problem, to depict the pyra- 
mid ABCD as lying on one of the lateral faces (say CAB). It is given 
that 2 BAD = Z DAC = Z CAB = 90°. 

It will be recalled that the centre of a sphere circumscribed about a 
pyramid is the point of intersection of all planes drawn through the 
midpoints of the edges of the pyramid perpendicular to these edges 
(see Sec. 3.8). It then follows, for one thing, that the straight lines con- 
necting the centre O of the sphere circumscribed about the pyramid ABCD 
with the midpoints of the edges AB, AC and AD are respectively per pendi- 

cular to these edges. 

Join O to vertex A. We have to prove that the point N of intersection 
of the line OA with the plane BCD of the base is the point of intersec- 
tion of the medians of triangle BCD. To do this, we will have to make 
some more constructions in space and outside the given pyramid. 

Construct on AQ, beyond O, a point M such that AM = 2A0. 
Through this point, pass a plane x perpendicular to edge AB. Let K 
be the point of intersection of the plane m and the edge AB. Then 
MK . AB, Furthermore, let £ be the midpoint of line segment AB, 


3.5 Proofs in geometry 353 


As was mentioned earlier, OF {| AB. The right triangles AEO and 
AKM lie in one plane (drawn through the intersecting lines AB and 
AM) and have a common angle at the vertex A, and so they are simi- 
lar. From their similarity it follows that AK = 2AE, that is, AK = 
=: AB. This means that points K and B coincide. 

Thus, the plane n passing through point M perpendicular to edge AB 
intersects this edge at the point B. It can similarly be demonstrated that 
the planes passing through point M and perpendicular to edges AC 
and AD intersect these edges in points C and D, respectively. But then 
a rectangular parallelepiped ABA,CDB,MC, is formed with diagonal 
AM (Fig. 113) at the intersection of these three planes with the planes 
ABC, ABD and ACD of the lateral faces of the pyramid. ° 


Fig. 113 


It now remains to determine at what point the diagonal AM of 
the parallelepiped intersects the plane of triangle BCD..The diagonal 
AM lies in the plane ADMA,. This-plane intersects BC in the mid- 
point S (because the diagonals of the parallelogram ABA,C are divided 
in half by their intersection). For this reason, the plane ADMA, 
intersects plane BCD along a straight line joining D to the midpoint 
S of BC, which is to say, along the median SD of triangle BCD. Hence, 
the point of intersection NV of diagonal AM with the plane of the base 
ECD of the pyramid lies on the median of the triangle BCD drawn 
from vertex D to side BC. | 

A similar proof is given (by considering the plane BMC,A not depi- 
cted in Fig. 113) that the point NM of intersection of the diagonal AM 
with the plane of triangle BCD lies on the median of this triangle 
drawn from vertex B to side CD. 

Thus, the point of intersection of OA with the plane of the base BCD 
of the pyramid ABCD is indeed the point of intersection of the medians 


of the triangle BCD.* 


* Note that in carrying out the constructions of Figs. 112 and 113 we actually 
assumed that the centre O of the circumscribed sphere lies outside the pyramid, that 
is, is located 6n line AM at a greater distance from A than N. This fact might be 
proved in rigorous fashion (if in a triangular pyramid the angtes at the vertex are right 
angles, then the centre of a circumscribed sphere lies outside the pyramid, on the other 
side of the plane of the base) however it is not necessary to the solution of our problem, 
for in our proof we did not use the order of the points A, N, 0, M on the diagonal 
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The most typical mistake of students is that the logical justification 
of their proofs is frequently incomplete and insufficient. They often prove 
less than is required and their conclusions lack the proper justification, 
An illustration is the following problem. 

5. The lateral surface area of a triangular pyramid is equal to s, the 
perimeter of the base is 3a. A sphere is tangent to all three sides of the base 
at their midpoints and intersects the lateral edges at their midpoints as 
well. Prove that the.pyramid is regular. Find the radius of the sphere. 

Note first of all that the sphere in question is “pierced” by the lateral 
edges of the pyramid (at the midpoints). Yet, despite the clear-cut 
formulation of the conditions of the problem, some students regarded 
the sphere as tangent to the lateral edges of the pyramid at their mid- 
points. This would be quite a different problem. Thus, careless reading 
of the conditions may give rise to an error. | 

Considerable difficulties were also caused in this problem by the at- 
tempt, on the part of many students, to draw the sphere and depict the 
configuration. Actually, all one needs is to imagine it, since its re- 
presentation is not needed in solving the problem (see Sec. 3.8). 

With these preliminary remarks, let us now take up the proof— 
that the pyramid in question, call it SABC (Fig. 114), is a regular py- 
ramid. The sphere touches the sides AB, BC and CA of the base at 
their midpoints, at points F, D and E. By the property of tangents 
drawn to a sphere from one point, AF = AF, BF = BD, CE = CD. 
But by hypothesis AE = EC, CD = DB, AF = FB, and therefore it 
is clear that the base of the pyramid is an equilateral triangle. 


Fig. 114 


The plane of the base ABC cuts out a circle from the sphere (the cir- 
cle is inscribed in this equilateral triangle). Obviously the centre of 
he circle, point K, coincides with the centre of the equilateral triangle 

BC. 

Let M, L, Q be the midpoints of the lateral edges AS, BS, CS 
of the pyramid. Many students wrote at once that the plane drawn 
through these points is parallel to the base ABC and did not take the 
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pains to justify this statement. But why indeed are these planes paral- 
lel> Since MQ is the midline of- the triangle ASC, it follows that - 
MQ || AC; for the same reasons, QL || CB, whence, by the criterion of 
parallelism of two planes, our assertion follows. 

By the property of parallel sections in a pyramid, the triangle 
MLQ, being similar to the equilateral triangle ABC, is itself equilate- 
ral. The plane of the triangle MZQ cuts out of the sphere a circle cir- 
cumscribed about this triangle, and its centre coincides with the centre 
of the equilateral triangle MLQ. 

A good many students denoted this centre by P and drew a straight 
line through points S, P and K and cailed this line the altitude of the 
pyramid. However, we do not have any grounds yet for such a conclu- 
sion, since we have not yet proved that these three points are collinear 
or that the line is perpendicular to the plane of the base. 

We give a rigorous proof. Draw SK through the vertex of the pyra- 
mid and the centre of the base; let this line intersect the plane MLQ 
in some point P. Join this point to the vertices of triangle MLQ, 
and point K to the vertices of triangle ABC. PL and KB are parallel 
(as the lines of intersection of two parallel planes MLQ and ABC with 
the plane KSB), and so A KSB is similar to A, PSL and, hence, 


PL = + KB. Similarly, we demonstrate that PQ = > KC, PM = 


= * KA. Since KB = KC = KA, point P—the point of intersection 


of KS and the plane MLQ—is equidistant from all three vertices of 
the triangle MLQ and is therefore the centre of the circumscribed cir-: 
cle. We have thus proved that the vertex S and the centres P and K 
of triangles MLQ and ABC lie on one straight line (are collinear). 

This line connects the centres of the two circles cut out of the sphere 
by the two parallel planes. We know that such a line is perpendicular 
to these planes and passes through the centre of the sphere. Hence, SK 
is perpendicular to the plane ABC, i.e., it is the altitude of the pyra- 
mid. It is also shown that the centre of the sphere in question lies on 
the altitude of the pyramid. | 

Thus, the base of the pyramid SABC is an equilateral triangle, and 
the altitude SK of the pyramid passes through the centre K of the base. 
This means, by definition, that the pyramid SABC is a regular pyra- 
mid. 
To compute the desired radius of the sphere, it is desirable to make 
a separate drawing in the plane of the triangle ASD (Fig. 115). Let 
point O lying on altitude SK be the centre of the sphere. OM and OD 
are clearly equal to the radius r of the sphere. 

Many students took MOD to be the diameter of the sphere and based 
the subsequent solution on that fact. But this cannot yet be justified 
for it does not follow directly from the earlier reasoning and requires 


a separate proof. 


pu" 
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Denote by N the point of intersection, with AD, of the circle eyt 
out of the sphere by plane ASD. Since KD = 1/3 AD (the point x 
is the centre of the equilateral triangle ABC) and NK = KD (because 
K is the foot of the perpendicular dropped from centre O on the chord 
ND), it follows that AN = NK = KD. But then MN is the midline 
of the triangle ASK. Hence, MN || SK, that is 2 MND = gop. 
It then follows that MD—the chord on which stands an inscribeq 
right angle—is the diameter of the circle. 


Fig. 115 


From this point on the computations are easy. We get the length of 
the slant height SD by the formula for the lateral surface area of the 
pyramid and then have to find the altitude of the pyramid from the 
right triangle SKD. Then, applying the Pythagorean theorem to 
triangle MND, we finally get : 

raz V 16s? + 46a! 
24a 


The above problem is a good illustration of how each geometric fact 
can be proved by carrying out the necessary additional constructions 
and using familiar theorems. As a rule, these facts are not in the least 
so obvious that they can be left without proper justification. Without 
such substantiation, not one of these facts can be considered estabij- 
shed with full logical rigor and therefore a solution of the problem lack- 
ing such justification cannot be regarded as exhaustive. 

The question sometimes arises as to whether the student should state 
formulation in full when proving theorems. It is up to the student 
to write out in full the formulation he finds necessary for the arguments 
pertaining to his theorem or simply to make a brief reference to it. 
The important thing is that all geometric facts of any assertion or 
construction should be clearly described, logically stated and convin- 
cingly justified. 

When speaking about the necessity to give logically rigorous proofs 
of geometric statements, we wish to point out that the student often 
makes use of such expressions as “it is quite obvious from the drawing” 
or “it is clear from the drawing that...”, and the like. Remember that 
geometric proof has to derive any required fact not from pictorialness, 
which can easily be illusory, but from the axioms of geometry, from 
definitions and familiar theorems of the school course, 
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~ Here is an example of a problem in which many students obtained 
the correct answer, but it was not considered complete -due to logical 
flaws in the solution. 

6. Given a cube ABCDA,B,C,D,, where AA;, BB,, CC, and DD, are 
lateral edges. Find the area of a hexagon obtained in the section of this 
cube by a plane passing through the centre of the cube and the midpotnts 
of the edges AB and BC. The cube has edge equal to 1. 

It is easy to picture this hexagon since the shape of the. section is 
explicitly given in the statement of the problem. Apparently, that was 
why many students immediately guessed that the hexagon was regular 
and suggested a solution along the following lines: 

“Let K and L be midpoints of edges AB and BC. Due to symmetry, 
the section passes through P and N, the midpoints of A,D, and D,C,. 
It is quite obvious that the section also passes through the midpoints 
M and Q of the edges CC, and AA. From the triangles KBL, LCM, 
etc. by the Pythagorean theorem, it is easy to determine the sides of 
the hexagon: KL = LM = MN = NP = PQ = QK = 1/2. Since 
all sides of the hexagon are equal, it is a regular hexagon, and by the 
known length of a side, its area is equal to 3 V3/4.” 

The answer is correct but the reasoning is faulty and so this cannot 
be considered a complete solution. There are many unjustified geometric 
statements and one is even erroneous: a hexagon with all sides equal 
need not necessarily be regular because the definition of a regular poly- 
gon speaks of equality of sides and also the requirement that the angles 
be equal; this however does not follow from the equality of the sides. 


Fig. 116 


R 

However, the equality of angles of the hexagon that is a section is 
not justified in the foregoing “solution” and so the conclusion that the 
hexagon is regular contains a logical flaw. 

The following is a possible complete solution of the problem (use 
is made of a method that is developed in detail in Sec, 3.7). 

Let point O be the centre of the given cube (Fig. 116). This point 
lies at the intersection of the diagonals BD, and A,C of the-cube (not 
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indicated in the drawing); the plane passing through these two diago- 
nals cuts out of the cube a rectangle BA,D,C. This plane has two points 
in common with the section that interests us: O and the midpoint L 
of edge BC. Therefore their line of intersection is the line OL. But 
point O in the rectangle BA,D,C is the centre of symmetry and so LO 
intersects the line A,D, at its midpoint. Consequently, it is proved 
that the point P—the midpoint of edge A,D,—belongs to the section 
under consideration. 

Literally the very same arguments demonstrate that the midpoint N 
of edge D,C, belongs to the section at hand. 

KL lying in the plane of face ABCD (and belonging to the section) 
intersects the extensions of the edges AD and CD at points R and F, 
respectively. Join N and F which lie in the plane of face CC,D,D on 
different sides of the line segment CC,. This straight line will intersect 
CC, at some point M, which also belongs to the section. Similarly, we 
see that the section passes through a point Q on edge AA. Finally it 
is clear that the lines NF and RP, which belong to the plane of the 
section and are the lines of intersection of this plane with the planes 
of the facesCC,D,D and AA,D,D respectively, intersect in some point 
E lying on the line of intersection of the planes of indicated faces, 
i.e., on DD,. 

The points of intersection of the desired section with all edges of 
the cube have been constructed. Let us now prove that the points Q 
and M are the midpoints of the appropriate edges. Comparing the right 
triangles RAK, KBL and LCF, we see they are equal and therefore 
RA = FC = 1/2 AB. Comparing the right triangles RAQ, QA,P 
and PD,E, we see they are equal (for instance, A, RAQ = A QAP, 
since Z. RQA = Z A,QP being vertical angles, and RA = 1/2 AB = 
= 1/2 A,D,= A,P since P is the midpoint of the edge). But it then 
follows that Q is the midpoint of edge AA,, and D,E = 1/2 AA,. The 
proof is the same that point M is the midpoint of edge CC. 

It.is thus proved that the section KLMNPQ given in the problem 
passes through the midpoints of the edges AB, BC, CC, C,D,, Di1A1, 
A,A of the cube. It is yuite obvious that each side of the hexagon is 
equal to half the diagonal of the face of the cube, that is, all sides of 
the hexagon are equal. 

It remains to establish the equality of all angles of the hexagon. 
It will then be proved that the hexagon obtained in the section is regu- 
lar. From the equality of the right triangles RAK, RAQ and QAK it 
follows that triangle RKQ is equilateral; hence, 2 RKQ = 60° 
and so Z QKL = 120°. Similarly we find that all the remaining angles 
of the hexagon are equal to 120”. 

Now, to complete the solution, we have every right to take advantage 
of the expression for the area of a regular hexagon in terms of the length 
of its side. | 

Some students attempt to justify facts of solid geometry by reference 
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to similar statements in plane geometry. For example, in solving 
Problem 5 we used the following theorem: if tangents.are drawn to a 
sphere from an exterior point, the line segments of each of the tangent lines 
from this point to the point of tangency are equal. This was taken by some 
to méan that the theorem is true because in the plane a similar 
property of tangent lines is valid. 

However, any analogy between three-dimensional (spatial) and two- 
dimensional statements cannot be regarded as proof. Every spatial 
statement must be justified in its own right. As a particular instance, 
the property mentioned above about tangents to a sphere requires a 
special proof (which the reader can carry out himself), 

It is well to keep in mind that analogies between two-dimensional 
and three-dimensional statements can even lead to erroneous conclu- 
sions. It will be recalled that in the plane two acute angles with 
corresponding perpendicular sides are equal. But will two plane acute 
angles in space having corresponding perpendicular sides be equal? 
It is easy to construct a case in which such angles need not be equal 
(Fig. 117 depicts a cube; although B,C, | CyE and AiCi1. C,C, 
the angles B,C,A, and CC,E are not equal). | 


B, C, 
, ZL—/Y 


C 
“oY 


When carrying out geometric proofs, students frequently substitute 
a converse statement for the direct statement. Suppose, in a chain of 
reasoning, it is necessary to justify some fact, i.e., to prove a theorem 
(or refer to a theorem of the school course) that asserts the validity of the 
fact at hand by proceeding from what is given or known. Well, in place 
of this direct theorem, the student refers to the converse, that is, 
to a a that is valid on the assumption that the fact of interest 
is valid. 

This is clearly a crude logical error and the fact at hand cannot then 
be regarded as proved. The roots of such a mistake apparently lie in a 
hazy understanding of what is given at each stage of the proof and what 
has to be'justi fied. Therefore, if in the course of a proof it is necessary to 
refer to a statement, it is advisable to recall the exact formulation and 
a that the assumptions under which the statement is proved are 
valid. 

This kind of logical error caused a lot of trouble in solving the fol- 
lowing problem. 


Fig. 117 
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7. Ina trapezoid ABCD, point E is the midpoint of the base BC and F 
is the midpoint of base AD. Denote by P the point of intersection of BF 
and AE and by Q the point of intersection of ED and CF, Prove that 
PQ is parallel to the bases of the trapezoid. 

Since 2 BEP = Z. PAF and Z PBE = Z. PFA (Fig. 118), it 
follows that A, BPE is similar to (\ APF and so 

EP BE 

AP AF 
Similarly, it may be proved that A, EQC is similar to A, FQD, whence 
follows the equation 


It is given that BE = EC and AF = FD. Therefore the right members 
of the two proportions are equal, but then so are the left members: 


AP __DQ 
EP EQ 
Forming the derived proportion 
AP+EP _DQ+EQ 


| EP EQ 

we get the equation 
AE _DE 
EP EQ (1) 


Hence, triangles AED and PEQ are similar, for they have a common 
angle E and the corresponding sides are proportional. 


, E C 
D 


INZ 


8 
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At this point, many students drew the following conclusion: “Since 
/A\ AED is similar to A, PEQ, then PQ || AD because a line parallel 
to the base of a triangle cuts off a triangle that is similar to the original 
one.” Yet this theorem cannot be applied here because it is assumed 
(in the statement) that the line is parallel to the base of the triangle, 
and tt is being proved that the triangle thus cut off is similar to the given 
triangle. Our situation is the reverse of this: we know that A. AED 
is similar to (A, PEQ and we have to prove that PQ || AD. The logical 
error of this deduction is apparent. 


For the deduction to be logically justified, we should have referred 
to the converse of the theorem: “If a line intersecting the sides of a tri- 


Fig. 118 
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angle cuts off a triangle similar to the given one, then it is parallel to 
the base.” But this statement is incorrect (see Fig. 119 where A, ABC 
is similar to A DBE since 2 BED = Z BAC, Z BDE = Z BCA, 
but DE isnot parallel to AC). We see that the parallelism of PQ and AD 
requires rigorous justification. 


B 
Fig. 119 D 


A C 


This can be done as follows. Corresponding angles in similar triangles 
are equal aid so, proceeding from proportion (1), we can conclude that 
Z. EPQ = Z. EAD. But these angles are corresponding angles when 
the lines PQ and AD are cut by the transversal EA; it then follows, by 
the familiar criterion of parallelism, that PQ || AD 

Here is another problem. 

8. A sphere of radius r touches the lateral faces of a triangular pyramid 
at the points of intersection of their altitudes. The sum of three plane ang- 
les at the vertex of the pyramid is equal to 3a. Prove that the pyramid ts 
regular. Find the length of a lateral edge of the pyramid. __ 

We start by proving that the pyramid SABC is regular (Fig. 120). 
Let O, be the point of intersection of the altitudes SK and BD of the 
lateral face BSA and O,, the point of intersection of the altitudes SM 
and BE of the lateral face BSC. | 


Fig. 120 


It is given that the sphere is tangent to the planes BSA and BSC, 
respectively, at the points O, and O,. This means that any straight 
line passing through O, (or O,) and lying in the plane BSA (or BSC) 
will be tangent to the sphere. In particular, the lines SK, BD, SM, 
BE are tangent to the sphere. But then SO,= SO, and BO,= BO,, 
by the property of tangent lines drawn to a sphere from one and the 
saine point, 
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Considering the triangles SBO, and SBO,, we see that they have three 
pairwise equal sides. From the equality of these triangles it follows 
that Z BSO\= Z BSO,, Z SBO\= Z SBO,. 

It is now obvious that A. BSE = (A BSD (they are right triangles 
and have acommon hypotenuse BS and equal acute angles); \ SBM = 
= /\ SBK (for the same reasons). From the equality of these triangles 
we conclude that 2 BSD = Z:. BSE, 72 SBM = Z SBK. 

We finally consider triangles ASB and BSC. They are equal since 
they have a common side BS and two pairwise equal angles adjoining 
this side, whence AB = BC and AS = CS. 

Reasoning analogously with respect to faces ASB and ASC, we get 
the equations AB = AC and BS = CS. We thus prove that in our 
pyramid all lateral edges are equal and all sides of the base are equal. 

At this point, many students concluded: “Hence, the pyramid is 
regular since a regular triangular pyramid has equal lateral edges and 
the base is an equilateral triangle.” The assertion that a regul ar trian- 
gular pyramid has equal lateral edges and an equilateral triangle 
for the base is true, yet this has nothing to do with the case at hand. 
What we need is the converse: if in a certain pyramid all lateral edges 
are equal and the base is an equilateral triangle, then the pyramid is 
regular. And this statement, which is different from the earlier one, 
has to be proved;* that is, we have to demonstrate that under these as- 
sumptions all the requirements of the definition of a regular triangular 
pyramid hold true. 

This can easily be shown to be so: from the equality of the lateral 
edges it immediately follows that the altitude SO of the pyramid pas- 
ses through the centre of the equilateral triangle ABC, and so, in 
accordance with the definition, SABC is a regular pyramid. 

We now undertake the second, computational, step in the solution. 
For this we need the fact that the centre of a sphere tangent to the lateral 
edges of a regular triangular pyramid lies on the altitude of the pyramid. 
Although we speak here about a sphere tangent only to the lateral faces 
of a regular pyramid (and not about an inscribed sphere), the proof of 
this assertion coincides word for word with the arguments that establ- 
ish the location of the centre of a sphere inscribed in a regular triangu- 
lar pyramid (see Sec. 3.8). We therefore leave this proof to the reader. 

However, it must be observed that this proof is a necessary element 
_of the solution. Unfortunately, at the examination, many students did 
not give this proof and confined themselves to the phrase: “This fact 


* This is sometimes countered by the remark that we can define a regular trian- 
gular pyramid as a pyramid having an equilateral triangle for the base and all late- 
ral edges equal. This definition is true of course, and accordingly the given pyramid 
can at once be termed regular. But then all arguments must be made on the basis of 
this definition (see Sec. 3.4). For one thing, we will have to prove (in the sequel of 
the solution this Aas to be done) that in a thus defined regular pyramid the altitude 
passes through the centre of the base. To avoid confusion and logical errors, it is 
best to proceed from the generally accepted definitions given in standard textbooks. 


3.5 Proofs in geometry 363 


is an obvious consequence of the drawing because of symmetry.” True, 
the drawing does clearly indicate this statement due to symmetry, 
but such a phrase cannot be regarded as an exhaustive proof. When 
asked to give a more detailed justification, it was a rare student who 
gave a proper logical proof. 

Thus, let point N lying on the altitude SO of the pyramid SABC be 
the centre of a sphere tangent to the lateral faces. Draw plane SOM 
and join points N and O,. Since O, is a point of tangency, the radius 
of the sphere NO,= r is perpendicular to the plane BSC and, hence, 
Z. NO.S = 90°. The right triangles NO,S and MOS are clearly simi- 
lar and so 

NO,:0M = SO,:SO (2) 


Let us denote the required length of the lateral edge of the pyramid 
by x. Since Z BSM = a/2, it is easy to determine the side of the base 
of the pyramid and, hence, the line segment OM. Then the altitude SO 
of the pyramid is found from triangle SOM by the Pythagorean theo- 
rem. Finally, from the right triangle SEB we get 2 SBE = 90°— a 
and so the sine law applied to triangle SBO, enables us to determine 


SO,. 
Substituting the resulting expressions for NO., OM, SO, and SO 


into (2), we get 
xe OU} +2cosa@ 


cOS &@ 


A common view held by students is that the most important thing 
in a computational problem of geometry is to get the right answer. 
As arule they cope well with that portion of the solution which invol- 
ves computations (even when they are rather cumbersome) of the re- 
quired quantity. But many leave untouched. the other portion of the 
solution, which may be considered more important still: they disre- 
gard or fail to understand the necessity of justifying the legitimacy of 
the computations, of proving the geometric facts that underlie these 
computations. What is more, it often happens that a student can freely 
handle a variety of formulas but is quite helpless when asked to give 
a rigorous justification for the geometric assertions used in such com- 
putations. 

The proof of geometric facts employed in computations is an unalienable 
and fundamentally important part of the solution of any computational 
problem. Why, in a given concrete pyramid, does the centre of the 
inscribed sphere lie on the altitude? Why is a given straight line per- 
pendicular to the constructed plane? Why is the sphere under conside- 
ration tangent to the given plane precisely at the indicated point? 
These and similar assertions which are essential to the solution of a 
computational problem must be stated and also proved. One should 
first and foremost give a complete and well formulated justification 
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for the solution of the problem and not merely the manipulations, 
for without proof the computations are groundless and for this reason 
the problem cannot, in the full sense of the word, be considered solved. 

Generally speaking, the division of geometrical problems into com- 
putational problems and proof problems is a pure convention. The 
foregoing problems (see Problems 1 and 2) show that only by per- 
forming certain computations is it possible to prove what is required. 
On the other hand, there are many computational problems in which 
the proof of a fact is more essential to the solution than the required 
manipulations. That precisely was what we encountered in Prob- 
lem 6. Again, in the next problem we could not even carry out the 
computations without a full justification of the required assertion, 
because only in the course of the proof are we able to find the approach 
which enables us to compute the answer. 

9. Given a triangle of area s. The medians of the given triangle are 
used to form a second triangle, then the medians of that one are used to 
form a third triangle, etc. Generally, the (n+1)th triangle is constructed 
from the medians of the nth triangle. Find the sum of the areas of all 
triangles in that sequence. 

Let us first prove that, using the medians of an arbitrary triangle, 
it is indeed possible to construct a triangle. 

Let AK, BM and CN be the medians of the triangle ABC. (Fig. 
121). Through point A draw a line parallel to CN and lay off AP=CN. 
We will have the proof if we can demonstrate that KP=BM. 

Since ANCP is a parallelogram (by construction) and AM=MC, 
the points VN, M and P are collinear (they lie on the diagonal of this 


Fig. 121 


‘ Ts a \ LZ 
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parellelogram) and NM=MP. However, NM is the midline of the 
triangle ABC and so NP||BC and NM=1/2 BC=BK. Therefore, in 
the quadrangle BMPK the sides MP and BK are equal and parallel, 
that is, BMPK is a parallelogram and, hence, KP=BM. 

Thus, a triangle can be constructed from the medians of any triang- 
‘ie. Now let ABC be the given triangle of area s and furthermore let 
triangle AKP be built from its medians. We find Saaxp =s, if 
Saasc =5S. Note that AR is a median of triangle AKP. (the equality 
PR=RK follows from the equality APMR=ARKC), and we recall 
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that a median divides the area of a triangle in half. Therefore Sjaxr = 
==s§,/2. On the other hand, Sa~axr =3s/8 since AR, the base of triang- 
le AKR, is equal to 3/4 AC and the altitude of this triangle is half the 
altitude of triangle ABC, whence we get s,=3/4 s. 

If we use the medians of triangle AKP to construct another triangle, 
its area will be s,=3/4s,, etc. The problem reduces to finding the 
sum S=s+s,-+-s,+...-+s,-+.... It is not hard to realize that this 
is the sum of a nonterminating decreasing geometric progression: 


S=s+ 54 (=) st... =A4s 


The justification of geometric facts on which computations are 
based is particularly important in solid-geometry problems. It very 
often happens that the crux of.a solution to such a problem lies in the 
proof and not in the computations, which frequently amount to a 
rather simple application of familiar formulas. 

10. The altitude of a regular triangular pyramid is equal to h. The 
points of intersection of the altitudes of each of the lateral faces and the 
vertex of the pyramid lie on the surface of a sphere of radius r. Find the 
volume of the pyramid. 

At an examination, many students took it for granted that the 
centre of the sphere lies on the altitude of the pyramid (this fact is 
utilized in the computations) and, noting that fact without any sub- 


Fig. 122 


stantiation, they immediately went on to the computations. Some, 
when the mistake (the lack of a proof) was pointed out to them, coun- 
tered with the remark that no one ever required of .them a detailed 
description and explanation of a drawing. Yet it is not a question 
here of explaining a drawing, but of missing an essential portion of a 
solution! 

The plane x drawn through the points 0,, O., Os—these are 
the points of intersection of the altitudes of the lateral faces of the 
pyramid SABC (see Fig. 122)—cuts out of the sphere a circle 
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that passes through these three points. The centre of the sphere lie. 
on the perpendicular (to the x plane) erected from the centre of the 
circle circumscribed about the triangle 0,0,0;. We will prove that 
this perpendicular coincides with the altitude of the pyramid. 

Since the pyramid is regular, all the lateral faces are congruent 
triangles and so the points of intersection of their altitudes (the points 
O,, O2, Os) lie at the same distance from the vertex S. Thus SO, — 
SO.=SO3.* 

Draw the altitude SK of the pyramid and denote by N the point of 
intersection of SK with the m plane. From the equality of the triang- 
les SKD, SKF and SKE it follows that ~-DSK=ZLFSK=ZESk 
and from the equality of these angles and the equality of the line 
segments SO,, SO, and SO; it follows that ASNO,;= ASNO,=ASNO.. 
Therefore NO:=NO,=NOs, or the point N is the centre of a circle 
circumscribed about the triangle 0,0,03. 

Thus the altitude of the pyramid does indeed pass through the 
centre of the circle circumsribed about triangle 0,0.03. It has not 
yet been proved however that this altitude is perpendicular to the x 

ane. 

: From the similarity of the isosceles triangles ESD and 0,SO, (their 
sides, containing a common angle at the vertex, are proportional) it 
follows that 0,0,|[ED (see Problem 7). In the same way it can be 
shown that 0,03||DF. Hence the a plane is parallel to the plane of the 
base of the pyramid and for this reason the altitude SK. is perpendicy- 
lar to the x plane. This completes the proof that the centre of the 
sphere lies on the altitude of the pyramid. 

Now let us take up the computations. To determine the volume of 
the pyramid we have to find a side of the base. Consider face BSC. 
Since the right triangles SDB and BMC have a common acute angle B, 
ZDSB=2Z MCB and so the right triangles SDB and O,DC are 
similar. From their similarity we conclude that 

x 
0,D=T5 (3) 
where x is the length of a side of the base of the pyramid. 

Now let us make a drawing (Fig. 123) and consider the plane ADS, 
Let the point O lying on the altitude SK of triangle ADS be the 
centre of the sphere, that is, the centre of a circle passing through 
the points, S and O,; then OS=00,=r. Drawing the altitude OL 
of the isosceles triangle SOO, and noting that A\ SLO is similar to 
A\ SKD, we find ; 
SL = — (4) 


* We stress that this fact is a property of congruent triangles. It occurs irrespec- 
tive of the sphere in the problem. Some students attempted to obtain these equations 
by using the property of tangents to a sphere, but SE, SD and SF “pierce” the sphere 
and for this reason are not tangents to the sphere, 
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But SD=2SL-+0,D, or, with regard for (4) and (3), 
SD? = 2rh += 


On the other hand, from the right triangle SKD we have SD?= 
=h?-+- KD?, where KD=1/3 AD (because K is the centre of the equi- 
lateral triangle ABC, see Fig. 122). The two resulting equations for 
SD* .yield an equation that permits determining x, after which we 


at once find the volume V= = V 3h? (h— 2r), 


Fig, 123 


We note in conclusion that in the process of solving this problem we 
did not prove all the geometric facts that were used. Some were so 
obvious that we did not even state them. For example, without any 
commentary, we asserted that the altitude SK (Fig. 122) intersects 
the x plane of triangle 0,0,0, and is not parallel to it. For the com- 
putations, we made use of Fig. 123, in which point O lies on altitude 
SK above point K, and so forth. | 

Of course, it is logically necessary to prove such statements, but 
in reality there is simply not time enough to try to justify absolutely 
all assertions. What is more, many geometric statements actually 
cannot be rigorously proved without a preliminary construction of a 
complete system of axioms of geometry, which is not done in school, 

The student is therefore required to isolate the basic statements in 


each problem and give the proofs, 


Exercises 

1. Prove that the lines joining successive centres of squares that are constructed 
on the sides of a parallelogram and adjoin it from the outside form a square. 

2. Prove that if all dihedral angles of a triangular pyramid are equal, then all 


the edges are also equal. 
3. Prove that if the opposite edges of a triangular pyramid are perpendicular in 


pairs, then all altitudes intersect in one point. 
4. An arbitrary point O is taken inside a triangle ABC. Through O are drawn 


lines parallel to the sides of the triangle: EK||BC, PM||AC, TX||AB. Points E an P 
lie on side AB, points K and T on side AC, M and X on BC, Prove that AB 


BX , CK_ 
vBC' GA" 


368 Ch. 3 Geometry 


5. The sides a, 6 and c of a triangle ABC lie, respectively, opposite the angles 


A, B and C. Prove that the bisector of angle A, Bg= see ar . Using this 


formula, prove that a triangle with two equal bisectors is an isosceles triangle. 

6. Squares are constructed exteriorly on the sides of an isosceles triangle. 
Prove that the distance between the centres of the squares constructed on the sides 
is equal to that from the centre of the square constructed on the base to the opposite 
vertex of the triangle. 

7. Prove that if the median and the altitude drawn from vertex B of a triangle 
ABC trisect angle B, then ABC is a right triangle. 

8. Given that the vertices of the bottom base of a right triangular prism lie on 
the surface of a sphere, while the sides of the top base are tangent to the sphere. Prove 
that the prism is then regular. 

9, Medians BD and CE are drawn in a triangle ABC; G is their point of inter- 
section. Prove that the triangle BCG and the quadrangle ADGE have equal areas. 

10. Two circles are concentric, the smaller one dividing the larger one into 
two parts of the same size. Prove that the portion of the annulus between parallel 
tangents to the circle of smaller radius has an area equal to that of a square in- 
scribed in the smaller circle. ' 

11. A circle is inscribed in an isosceles trapezoid. Prove that the ratio of the 
area of the circle to the area of the trapezoid is equal to the ratio of the circum- 
ference of the circle to the perimeter of the trapezoid. 

12. A sphere is inscribed in a truncated cone (frustum of a cone). Prove that 
the surface area of the sphere is less than the lateral surface area of the cone. 

13. The angle at the vertex of an isosceles triangle is equal to 10°. Prove that the 
lateral side a and the base 6 of the triangle are connected by the relation 1/2x 
x(V 6—YV 2) 8+63=3ba. 

14, Prove that the radius of a circle passing through ‘the midpoints of the 
sa of a triangle ABC is half the radius of a circle circumscribed about the tri- 
angle. 

15. A quadrangular frustum of a pyramid is circumscribed about a sphere. 
Prove that the volumes of the sphere and the frustum of the pyramid stand in the 
same ratio as their total surface areas. 

16. Choose points E, F, G, H on the sides AB, BC, CD, DA of a parallelogram 
ABCD so that AE: EB=CF : FB=CG: GCD=AH : HD=1:2. Prove that the 
quadrangle EFGH is a parallelogram and find the ratio of its area to the area of the 
parallelogram ABCD. 

17. Prove that in an equilateral triangle the sum of the distances from any 
point to the three sides is a constart. 

18. Prove that in an isosceles triangle the sum of the distances from any point 
of the base to the sides is a constant. 

19. Given, in a triangle ABC, angles A=n/7, B =2n/7, C=4n/7. Prove that 
ee a, b, ce, of sides BC, CA and AB are connected by the relation a-!= 

Bi et Omar 

20. Given a tetrahedron ABCD. Prove that its edges AD and BC are mutually 

perpendicular if and only if the equation 


AB? +- DC? = AC?-+ DB? 
holds true. 
21. Given in a plane P an equilateral triangle ABC with side a. Line seg- 


ments BD=a/Y 2 and CE=aY 2 are laid off on lines perpendicular, at points B and 
C, to the P plane on one side of the plane. Prove .that the triangle DAE is a 
right triangle. Compute the area of the triangle and find the cosine of the dihedral 
angle formed by plane DAE and plane P. 

22. AB and CD are two mutually perpendicular diameters of a circle S,. A cir- 
cle S, has centre D and radius DA. From D are drawn two rays that cut S, in 
the points P and Q and cut the arc AB of circle S,, which arc lies inside circle S;, 
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at the points M and N. Let P, and Q, be projections of P and Q on the diameter 
AB. Prove that the figure bounded by the arcs PQ and MN and the line segments 
MP and NQ is equivalent in area to the triangle DP,Q,. 

23. Prove that in a triangle ABC whose sides AB=4 cm, BC=3 cm and AC= 
== 5 cm, the medians AK and CL are mutually perpendicular. 

24. Prove that the projection of a regular tetrahedron on a plane will have 
maximum area when the plane is parallel to two skew edges of the tetrahed- 
ron. 

25. Prove that the sum of the squares of the lengths of projections of the 
edges of a unit cube on a plane does not depend on the mutual positions of the 
cube and the plane and is equal to 8. 

26. The dihedral angle between planes P and Q is a. A square with side I 
lies in the P plane. Prove that the perimeter of the projection of the square on the 
Q plane is a maximum when the diagonal of the square is parallel to the Q plane. 

27. The dihedral angle between the planes P and Q is a. An _ equilateral 
triangle with side 1 lies in the P plane. Prove that the sum ‘of the squares of the 
projections of its sides in the Q plane is independent of its position in the P plane. 

28. Prove that if the lengths of the sides of a triangle form an arithmetic 
progression, then the centre of a circle inscribed in this triangle and the point of 
intersection of the medians lie on a line parallel to the side of middle length of 
the triangle. 

29. A sphere is tangent to all lateral faces of a triangular pyramid at the 
centres of circumscribed circles. Each of the three plane angles at the vertex of the 
pyramid is equal to a. The sum of the lengths of the lateral edges is equal to 
35. Prove that the pyramid is regular and find the radius of the sphere. 

30. The altitude of a triangular pyramid is equal to A, the sum of the nine 
plane angles at the vertices of the base is equal to a. Given a sphere that is tan- 
gent to all lateral faces at the points of intersection of their medians. Prove that 
it is a regular pyramid and find the radius of the sphere. 

31. A sphere touches all three lateral faces of a triangular pyramid SABC at 
the points of intersection of their bisectors. From the vertex S are drawn bisectors 
SD and SE of the lateral faces SAB and SAC. Angle DSE is equal to @, the 
volume of the pyramid is V. Prove that it is a regular pyramid and find the peri- 
meter of the base. 

32. Given that the sides of a triangle ABC satisfy the relation AC- AB=BC?— 
—AC*, prove that the angle A is twice the angle B. 
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Particularly difficult to the student are geometric problems in 
which it is required not merely to use a certain formula or prove a 
fact, but to visualize the geometric configurations. 

Pictorial geometric visualization is developed gradually through 
constant practice. It is extremely important to be able to visualize an 
object or figure “from different angles” and to make a proper and 
accurate drawing. 

The following problem is an illustration of how a student’s inabi- 
lity to visualize a configuration in space and to properly grasp the 
true interrelationship of solids shown in a drawing give rise to erro- 
neous solutions. 

1. The bottom base ABCD of the right prism ABCDA,B,C,D, 
(where A,A, B,B, C,C, D,D are lateral edges) is a rhombus with acute 
angle @. It is given that a sphere of diameter d can be inscribed in the 
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prism and will be tangent internally to all faces. Find the area of the 
section of the prism by a plane passing through the edges BC and A,Dy. 

Let us determine the area S of the rectangle A4,D,CB (Fig. 124). 
Since it is possible to inscribe a sphere (not shown in the drawing) 
in a right prism, it is possible to inscribe a circle in the rhombus 
ABCD. The centre of the sphere is equidistant from all lateral faces 
of the right prism, and so the orthogonal projection of the centre 
on the plane ABCD is equidistant from all sides of the rhombus. 


Fig. 124 


Thus, the altitude DK of the rhombus is equal to the diameter of the 
sphere, that is, the side (of the rhombus) DC=d/sin @. It is easy to 
see that the altitude of the prism is equal to the diameter of the 
inscribed sphere, or DD,=d. 

Some students at an examination proceeded from the drawing 
and regarded A,D,CB as a rectangle and so they sought the area of 
the section by the formula S=BC-D,C. Actually, however, S=BC~x 
x D,K, where D,K is the altitude of the parallelogram A,D,CB, that 
is, D:K | BC. By the Pythagorean theorem, from the triangle D,DK 
we find D,K=d/ 2 and, hence, S=d?) 2/ sin 9. 

Another incorrect solution was this. From point D, the aititude 
D,M of this parallelogram was dropped on side A,B of the parallelog- 
ram A,D,CB. The side A,B is at once found from triangle A,AB by 
the Pythagorean theorem: A,B=d)/ 1-++sin? @/sin ~. Furthermore, 
since the sphere touches the faces AA,B,B and DD,C,C, the conclu- 
sion is drawn that D\M=d and so S=A,B-d. But here too the spa- 
tial visualization was faulty; actually D,;M=<d;* in other words the 
altitude D,M of the section under consideration is not equal to the 
distance between the parallel planes AA,B,B and DD,C,C, 
or, simply, DiM is not perpendicular to the plane AA,B,B. Also 
note that A,B and D,C are not tangent to the sphere inscribed in 
the prism.. 

In these erroneous solutions, the mistakes were of.course due to a 
faulty understanding of the drawing, to insufficient geometrical 


* Using the expression found above for S and the formula S=A,B-D,M, it is 
easy to compute the actual altitude DiM. : 
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imagination. However, these mistakes could have been avoided if the 
students had not merely used the fact (which was incorrect) which 
they “saw” in the drawing but had attempted to justify it in rigorous 
terms. It would then be evident at once that this fact is nonexistent. 

It is well to bear in mind that a good spatial visualization cannot be 
separated from a complete logical demonstration of all the geometric 
facts used to support the solution. No matter how clearly the student 
“sees” (visualizes) a given spatial configuration and no matter how 
carefully the drawing has been made, he should supply rigorous proof 
of all assertions, even those that appear to be “obvious” from the dra- 
wing. 
Figuratively speaking, geometric imagination can suggest an appro- 
ach to a solution, it enables us to work the solution out in the rough. 
Here we give free rein to our intuition and only attempt to check to 
see if we are moving in the right direction. But this must be followed 
by a “final” solution in which the hazy intuitive reasoning and conje- 
ctures are replaced by exhaustive proofs. | 

The next two problems will serve to illustrate the importance of 
geometric imagination. It will be hard to chart a path towards the 
solution without some geometric imagination. Incidentally, even a 
good drawing does not always hint at the basic fact that can lead to a 
solution. 

2. Given a regular quadrangular pyramid SABCD with vertex S. 
A plane is passed throtigh points A and B and the midpoint of edge SC. 
In what ratio does this plane divide the volume of the pyramid? 

First solution. First of all note that the line AB is parallel to the 
plane of the lateral face DSC (Fig. 125) because edge AB is parallel 


Fig. 125 


to edge DC. Therefore the cutting plane passing through edge AB and 
point"F—the midpoint of edge SC—intersects the plane of the face 
DSC along the straight line EF, which is parallel to AB and, hence, 
to DC. From this it is clear that EF is the midline of triangle DSC. 

We have to compare the volumes of two solids, one under the cut- 
ting plane, the other above it; the solid underneath is of irregular 
shape. This comparison requires some additional construction that 
should lead to a more “natural” solid: lay off line segment FK=EF 
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prism and will be tangent internally to all faces. Find the area of the 
section of the prism by a plane passing through the edges BC and A,Dy,. 

Let us determine the area S of the rectangle A,\D,CB (Fig. 124). 
Since it is possible to inscribe a sphere (not shown in the drawing) 
in a right prism, it is possible to inscribe a circle in the rhombus 
ABCD. The centre of the sphere is equidistant from all lateral faces 
of the right prism, and so the orthogonal projection of the centre 
on the plane ABCD is equidistant from all sides of the rhombus. 


Fig. 124 


Thus, the altitude DK of the rhombus is equal to the diameter of the 
sphere, that is, the side (of the rhombus) DC=d/sin g. It is easy to 
see that the altitude of the prism is equal to the diameter of the 
inscribed sphere, or DD,=d. | 

Some students at an examination proceeded from the drawing 
and regarded A,D,CB as a rectangle and so they sought the area of 
the section by the formula S=BC-D,C. Actually, however, S=BC x 
*D,K, where D,K is the altitude of the parallelogram A,D,CB, that 
is, D,K | BC. By the Pythagorean theorem, from the triangle D,\DK 
we find D,K=dV 2 and, hence, S=d?) 2/ sin Q. 

Another incorrect solution was this. From point D, the altitude 
D,M of this parallelogram was dropped on side A,B of the parallelog- 
ram A,D,CB. The side A,B is at once found from triangle A,AB by 
the Pythagorean theorem: A,B=d/1-+sin? o/sin p. Furthermore, 
since the sphere touches the faces AA,B,B and DD,C,C, the conclu- 
sion is drawn that DiM=d and so S=A,B-d. But here too the spa- 
tial visualization was faulty; actually D;M=<d;* in other words the 
altitude D,M of the section under consideration is not equal to the 
distance between the parallel planes AA,B,B and DD,C,C, 
or, simply, D,M is not perpendicular to the plane AA,B,B. Also 
note that A,B and D,C are not tangent to the sphere inscribed in 
the prism. 

In these erroneous solutions, the mistakes were of course due to a 
faulty understanding of the drawing, to insufficient geometrical 


* Using the expression found above for S and the formula S=A,B-D,M, it is 
easy to compute the actual altitude D,M, 
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imagination. However, these mistakes could have been avoided if the 
students had not merely used the fact (which was incorrect) which 
they “saw” in the drawing but had attempted to justify it in rigorous 
terms. It would then be evident at once that this fact is nonexistent. 

It is well to bear in mind that a good spatial visualization cannot be 
separated from a complete logical demonstration of all the geometric 
facts used to support the solution. No matter how clearly the student 
“sees” (visualizes) a given spatial configuration and no matter how 
carefully the drawing has been made, he should supply rigorous proof 
of all assertions, even those that appear to be “obvious” from the dra- 
wing. 

Figuratively speaking, geometric imagination can suggest an appro- 
ach to a solution, it enables us to work the solution out in the rough. 
Here we give free rein to our intuition and only attempt to check to 
see if we are moving in the right direction. But this must be followed 
by a “final” solution in which the hazy intuitive reasoning and conje- 
ctures are replaced by exhaustive proofs. * 

The next two problems will serve to illustrate the importance of 
geometric imagination. Jt will be hard to chart a path towards the 
solution without some geometric imagination. Incidentally, even a 
good drawing does-not always hint at the basic fact that can lead to a 
solution. . 

2. Given a regular quadrangular pyramid SABCD with vertex S. 
A plane is passed through points A and B and the midpoint of edge SC. 
In what ratio does this plane divide the volume of the pyramid? 

First solution. First of all note that the line AB is parallel to the 
plane of the lateral face DSC (Fig. 125) because edge AB is parallel 


Fig. 125 


to edge DC. Therefore the cutting plane passing through edge AB and 
point F—the midpoint of edge SC—intersects the plane of the face 
DSC along the straight line EF, which is parallel to AB and, hence, 
to DC. From this it is clear that EF is the midline of triangle DSC. 

We have to compare the volumes of two solids, one under the cut- 
ting plane, the other above it; the solid underneath ‘is of irregular 
shape. This comparison requires some additional construction that 
should lead to a more “natural” solid: lay off line segment FK=EF 
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on the extension of EF beyond point F, and then join K to the verti- 
ces B and C of the base of the pyramid. 

Consider the quadrangle DCKE. This is a parallelogram since the 
opposite sides DC and KE.are equal and parallel and so the opposite 
sides DE and CK are also equal and parallel. It is shown in similar 
fashion that the quadrangle ABKE is a parallelogram and therefore 
its opposite sides AE and BK are equal and parallel. Since the base 
of the regular pyramid SABCD is a square, the sides DA and CB 
of the square.ABCD are also equal and parallel. 

It follows from what has been said that in triangles ADE and BCK 
the corresponding sides are equal and parallel and this means that 
the triangles ADE and BCK are equal and their planes are parallel. 
Since, besides, DC=EK=AB and the straight lines DC, EK and AB 
are parallel, the solid CBKDAE is a triangular (oblique) prism with 
bases CBK and DAE. 

This prism can also be regarded as one half the parallelepiped 
ABCDA,B,KE in which the base is a square ABCD and one of the 
lateral faces is a parallelogram DCKE (Fig. 126). Therefore the vo- 
lume of prism CBKDAE is equal to one half the volume of this paral- 
lelepiped, that is, it is equal to one half the product of the area of 
the square ABCD by the altitude of the parallelepiped, or, say, by 
the length of the perpendicular FM dropped from F to the plane ABCD. 

If SO is the altitude of pyramid SABCD, then from the similarity 
of the triangles OSC and MFC it follows that the altitude FM of 
our parallelepiped is equal to half the altitude of the pyramid, 

Let V be the volume of the pyramid, V, the volume of the prism 
CBKDAE, Q the area of the square ABCD, and H the altitude of the 
pyramid. Then V=1/3 QH, Vi=1/4 QH. Thus, V,;=3/4 V, or the 
volume of the prism CBKDAE constitutes 3/4 of the volume of the 
pyramid SABCD. 

However, we are not interested in the volume of the prism 
CBKDAE, but in that of the polyhedron CFBDEA (Fig. 125), which 
is equal to the difference of the volumes of the prism CBKDAE and 
the pyramid BCKF. And so we seek the volume V, of the pyramid 
BCKF. | 

Let Q, be the area of triangle CKF and h the altitude dropped from 
vertex B on the plane of triangle CKF. Thus, the volume of pyramid 
BCKF is V,=1/3 Q,h. But the prism CBKDAE may be regarded as 
half the parallelepiped DCKEABB,A, whose base is the parallelog- 
ram DCKE, and the square ABCD is one of the lateral faces (Fig. 
126). Then the altitude of this parallelepiped is equal to A and the 
area of the base DCKE is four times the area of triangle CKF. The 
volume of prism CBKDAE can thus also be written as Vy=2Q,h, 
whence, taking into account the expression for V,, we find that V,= 
==1/6 V,, and so the volume, Vs, of the polyhedron SFBDEA is V,;= 
=V;—V.=5/6 V,. But since V;=3/4 V, we finally get V3=5/8 V. 
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Hence, the volume of the polyhedron CFBDEA constitues 5/8 of 
the volume of the pyramid SABCD; that is, the cutting plane divides 
the volume of this pyramid in the ratio 3: 5. 

Second solution. As in the first solution, we first prove that the cut- 
ting plane intersects the lateral face DSC along the midline EF. 
We then consider the volumes resulting from the section of two solids. 
But this time we concentrate on the quadrangular pyramid SABFE, 
the base of which is the section—the trapezoid ABFE (Fig. 127). 

Denote the side of the square ABCD by a and the altitude SO of 
the pyramid SABCD by h. Then the volume V of the pyramid SABCD 
is clearly equal to V=1/3 ath. 


Fig. 127 Fig. 128 


A M B 


The volume of the pyramid SABFE is equal to a third of the pro- 
duct of the area of the trapezoid ABFE by the length of the perpendi- 
cular dropped from S to the cutting plane. | 

Let us begin by computing the area of the trapezoid ABFE. The 
bases are a and a/2, respectively, so we have to find the altitude. 
Draw through altitude SO of the pyramid a plane MSP perpendicu- 
lar to the edge AB. The straight line MN, which is the line of inter- 
section of this plane with the plane of the section, is the altitude of the 
trapezoid ABFE since it connects the midpoints of the bases of an 
isosceles trapezoid. Dropping a perpendicular NR from N on plane 
ABCD and considering the similar triangles SOP and NRP,.: we rea- 
dily find that NR=h/2. Then, from the right triangle NRM we de- ° 
termine MN=(1/4) V 4h?+9a? and for this reason the area of the tra- 
pezoid ABFE is equal to (3/16) a V 4h?+9a. . 

Since the plane MSN is perpendicular to the plane ABFE (because 
the plane ABFE contains the straight line AB which is perpendicular 
to plane MSN), then, consequently, the perpendicular dropped from 
vertex S onto plane ABFE lies in the plane MSW and forms with MN 
a right angle. In other words, the altitude of the pyramid SABFE 
coincides with the altitude of the triangle MSN dropped from vertex 
S. However, it is easy to find the altitude of this triangle by compa- 
ring two expressions for the area of the triangle: the expression in 
terms of three sides by Hero’s formula (it will be noted that all three 
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sides of the triangle MSN are easily determined) and the expression 
in terms of the product of half the side MN by the corresponding 
altitude. 

Simple computations show that the altitude of triangle MSN drop- 
ped from vertex S, that is, the altitude of the pyramid SABFE, is 


equal to 2ah/V 4h?+9a*, 

But then the volume of pyramid SABFE is equal to 1/8 ath, in 
other words, it constitutes 3/8 of the volume of the pyramid SABCD. 

Third solution. Having proved that the cutting plane passes through 
the midline EF of triangle DSC, we consider the solid under the cut- 
ting plane. Unlike the first solution, we will attempt t6 compute the 
volume of this solid as the sum of the volumes of specially constructed 
pyramids. 

Passing a plane through the points B, E and C (Fig. 128), we parti- 
tion the polyhedron CFBDEA of interest into two pyramids: the 
quadrangular pyramid EABCD with vertex E and base ABCD and 
the triangular pyramid FBCE with vertex F and base BCE. 

Since the altitude of pyramid EABCD is half the altitude of pyra- 
mid SABCD, the volume of pyramid EABCD is equal to half the 
volume of pyramid SABCD. 

We can readily compute the volume of pyramid FBCE if we consi- 
der E as the vertex and take the triangle BCE for the base: it turns 
out that the volume of this pyramid is equal to half the volume of 
the triangular pyramid DBCF (to prove this, it suffices to drop per- 
pendiculars from points D and E on the plane BSC and, having con- 
sidered the corresponding similar triangles, to be assured that the 
altitude of the pyramid DBCF is twice that of the pyramid EBCF). 
Now, in pyramid DBCF take point F as vertex and the triangle DBC 
as the base. Comparing the pyramids FDBC and SABCD, we see that 
the volume of the former is one fourth that of the latter. 

Hence, the volume of pyramid FBCE is equal to 1/8 the volume 
of the given pyramid SABCD and so the volume of the polyhedron 
CFBDEA is 5/8 the volume of this pyramid. 

3. Given a regular triangular pyramid SABC, with vertex S, with side 
of base a and lateral edge b. A first sphere with centre at O, is tangent to 
planes SAB and SAC at points B and C and a second sphere with centre 
at O, is tangent to planes SAC and SBC at points A and B.Find the 
volume of the pyramid SBO,0,. 

To find the volume of any triangular pyramid, first of all decide 
which face is to be taken for the base in order to simplify computing 
the area of the base and the altitude of the pyramid dropped on the 
plane of the base. | / 

The student with some geometric imagination will at once see that 
the edge SB (Fig. 129) is perpendicular to the plane 0,80, and, besi- 
des, that 0,0,=AC, Thus, geometric visualization: suggests right 
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off a simple solution: to prove the foregoing facts and compute the 
radii 0,B and O,.B. 

Here is the solution. Since BO, is perpendicular to the plane ABS; 
then BO,1SB; since BO, is perpendicular to plane BCS, then 
BO,._SB and hence (see Sec. 3.4), SB is perpendicular to the plane 
O,BO;, that is, SB is the altitude of the pyramid, 


Fig. 129 


To compute the area of the triangle 0,B0.,, we have to find the 
radii O,B and O,B. Let us first find radius 0,B. Draw a plane through 
the three points B, C and O,; it will cut the edge AS at point D. 
Since BOQ, is perpendicular to the plane ABS, then, for one thing, 
BO, | AS; similarly, CO, | AS; hence, AS is perpendicular to plane 
BCO,. But then BD and CD are the altitudes of the lateral faces ABS 
and ACS and are readily found: BD=CD=(a/b)V b*—1/4 a®. Having 
proved the similarity of the triangles BDK and BDO,, we find BO,= 
=aV (b—1/4 a*)/(3b°—a). Similarly, we find BO.=BOQ,. 

It remains to find 0,0., i.e., to prove that 0,0,=AC. 

Noticing that AO, is perpendicular to the plane ACS and CO, is 
perpendicular to the same plane ACS, we get AO,||CO,. Hence the 
points A, C, O;, and O, are coplanar. And so the quadrangle ACO,0, 
is plane and AO,||CO,, AO,=CO, so that ACO,0, is a parallelogram 
and therefore 0,0,=AC=a. Now, using three sides, we find the 
area of the triangle BO,O, and then the desired volume V = 
= ab4/(12V 3b? —a?). 

One should not get the impression however that geometric imagina- 
tion is only needed in solid geometry. The most important thing in 
the next problem of plane geometry is a proper visualization of the 
drawing and the student’s ability to consider and explain all possible 
cases. 

4. Given, in a plane, four distinct points A, B, C and D, AB{ CD 
and AG | BD. Prove that AD_|_BC. 

The positions of points A and B may be chosen in the plane in arbit- 
rary fashion (Fig. 130). Now, let C be located so that the foot of 
a perpendicular dropped from it on the straight line / on which AB 
lies is inside this line segment, 
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It is clear that the point D must lie on line m, which is perpendicu- 
lar to AB and passes through point C. Since, by hypothesis, AC_LBD, 
point D must lie on line n that passes through point B perpendicular 
to AC. Since AC and AB intersect, the lines m and n, perpendicular 
to them, intersect as well. Their point of intersection isD. Let us now 
consider the triangle ABC. Suppose that D lies inside it; we draw line 


Fig. 130 


p through A and D. Obviously, m and n are the altitudes of this tri- 
angle and so p is also an altitude. Indeed, if we drop from vertex A 
an altitude on. BC, then the altitude (by a familiar theorem on the 
properties of the altitudes of a triangle) will have to pass through D 
and so will coincide with p (they have two points in common). It is 
then clean that AD_LBC. 

The cases when point D lies outside the triangle. ABC or when m 
intersects / outside AB are considered similarly. Point C cannot lie 
on the line / itself. The proof of this is left to the reader. Do not forget 
that a solution cannot be considered satisfactory without an exhaus- 
tive examination of all possible cases. | 

The part played by geometric imagination is well illustrated by 
“shadow problems” where one can conjecture the expected result and 
can get a “feeling” of the solution before substantiating it rigorously. 

5. Given in the plane a right circular cone and a vertical pole (line 
segment). The radius of the base cf the cone is 1 metre, the altitude, 2 met- 
res. The base of the pole is 2 metres from the centre of the base of the cone, 
and the altitude of the pole is 4 metres. At the top of the pole is a source 
of light. Find the area of the shadow cast by the cone on the plane (disre- 
garding the area of the base). 7 

To construct the shadow of the cone, join point /, the light source 
(Fig. 131), to all points of the cone. The points of intersection of these 
rays with the plane P on whtioh the cone rests will constitute the 
shadow cast by the cone. In a practical construction, it is of course 
unnecessary to draw all the rays; a few will suffice merely to give 
the general outline of the shadow. Therefore the most important. thing 
here is to determine which rays form the boundary of the shadow. 

It iseasy to see that the boundary points of the shadow are obtained 
from rays which have exactly one common point with the cone: if a 
ray intersects the surface of the cone in two points, then the point of 
intersection with the plane will lie inside the shadow, and if a ray 
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does not intersect the cone, then the corresponding point of intersection 
with the plane does not belong to the shadow at all. But how do we 
find these rays having one point in common with the cone? - 

Let us take a look at the cone from point /. First we see the shadow 
cast by S, it is point C. Then moving down the left side of the cone 
we get the appropriate points of the plane moving along a line CM. 


oF 


Fig. 131 


It is readily seen that CM will not pass by the base of the cone, for 
this would mean that our view deviated from the cone, and it will not 
intersect the base, for this would mean that we were looking through 
the cone. Hence, CM is tangent to the circle of the cone base. The 
shadow has thus been fully defined: it is the curvilinear figure CKM, 
where CK is the second tangent line to the circle of the cone base. 

It now remains “merely” to prove this in rigorous fashion. No hazy 
statements like “seeing” the shadow and the like are admissible any 
more, they have played their intuitive part. 

Now for the proof. Note first of all that if ON is drawn perpendicu- 
lar to the generatrix SM, then the plane passing through SM perpen- 
dicular to ON does not have any common points with the cone except 
those lying on SM. (This statement also has to be proved, but it is 
quite simple and is left to the reader.) For this reason, not a single 
straight line of this plane can have more than one common point 
with the cone. | 

We construct the shadow of the vertex. Since SO||/A, through these 
lines it is possible to pass a vertical plane, and the shadow C of vertex 
S is the point of intersection of the lines JS and AO lying in this 
plane. Now draw from point C lines CK and CM tangent to the circle 
of the cone base. Then CM | MO, CM_L SO and so the line CM -is 
perpendicular to the plane SOM. Therefore CM | ON. But by const- 
ruction ON is perpendicular to SM and, hence, it is perpendicular to 
the plane CSM. Thus, plane CSM is a plane of just the type that was: 
mentioned at the beginning of the proof. But then every ray emanating 
from point J and lying in this plane has exactly one common point 
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with the cone (provided of course that it is not parallel to SM; but 
such a ray does not interest us) and, consequently, the boundary of 
the shadow is determined precisely by these rays and is the line of 
intersection of the plane CSM with the P plane; that is, it coincides 
with the tangent line CM. The required statement is thus proved. 


K 


Fig. 132 ‘ << 
M 


Our problem has thus been reduced to one of plane geometry: to 
find the area of the figure CKM (Fig. 132). True, it is still necessary 
to find the distance CO, but this can easily be determined from the 
similarity of the triangles SCO and ICA. This is a simple task, and 
the desired area is found to be (3/ 3— x)/3 square metres. 

Some of the students stated that the boundary points K and M of 
the shadow are the endpoints of the diameter drawn perpendicular 
to the straight line AO. These students were not disturbed even by 
the fact that the tangents at the endpoints of the diameter would be 
parallel and, hence, could not pass through point C. 

6. A light source is placed at point M, at a distance 2h from the plane 
of the base of a cube with edge h and at a distance R (R> 3h) from the 
centre of the cube. Prove that the shadow cast by the cube on the plane of 
the base will have a maximum area when the plane passing through the 
centre of the cube, point M and-one of the vertices is perpendicular to the 
plane of the base. 


Fig. 133 


Let the cube be ABCDA ,B,C,D, (Fig. 133) and such that edges AA,, 
.BB,, CC,, DD, are perpendicular to the plane a.of the base ABCD 
and point O is the centre of the cube. It is then easy to imagine that 
all points M that satisfy the condition of the problem lie on a circle 
in a plane parallel to the a plane and distant 2h from the x plane. 
The centre of this circle lies on the perpendicular OO’ to the x plane. 
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The radius 7 of this circle can readily be computed: 
3,\2_ 3V3 
r= VY R—(ph) > (1) 


It is clear that if, as in the preceding problem, we draw from point 
M straight lines to all points of the cube, then the points of interse- 
ction of these lines with the x plane yield the shadow cast by the cube. 
To simplify subsequent computations we include in the shadow the 
square ABCD of the base. 

It is also quite obvious that for a practical construction of the 
shadow it is sufficient to draw lines joining point M and the vertices 
of the cube, to find their points of intersection with the x plane, and 
connect these points with straight lines. We will then have the outline 
of the shadow. 

If we project on the x plane the circle on which M lies and also the 
cube, we get (Fig. 134)/a circle of radius 7, inside which is the square 
ABCD with side h. 

Take an arbitrary point K in the a plane and a point K, on the 
perpendicular drawn from K to the x plane at a distance h above the 


Fig. 134 Fig. 135 


nm plane. It is then easy to demonstrate that if K, is the point of 
intersection of MK, with the x plane, then M,K,=2KM, (Fig. 135). 
Now joining A,, By, C,, Dy to M and denoting the points of interse- 
ction of these lines with the a plane by A,, B,, C., D2, we get the. 
equations A.M,=2AM,, B.M,y=2BM,, C.M,;=2CM,, D.M=2DM,. 

From the foregoing arguments it is clear how the shadow is to be 
constructed and we can now pass from the spatial problem to the 
plane problem. Further note (Fig. 134) that because of symmetry we 
find it sufficient to consider the shadows only when point M, lies 
on arc LN (O,N | AB and points O,, A, L are collinear). 

Regarding shadows for various positions of point M, on arc 
LN, we assure ourselves that the point P of this arc (P lies on 
line DA) plays a special role. And so in the sequel we will have 
to consider two cases: (a) when point M, lies on arc PN, (b) when 
point M, lies on arc PL. 

(a) Let the point M, lieon the arc PN (Fig. 134). We want to deter- 
mine for which position of the point M, theshadow will havea maxi- 
mum area. If M, does not coincide with P, then the shadow is the 
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hexagon AA.D.C,B.,B (Fig. 136) in which, as can readily be shown, 
the sides B,C2=A2D2=C.D.=2h and, besides, A.D. ||AD, B.C, || BC, 
D.C,||DC. Joining points A, and B., we find that our shadow con- 
sists of the square A,B.C.D, with side 2h and the trapezoid AA,B.B 
with bases h and 2h and altitude equal to the distance from M, to the 
line AB. This altitude will be a maximum at point NV, that is, when 
the line M,0, is perpendicular to edge AB. 


Fig, 136 Fig. 137 


M, 


This means that when M, moves along arc NP from N to P, the 
area of the shadow diminishes and becomes smallest when ™, coinci- 
des with P. Then the shadow is the pentagon AD.C,B,B (Fig. 137), 
but its area can also be found as the area of the square A,B,C.D, 
with side 2h and trapezoid AA,B,B with bases h and 2h and altitude 
equal to the distance from P to AB. 7 

(b) Let us see how the area of the shadow will vary if point M, mo- 
ves along the arc PL. In this case, the shadow will also be a hexagon, 
but this time the hexagon ABB,.C,D,D (Fig. 138). This shadow is 


Fig. 138 


more conveniently considered thus: it consists of two right triangles 
(ABD with leg h and B,C,D, with leg 2h) and the trapezoid BB,D,D 
with bases hV2 and 2hV 2 and altitude equal to the distance from M, 
to BD. 

It is clear that the perpendiculars dropped from points of the arc 
PL on the line BD have different lengths, and it is easy to find that 
the largest occurs when M, coincides with L, 
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Thus, as M, moves along arc PL from P to L, the shadow increases’ 
and its area reaches a maximum when M, coincides with L. 

To summarize, at point P we have the smallest shadow; at points L 
of arc LP and N of arc PN the shadows are the largest for their arcs. 
To choose the largest of all possible shadows, it remains to compare 
the areas of these two shadows. 

Let us first compute the area of the shadow when M, coincides with 
N. Then the shadow consists of the square A.B,C,D, with area 4h? 
and the trapezoid AA,B.B with area equal to (3/2) h-NQ. Since NQ= 
=:r— (h/2), the area of the shadow is in this case equal to (13h? + 
+-6 hr)/4. | ae 

When point M, coincides with point L the shadow consists of the 
triangle ABD with area 1/2 h?, the triangle B,C,D, with area 2h? 
and the trapezoid BB,D.,D with area 1/2 (BD+8B,D.)LO,. Since 
LO.=r, BD=hV 2, B,D,=2hV 2, the area of the shadow in this 


case is 1/2 (5h2+3V2 hr). 
The inequality 


5 38s 
SP+SV Ihr > Se hy (2) 


is valid if the equivalent inequality r>(//2-++1) h/2 likewise holds 
true. This last inequality is apparently valid by virtue of (1) and so 
inequality (2) holds true as well. 

This means that the area of the shadow is a maximum when M, 
coincides with L. To complete the proof, it only remains to note 
that the point L,. the centre O of the cube, and the vertex A lie in a 
plane that is perpendicular to the plane of the base. 

To solve this problem we needed six drawings instead of the usual 
single drawing. We could of course make do with a smaller number 
of drawings, but it is much better to have a fresh one for each stage 
in the solution, if even for the simple reason that too many lines accu- 
mulate in one drawing and it is hard to disentangle them. 


Exercises 


1. Given three pairwise skew lines not parallel to the same plane. Prove that 
there is a parallelepiped, the skew diagonals of three faces of which lie on the 
given straight lines. | 

2. The square of the diagonal in a rectangular parallelepiped is known to be 
equal to the sum of the squares of the three dimensions. Does the converse theorem 
hold true? . 

3. We know that in any triangle the foot of at least one altitude lies on the 
side itself and not on its extension. Is it true that in any triangular pyramid the 
foot of at least one altitude lies on the face itself and not on its extension? 

4, Is it possible to cut an arbitrary tetrahedral angle with a plane so that 


the resulting section is a parallelogram? — 
6. Is it possible to construct, in a triangular pyramid, a cutting plane that 


intersects five edges of the pyramid? 
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6. Name the possible figures that result from cutting a regular tetrahedron 
with a plane. ea oy us 
7, Is it possible to cut an arbitraty regular triangular pyramid with a plane 
so that the section obtained is: (a) a parallelogram, (b) a rhombus, (c) a rectangle? 

8. Determine the shape of the projection of a regular tetrahedron on a plane 
parallel to two nonadjacent edges. 

9. Find the shadow cast by a cube on a plane perpendicular to a diagonal from 
a beam of rays parallel to that diagonal. 

10. Is it possible, in a wooden cube, to bore a hole large enough to pass a 
wooden cube equal to the original one? . 

11. Fit a square with side a into an equilateral triangle of minimum dimen- 
sions. Find the side of the triangle. | . 

12. Place inside a square with side a an equilateral triangle of maximum di- 
mensions. Find the side of the triangle. . 

13. Place a square of maximum dimensions inside a regular hexagon with side aq, 
Find the side of the square. a 

14. Place a regular hexagon of maximum dimensions inside a square with 
side a. Find the side of the hexagon. . 

15. Is it possible to cut a cube with a plane so that the resulting section is: 
(a) a square, (b) a pentagon, (c) a hexagon, (d) a regular hexagon? 

16. A hemisphere is inscribed in a regular tetrahedron, the edge of which is 
equal to unity, so that three faces of the tetrahedron are tangent to its spherical 
surface, and the fourth serves as the plane of the diameter. Determine the total 
surface area of the hemisphere. | | 

17. In a triangular pyramid, two faces are right isosceles triangles whose 
hypotenuses adjoin and form a dihedral angle a. Determine the dihedral angle, 
in this pyramid, the edge of which is a leg of a right triangle. . 

18. The side of a regular tetrahedron is equal to a. Determine the radius of a 
sphere tangent to the lateral edges of the tetrahedron at the vertices of the base, 

19. The radius of a sphere is equal to R. From point A, distant / from the centre 
of the sphere, are drawn n tangents to the sphere so that all plane angles of the 
polyhedral angle at the vertex A are equal. Determine the distance between the 
points of tangency of two adjacent rays and the angle between the rays. 

20. Two mutually perpendicular generatrices of a right circular cone are 
known to divide the circle of the base into two arcs, one of which is half the other. 
Find the volume of the cone if its height is A. 

21. The edge of a cube is equal to a. A sphere with centre O intersects three 
edges (at their midpoints) converging at vertex A. A perpendicular is dropped 
from the point B of intersection of the sphere with one of the edges of the cube 
on a diagonal of the cube that passes through vertex A, the angle between the per- 
pendicular and the radius OB is divided in half by the edge of the cube. Find the 
radius of the sphere. oo 

22. The midpoint of the altitude of a right cone with generatrix / and ver- 
tex angle a is taken as the centre of a sphere passing through the vertex. Deter- 
mine the radius of the circle resulting from the intersection of the surfaces of cone 
and sphere. 

23. The edges of a triangular pyramid issuing from vertex O are pairwise perpen- 
dicular and their lengths are equal to a, 6, c. Find the volume of the cube inscribed 
in this pyramid such that one vertex coincides with vertex O. 

24. A regular pyramid whose base is a square with side a is rotated about a 
straight line passing through the vertex of the pyramid parallel to one of the 
sides of the base. Compute the volume’ of the. solid of revolution if the plane 
angle at the vertex of the pyramid is equal to a. 

25. Three spheres touch the plane of triangle ABC at its vertices and touch 
each other in pairs. Find the radii of the spheres if we know the length c of side 
AB and the adjoining angles A and B. 

26. Given an isosceles triangle ABC, AB=AC=6, and angle BAC=a. This 
triangle is revolved about an axis passing through the vertex A so that the 
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angle between the axis and the plane of the triangle is equal to B and the base 
of the triangle is perpendicular to the axis. Compute the volume of the solid 


obtained by revolving the triangle ABC. 

27. Two equal cones have a common vertex and are tangent along a common 
generatrix. The angle of the axial section of the cone is equal to 2a. Find the 
dihedral angle between two planes, each of which touches both cones but does not 


pass through their common generatrix. 

28. Given an angle a (a#< 1/2) of the axial section of a right circular cone with 
vertex S and generatrix of length /. Through point A, taken on the base of the cone, 
is passed a plane P, which is perpendicular to the generatrix SA. Through the ver- 
tex of the cone is passed a plane Q, which is perpendicular to the plane of the 
axial section of the cone passing through SA. The Q plane forms with the generat- 
rix SA of the cone an angle B (8 <a/2) and cuts the cone along two generatrices. 
Let the extensions of these generatrices intersect the P plane at two points: 
C, and C,. Find the length of C,C,. . 

29. A sphere is tangent to all lateral edges of a regular right hexagonal prism 
whose base lies outside the sphere. Find the ratio of that portion of the area of the 
lateral surface of the prism which lies inside the sphere to the portion of the 
surface of the sphere that lies outside the prism. 


3.7 Cutting polyhedrons with planes 


One frequently encounters geometric problems in which a cutting 
plane is passed through a given polyhedron and it is required to 
compute, for instance, the area of the section or the ratio in which 
the cutting plane divides the volume of the polyhedron. 

Such a problem consists of two parts: the construction of the section 
and the computation of what is required. Each part involves certain 
difficulties. . | 

Without the first part, the second part cannot of course be solved. 
Ordinarily, once the geometric considerations involving construction 
of the required section are successfully overcome, the remainder of 
the problem is rather simple. Thus, the crucial part of problems invol- 
ving sections by planes does not lie in trigonometric computations 
or the solution of triangles but in the geometry in the proper sense. 
of the word. : 

Experience has shown that students usually indicate the proper 
shape of the section and carry through the subsequent computations 
but find difficulty in substantiating the geometric aspect of the solu- 
tion. Some students do not even undertake to justify their actions 
and take too much for granted. Naturally, in such cases the problem 
cannot be considered solved. It will not be amiss then to stress once 
again that in problem solving the student should justify his every 
step and.not leave anything in the form of “quite obvious”. 

We give here a rather general method for constructing sections of 
polyhedrons. To construct a section means to indicate the points of 
intersection of the cutting plane with the edges of the polyhedron (in 
some cases, these points may turn out to be the vertices of the polyhed- 
ron) and to join these points with straight lines lying in the faces. 
To do this, it suffices to indicate, in the plane of the face of the 
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polyhedron, two points belonging to the section and connect them 
with a straight line and find the points of intersection of this line 
with the edges of the polyhedron. 

This is a very natural construction but it is not always made suf- 
ficient use of because it is frequently hard to find two points of a 
section that lie in the face itself. Yet we would be quite satisfied with 
two points of the section lying in the plane of the face (not necessarily 
in the face itself), and this can often be done with relative ease. As a 
rule, however, one has to get outside the polyhedron. This is where 
the ‘student balks. He dislikes additional constructions outside the 
polyhedron he is working with. 

In some problems, such additional constructions are unavoidable, 
What is more, they permit carrying through the requisite proofs and 
computations with relative ease. 


The following concrete problems will iNustrate how this method 
of constructing secttons may be applied. 


1. Given a cube ABCDA,B,C,D,, where AA, BB,, CC,;, DD, are 
lateral edges. Find the area of a section of the cube cut by a plane passing 


through the vertex A and the midpoints of the edges B,C, and C,D,, 
The cube has edge equal to 1. 


First construct the section. Let points K and L be the midpoints 
of edges D,C, and B,C, (Fig. 139). KL lies in the plane of face 
A,B,C,D, and so it intersects the extensions of edges A,B, and A,D, 


at points F and E; it is easy to compute that ByF = > AB, ao A,F 
and DE =+4 AD, = AE. 


Fig. 1389 


Points A and F lie in the plane of face AA,B,B and so AF inter- 
sects edge BB, at some point M. Considering the triangles AA,F 
and MB,F, we see that they are similar. From their similarity fol- 


lows MB\= = LAA, Noting that AA,=BB,, we finally get that point 
M divides the edge BB, in the ratio 2 to 1, 


Points A and E£ lie in the plane of face ADD,A, and so AE inter- 


sects edge DD, at point N. As before, it can be shown that N divides 
edge DD, in the ratio 2 to l, 
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The section has thus been constructed. It passes through vertex A, 
the midpoints of the edges B,C, and C,D, and through the points 
that divide the edges BB; and DD, in the ratio 2: 1. It constitutes a 
pentagon, AMLKN. 

Let us compute the area of the pentagon, which is obtained from 
the triangle AEF by discarding two congruent triangles EKN and 
FLM. From the foregoing construction it is easy to obtain the lengths 
of the sides of these triangles and to compute their areas. The final 
answer is: the area of the section is equal to 7V 17/24. 

Another approach-is this. Consider the pentagon AMLKN as com- 
posed of the triangle AMN and the quadrangle KLMN. Then it is 
necessary to demonstrate that KLMN is a trapezoid. 

Both approaches require considerable computations, but these do 
not involve any fundamental difficulties. Actually, however, we can 
dispense with cumbersome computations if we take advantage of the 
formula for the area of a trapezoid (see Sec. 3.4). The projection of 
the pentagon AMLKN on the bottom base of the cube will obviously 
be the pentagon A BL, K,D whose area is equal to 7/8 and from AAQQ, 
it is easy to find cos(7.QAQ,)=3/V 17. But the most important thing 
remains, that is, to prove that 2 QAQ, is precisely the angle between 
the cutting plane and the bottom face of the cube.. 

2. Given a cube ABCDA,B,C,D,, where AA,, BB,, CC;, DD, are la- 
teral edges. In what ratio does a plane passing through the vertex A, the 
midpoint of edge BC and the centre of face DCC\D, divide the volume 
of the cube? 

Let K be the midpoint of the edge BC (Fig. 140). Since A and K 
lie in the plane of the bottom face, AK cuts the extension of edge 


Fig. 140 


DC at a certain point O. We consider the triangles ABK and KCO 
and are assured that they are equal, but then CO=AB =DC and DO= 
=2DC. 

Let point M be the centre of face DCC,D,. Points M and 0 lie in 
the plane of face DCC,D, and so MO cuts edges C,C and D,D at 
points L and N. Thus, the section is in the shape of a quadrangle, 


AKLN. 
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Dropping a perpendicular from M on DC, we find that the foot— 
point E—is the midpoint of edge DC. We consider triangles DNO 
EMO and CLO. From the similarity of these triangles it follows that 
CL=2/3 ME and DN=4/3 ME. Taking into account that ME— 
= 1/2 CC,=1/2 DD,, we get that DN=2/3 DD, and CL=1/3 CC,. 

We have thus determined the positions of all the points of interse. 
ction of the plane of the section with the edges of the cube. 

We now determine in what ratio the cutting plane divides the vo- 
lume of the cube. Denoting the length of the edge of the cube by aq 
we compute the volume of the polyhedron beneath the cutting plane. 

It will be noted that this polyhedron is obtained from the triangy- 
lar pyramid NADO (with vertex NV) by discarding the pyramid LKCO 
(with vertex L). The volumes of these pyramids can readily be deter. 
mined since ND and LC—their altitudes—have already been com- 
puted. We find that the volume of polyhedron ADCKNL is equal to 
7a3/36 and so the cutting plane divides the volume of the cube in the 
ratio 7: 29. : 

Most students at an examination made the section differently by 
employing an intuitive, purely geometric, image. They placed points 
N and L at random on the appropriate edges. 

Those who possessed a good geometric imagination and visualizeq 
that point L lies below the midpoint of edge CC, were able to construct 
a correct drawing and notice (and then prove, of course) that the part 
of the cube under the cutting plane is a truncated pyramid (frustum) 
lying on its side with bases AND and KLC. The other students who 
placed L above the midpoint of edge CC, obtained a distorted drawing 
and naturally were unable even to begin computations. 

Yet the earlier described standard method permitted us automati- 
cally to construct the required section and indicate the positions of 
the points of intersection of the cutting plane with the edges of the 
cube and to carry out the necessary computations in a simple man- 
ner, 

3. Given a regular quadrangular pyramid SABCD with vertex S, 
A plane is drawn through the midpoints of the edges AB, AD and CS. 
In what ratio does the plane divide the volume of the pyramid? 

Let points K and F be the midpoints of edges AB and AD (Fig, 
141). Joining them with a straight line, we see that it cuts the exten- 
sions of the edges CB and CD at points M and E. Comparing triang- 
les BKM, AKF and DEF, we get MB=1/2 BC and ED=1/2 DC. 

Let point N be the midpoint of edge CS, Points N and M lie in the 
plane of face SBC and so MN cuts edge BS at some point L. 

Now let us determine the ratio in which L divides the edge SB. 
To facilitate computations, it is useful to construct an auxiliary plane- 
geometry drawing by taking out the plane of face SBC into Fig. 142, 
Drawing the midline VQ in the triangle CBS, we get two equal triang- 
Jes NQL and LBM, from which we find that BL=1/2 BQ=1/4 BS, 
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In similar fashion it is shown that DP=1/4 SD, where P is the 


point of intersection of line EN with edge SD. 
We have thus constructed the needed section. The cutting plane 


intersects the pyramid along the pentagon LKFPN. 


Fig. 141 


This plane divides our pyramid into two polyhedrons such that we 
are not able to compute their volumes directly. To compute the volume 
of at least one of these polyhedrons requires additional constructions 
and the consideration of several pyramids. | 

But from Fig. 141 we can see that the volume of the polyhedron 
CDFKBLNP lying under the cutting plane is equal to the volume of 
the triangular pyramid NECM minus the volume of two triangular 
pyramids LKBM and PEDF. Let us compute the volumes of these 


pyramids. 

Let the altitude of the pyramid SABCD be equal to H and the edge 
of the base be equal to a. Then the volume V=1/3 a?H. Since N is 
the midpoint of edge CS, the perpendicular dropped from this point 
on the plane ABCD is equal to 1/2 H. It is just as easy to show that 
the perpendiculars dropped from points L and P on the plane ABCD 
are equal to 1/4 H. The areas of the bases of these pyramids are rea- 
dily computed: they are equal to 9a*/8, a?/8 and a?/8, respectively. 
The volume of our polyhedron CDFKBLNP is now 


9 aH V 
Vim gel —2 or =F 


Hence, the cutting plane divides the volume of the pyramid in the 


ratio 1:1. F 

In this problem, it is rather easy to determiné the shape‘ of the 
section without applying the method under consideration because 
it is quite clear that the section obtained is a pentagon, NLAFP. 
If we had not gone outside the pyramid, we would not have found 
such an elegant method for computing the volume of the polyhedron 
lying under the cutting plane. a 

Many students attempted to find the volume by splitting Be 


polyhedron CDFKBLNP into pyramids. But this requires ex 
geometric visualization, something quite beyond what ts needed for 


25* 
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the solution that we gave. Moreover, this method involves extraordi- 
narily cumbersome computations, whereas in the above solution they 
are simple. 

4. The sides of the bases of a regular hexagonal frustum of a pyramid 
are equal to a and 3a. The distance between two parallel edges lying in the 


Fig. 143 


planes of the different bases and in distinct lateral faces is equal to b. 
Compute the area of the section of the pyramid made by a plane passing 
through the indicated parallel edges. _ | 

Pass thecutting plane through the parallel edges AB and D,E, (Fig. 
143). To construct the section, find the points K and L of intersection 
of line AB with the extensions of edges EF and DC. Since points K 
and E, lie in the plane of the lateral face EFF,E,, then KE, cuts 
the edge FF, at some point M. The line LD, lies in the plane of the 
lateral face CDD,C, and intersects the edge CC, at some point N. 

Thus, the shape of the section has been found to be a hexagon, 
ABND,E\M. | 

For subsequent computations note that AKF and BLC are equila- 
teral triangles with side equal to 3a, whence, for one thing, it follows 
that KF=LC=8a. 

To facilitate computations, .it is useful to construct auxiliary plane 
drawings. Depicting the plane of the face EE,F,F in Fig. 144 and 


fy,_a E£, 


Fig. 144 


K F Ja E 


comparing the similar triangles ME,F, and MKF, we find that the 
point M divides the edge F,F in the ratio I : 3. It can be shown simi- 
larly that N divides edge C,C in the ratio 1: 3 as well. Besides, it 
then follows that ExM: MK=1:3 and DN: NL=1: 3. 
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Depict the plane of the section in Fig. 145. Our hexagon ABND,E,M 
is obtained from the trapezoid KLD,E, by discarding two equal tri- 
angles KAM and LBN., Since KL=9a, E,D,=a, and the altitude of 
the trapezoid, which is the distance between the lines AB and £,D,, 
is equal to 6, the area of the trapezoid is 5ab. Since M divides E,K 
in the ratio | : 3, the altitude of the triangle KMA dropped from M 


fas, 


Fig. 145 


A 


on AK is equal to 3/4 b. (We may note in passing that MA and NB 
are perpendicular to KL.) For this reason the area of triangle AKM 
is equal to 9ab/8. | 

The area of the section is now easily found to be 11ab/4. 

There are problems in which the cutting plane is given by three 
points lying on the edges (or on their extensions) of the polyhedron 
under consideration, and nevertheless, the formal execution of the 
foregoing method of constructing a section fails. 

This occurs when the straight line connecting the two given points 
of the section turns out to be parallel to an edge of the polyhedron. 

In such cases, use the theorem that if two planes are parallel to a. 
straight line, then the line of their intersection is also parallel to this 
line. 

5. In a regular quadrangular pyramid SABCD all lateral faces are 
equilateral triangles with side equal to 1 metre. A point K is taken on 
the extension of edge AS beyond point A so that AK=1/2 metre, A plane 


A 3a 8 L 


Fig. 146 


. 
is drawn through K and the midpoints of the edges BC and AD. Find 


the area of the resulting section. . 
Let E be the midpoint of the edge AD and F the midpoint of edge 


BC (Fig. 146). Since the points K and E lie in the plane of the face ADS, 


390 Ch. 3 Geometry 


the line KE cuts edge DS at point N. Drawing AP||DS and conside- 
ring the similar triangles KAP and KSN, we find that AP=1/3 SN. 
Noting that AP=DN, we see that N divides edge SD in the ratio3 : 1. 

We now need another point (other than the given point F) of any 
lateral face. We can only do this with the aid of the theorem stated 
above. Since EF || CD, the plane of the section is parallel to edge 
CD, and taking into account that edge CD lies in the face CDS, we 
find that the plane of the section cuts face CDS along the line MN 
parallel to edge CD. 

The section thus constructed is the trapezoid EFMN. Now let us 
find the area. Since SN =3/4 DS and since A DSC is similar to AMNS, 
then SN=8/4 metre. Considering A. DNE and using the cosine law, 
we find that NE=) 3/4 metre. Similarly we find FM=/3/4 metre. 
Now with all the sides of the trapezoid EFMN, we find the area: 
7V 11/64 square metres. | 

6. The altitude of a right prism is 1, the base is a rhombus with side 
2 and acute angle 30°. A plane is passed through a side of the base cut- 
ting the prism at an angle of 60° to the plane of the base. Find the 
area of the section. — : 

Here again we have to take advantage of the theorem on the inter- 
section of planes parallel to a line. Some students gave this “solution” 
to the problem. “Let the cutting plane pass through edge AB of the 
prism ABCDA,B,C,D,; then it cuts the plane of the face DCC,D, 
along MN (Fig. 147). Dropping a perpendicular from M on AB, we 
get the right triangles ADK and MKD because by the theorem on 


three perpendiculars, KD1AB. From A ADK we have DK=1. 
Since AB. KD and AB KM, angle MKD is the plane angle of 
the dihedral angle between the plane of the base and the cutting plane, 
that is 2 MKD=60°. From A MKD we find MK=2. Since MK is the 
altitude of the parallelogram AMWNB, its area is 4. Hence, the area 
of the section is 4.” 

Everything is correct in this solution except the last phrase to the 
effect that the section is the parallelogram AMNB. Actually, in the 
foregoing solution the section was not constructed because that requi- 
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res knowing the exact positions of the points M and N on the edges 
DD, and CC,. But this was not done. To solve this problem properly 
we first have to determine the position of M. Reasoning as above, we 


find from A KMD that MD=Y 3. It turns out that MD is longer than 
edge DD,, which means our drawing (Fig. 147) is faulty and we have 
to make another drawing, in which M lies above point D, (Fig. 148).* 
Joining A and M and B and N, we find that the cutting plane also 
intersects face A,B,C,D, along the line QP||AB. Hence, the section 
is the parallelogram ABPQ. We find the altitude by drawing MK. 
1 AB and from point Q, (the point of intersection of the lines MK 
and QP) dropping a perpendicular on KD. From the right triangle 
QiKL, in which LQi=1 and 2Q,;KL=60°, we find KQ:=2/V3. 
The desired area of the section is now easily found to be 4/3. 

In the preceding problems we have always had two points of the 
desired section in the plane of at least one face of the polyhedron. Know- 
ing these points, we found one or two more points lying on the edges 
and, hence, in other faces. We now also have two points of the section 
in the plane of a new face, etc.. 

However, this does not occur in all problems by far. [t often hap- 
pens that one of the points defining the section lies inside the pol yhed- 
ron or all points are specified in different faces. In such problems, 
it is first necessary to make additional constructions. Ordinarily, an 
auxiliary plane is drawn containing some line from the plane of the 
section and some line lying in the plane of one ofthe faces of the 
polyhedron. Then in the auxiliary plane we seek the point of intersec- 
tion of these lines and thus find yet another point (of the section) 
lying in the plane of a face. The subsequent construction then fol- 
lows the scheme given above. 

7. Given a cube ABCDA,B,C,D,, where AA,, BB,; CC,, DD; are 
lateral edges. In what ratio is edge B,C, divided by the point E, which 
belongs to the plane passing through vertex A and the centres of the faces 
A,B,C,D, and B,C,CB? 

In this problem, no three points of the section lie in the same 
face of the cube. | 

Let the points S and R be the centres of the faces BCC,B; and 
A,B,C,D, (Fig. 149). Through these two points draw a plane @ per- 
pendicular to the edge B,C;. This plane obviously cuts out of the 
cube a square NLMQ whose vertices are the midpoints of the corres- 
ponding edges of the cube. 

Since the points R and S lie in this plane, the erttire line RS also 
does. But then RS cuts MQ at some point O. Then A RNS = A OQS, 
whence it follows that OQ is equal to half an edge of the cube. 


* Since In determining the length of MD we did not make use of the condition 
that point M lies above or below point D,, the length of MD can be computed by 


using either Fig. 147 or Fig. 148. 
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We now have two points of the section in the plane of face ABCD: A 
and O. The line AO intersects edge BC in some point K. From the 
similarity of the triangles ABK and KQO we get BK=2QK. Since 
BQ is equal to one half edge BC, we then get BK=1/3 BC, 


Fig. 149 


The line KS lies in the plane of the face BCC,B, and cuts edge B,C, 
at point E. This is the point mentioned in the statement of the prob- 
lem. Since S is the centre of square BCC,B,, then EC,=BK=1/3~x 
x B,C, and point E divides edge B,C, in the ratio 2: 1. 

Many students solved this problem on the basis of purely geometric 
intuition. Placing E at random closer to vertex C, or to vertex B,, 
they obtained either Fig. 150 or Fig. 151 (£ cannot lie exactly at the 
midpoint of B,C, for then the plane passing through EF, S and R 
would be parallel to the plane of the face ABB,A, and would not pass 
through point A). | 

It is intuitively clear that the quadrangle AKEL in Fig. 151 is 
not plane, but to prove that this drawing is impossible is no easy job. 
Yet a few students were only able to picture this drawing (Fig. 151) 
and precisely for this reason were unable to solve the problem. 


Fig. 150 Fig. 151 


Let us reason by using both drawings at the same time. This will 
yield a rigorous solution and at the same time witl convince us that 
Fig. 150 is correct. 

The cutting plane mentioned in the statement of the problem—de- 
note it by B—passes through the vertex A and the centres R and S 
of the faces A,B,C,D, and B,C,CB and, hence, is defined uniquely. 
The line / along which the 6 plane intersects face A,B,C,D,-cannot 
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be parallel to edge A,D,; because otherwise the 6B plane would not be 
intersected by face B,C,CB and could not, therefore, pass through 
point S. Hence, the straight line / intersects A,D,, that is, the 6 
plane intersects this line and so also the parallel straight lines B,C, 
and BC. Thus, the B plane cuts the edges A,D,, B,C,, BC of the cube 
(or their extensions). Denote the corresponding points of intersection 
by L, E, K. 

The quadrangle ALEK is plane (all four vertices lie in the 6 plane); 
AL || KE and AK || LE, as the lines of intersection of a pair of paral- 
lel planes by a third one. Consequently, ALEK is a parallelogram. 
We have thus established the shape of the section. | 

In the plane of face B;C,CB draw KK, | B,C,. Since A K,KE= 
= /\A,AL, then K,E=A,L. Since R and S are the centres of the faces, 
it follows that EC,=BK and EC,=A,L. Besides, it is clear’ that 
BK=B,k,, whence B,Ky=Ky,E=EC). . 

It is now clear that the points B,, Ky, E, C are located precisely as 
indicated in Fig. 150, and Fig. 151 is impossible because there B,K,> 
> KE. 

We thus automatically have the solution: B,E& : EC,=2, 

8, Given a regular triangular prism ABCA,B,C;, with lateral edges 
AA,,BB, and CC,. Let the point P divide the axis OO, of the prism in- 
the ratio 5: 1. Draw a plane through P and the midpoints of edges 
AB and A,C,. In what ratio does this plane divide the volume of the 
prism? _ 

Let E and N be the midpoints of the edges A,C, and AB (Fig. 152). 
To construct the section, we find another point lying in the same face 


Fig. 152 


as N, for example, the point of intersection of EP and face ABB,A,. 
It is clear that this line lies, in particular, in the a plane passing thro- 
ugh E, O, and P. Line EO, and hence point B, lie in this plane. 
Since PO, and BB, are parallel and since PO, lies in the a plane, 
then so also does BB,. Hence, the line EP cuts the edge BB, at some 
point D. Since the triangles EDB, and PEO, are similar and since 
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EO,=1/3 B,E, PO,=1/6 BB,, it follows that DB,=1/2 BB,. We have 
thus found another point of the section, the midpoint of edge BB,. 
From here on, the reasoning is similar to that of the preceding prob- 
lems. 

Since the points N and D (Fig. 153) lie in the plane of face ABB,A ,, 
then, by drawing ND, we find that it cuts the extensions of edges 
A,B, and A,A at points M and L. 
It can easily be shown that the 
point L is distant from A by 
half of edge AA,, and M is di- 
stant from B, by half of edge 
A,B. 

Joining point E& to M and L, 
we get K and F, which finally 
determine the desired _ sec- 
tion, which is the pentagon 
EKDNF. 

From the similarity of the tri- 
angles ALF and A,LE we get 
AF=1/6 AC. To determine B,K 
we can reason as in Problem 3 
| SL to get ByK = 1/4 B,C,. Thus 
the positions of the points E, K, D, N, F are fully defined. 

Let us compute the volume of the polyhedron AiEKB,DNAPF, 
denoting the lateral edge of the prism by A and the area of its base 
by s. This polyhedron is obtained from the pyramid LA,EM (La 
vertex) by discarding the pyramids LAFN and DB,KM (L and D 
vertices). 

A simple calculation shows that the volume of our polyhedron is 
equal to 49hs/144, whence it follows that the cutting plane divides 
the volume of the prism in the ratio 49 : 95. 

It sometimes happens that the cutting plane is given not by three 
points but by other conditions, say, one point and the conditions 
that the cutting plane is parallel to some plane, or by a point and the 
condition that the cutting plane is parallel to two skew lines. In such 
problems, one has to use these conditions to find some points lying in 
the planes of the faces and then continue the solution by the standard 
method described earlier. 

9. Given in a rectangular parallelepiped ABCDA,B,C,D, (ABCD 
and A,B,C,D, are bases, AA,|| BB,|| CC;||DD,) the lengths of edges 
AB=a, AD=6b, AA,=c. Let O be the centre of base ABCD, O, the centre 
of base A,B,C,D,, and S a point that divides the line segment 0,0 in 
the ratio 1: 3, that is, O,S: SO = 1: 3. Find the area of the section 
of the given parallelepiped by a plane passing through point S parallel 
to the diagonal AC, of the parallelepiped and to the diagonal BD of ' 
its base ABCD. | 


Fig. 153 
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Since S lies in the diagonal plane BDD,B,, the cutting plane paral- 
lel to the diagonal BD intersects this plane along EF, which is paral- 
lel to BD (Fig. 154). It is then quite clear that D,E=1/4 D,D=c/4 
and B,F=c/4, Thus, using the condition of parallelism of the cutting 
plane to the diagonal BD, we have found two points of the section 
that lie on the edges of the parallelepiped. 

Now let us take advantage of the second condition: that the cutting 
plane is parallel to the diagonal AC,. S also lies in the diagonal plane 


Fig, 154 


ACC,A, and so the cutting plane intersects this plane along the. 
straight line MN, which is parallel to the diagonal AC. Let point Q be 
the midpoint of the diagonal AC,. Since the line OO, lies in the plane 
ACC,A,, it is clear.that SQ=1/4 0,0=1/4 AA,=c/4. Since MN || 
[|] AC,, AM || SQ -and NC,|| SQ, we get MA = NC,= SQ = C/A. 
We have thus found four points which belong to the section and lie 
th on the edges of the parallelepiped or on the extensions of these 
ines. 

Points E and N lie in the plane of face DCC,D, and so EN intersects 
edge D,C, at some point L. Since ED,= NC,, it is clear that L is 
the midpoint of edge D,C, and, besides, EL = LN. We similarly 
find that FN intersects edge B,C, at its midpoint, K, and that KN = 
= KF. 

The section is now completely defined; it is the pentagon MFKLE. 
To find the area, note that the pentagon is obtained from the quadrangle - 
MFNE by discarding the triangle KNL. The quadrangle MFNE is 
a parallelogram because ME || FN and MF || EN .(the cutting plane 
cuts parallel planes along parallel lines) and so the area is equal to 
two areas of triangle MFE., | 

Noting that LVN=1/2 EN and KN=1/2 FN, we find the area of 
the triangle LNK to be equal to a quarter of the area of triangle EFN 
or a quarter of the area of the equivalent triangle MFE. This means that 
the area of the section is equal to 7/4 the area of the triangle MFE. 
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Now let us find the area S of the triangle MFE. It is easy to see that 
EF =DB=Va-+b%*», MF =Va-+(c/4), ME=Vb?+ (7/4). 
By Hero’s formula, after some manipulations, we find the area of tri- 
angle MFE. We then immediately get the area of the section: 


2 V ieee Tbe. 

To summarize: in all the problems considered above the standard 
method permitted constructing the section almost automatically, 
and the additional constructions exterior to the polyhedron made 
it possible to carry out the necessary computations very simply. 

Also, it is well to note that supplementary constructions exterior 
to a given polyhedron can be successfully applied in the solution of 


other problems as well (see, for instance, Problem 4 of Sec. 3.5 and 
Problem 2 of Sec. 3.6). 


Exercises 


1. A regular quadrangular pyramid with base side a and dihedral angle at the 
base equal to 2a is cut by a plane that bisects the dihedral angle at the base. 
Find the area of the section. 

2. The plane angle at the vertex of a regular triangular pyramid is equal to 2a, 

Find the area of the section of the pyramid by a plane passing through one of the 
sides of the base perpendicular to the opposite lateral edge. The pyramid has base 
side equal to a. 
3. Given a regular quadrangular pyramid. Through a side of the base is pas- 
sed a ide perpendicular to the opposite lateral face. Compute the urea of the sec- 
tion if the side of the base of the pyramid is equal to a and the dihedral angle at 
the base is a. 

4. Find the ratio of the volumes of two solids obtained in passing a plane 
through a regular quadrangular pyramid so that it passes through the midpoints 
of two adjacent sides of the base perpendicular to the base. 

5. In a-regular quadrangular pyramid, the plane passing through a side of the 
base and the midline of the opposite lateral face forms with the base an angle 
of 60°. Find the volume of the pyramid if the base has side a. 

6. A regular triangular pyramid is cut by a plane parallel to the base so that 
the lateral surface is cut in half. In what ratio is the altitude divided? 

7. A regular triangular pyramid has altitude A and lateral edge /. Find the 
area of a section that is parallel to the base and distant a from it. 

8. A regular quadrangular pyramid is cut by a plane parallel to the base. 
In what ratio is the volume of the pyramid divided if the area of the section is one 
third the area of the base? » 

9. In a regular quadrangular pyramid, a plane is passed through a vertex of the 
base perpendicular to the opposite lateral edge. Determine the area of the section if 
the edge at the base is equal to 1 and the lateral edge is 2. 

10. A plane is drawn through one of the sides of the base of a regular right 
triangular prism at an angle @ to the base and cuts from the prism a pyramid of 
volume V. Determine the area of the section. 

11. In a regular quadrangular pyramid PABCD with vertex P and side of the 
base equal to a, the angle of inclination of a lateral face to the base is equal to Q. 
Through this pyramid is passed a cutting plane that bisects the dihedral angle at 
ee CD. Find the length of the line segment along which this plane intersects face 


12, The bottom base ABCD of a right prism ABCDA,B,C,D, (where AA,, BBy, 
CC,, DD, are lateral edges) is a rhombus with acute angle q. A sphere of diameter d 
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can be inscribed in this prism so as to be internally tangent to all faces. Find the 
area of the section of the prism cut by a plane passing through edges BC and AyD). 
_ 18. Given a regular quadrangular pyramid. Another pyramid is cut from this 
one by a plane passing through edge AB of the base. The ratio of the lateral sur- 
faces of these pyramids is equal to two. Determine the ratio of the area of the 
triangle cut, by the indicated section, from the face opposite edge AB to the area 
of this face. 

14. Given a right prism with an equilateral triangle for the base. A plane is 
drawn through one of the sides of the bottom base and the opposite vertex of the 
top base. The angle between this plane and the base of the prism is equal to a, 
the area of the section of the prism is equal to S. Determine the volume of the prism. 

15. Given a regular triangular prism ABCA’B’C’ with lateral edges AA’, BB’ 
and CC’. Take on the extension of edge BA a point M so that MA=AB (MB= 
==2AB). A plane is drawn through M, .B’, and the midpoint of edge AC. In 
what ratio does this plane divide the volume of the prism? 

16. Given a cube ABCDA’B’C'D’ with lateral edges AA’, BB’, CC’, DD’. On 
the extensions of the edges AB, AA’, AD are laid off, respectively, line segments BP, 
A’Q, DR of length 1.5 AB (AP=AQ=AR=2.5 AB). A plane is drawn through points 
P, Qand R. In what ratio does this plane divide the volume of the cube? 

17. The base of a regular quadrangular pyramid is a square with side a. The 
altitude of the pyramid is equal to the diagonal of the square. The pyramid. is 
cut by a plane parallel to the altitude and to two opposite sides of the Nase Find 
the perimeter of the resulting section if it is known that a circle can be inscri- 
bed in the section. : 

18. A plane is drawn through the midpoint of a diagonal of a cube perpendi- 
cular to the diagonal. Determine the area of the figure resulting from the section of 
the cube cut by this plane if the edge of the cube is equal to a. 

19. Through the edge of the base of a regular quadrangular pyramid is drawn a 
plane which cuts from the opposite face a triangle of area a*. Find the lateral surface 
area of a pyramid that is cut out of the given pyramid by the given plane if the 
lateral surface area of the original pyramid is equal to 67. . 

20. In a regular triangular pyramid SABC, a plane passing through the side AC 
of the base perpendicular to the edge SB cuts out a pyramid DABC whose volume is 
1.5 times less than that of the pyramid SABC. Hind the lateral surface area of 
the pyramid SABC if AC=a. | 

21. In a regular quadrangular pyramid SABCD, a plane drawn through side AD 
of the base perpendicular to face BSC divides this he into two parts of equal 
area. Find the total surface area of the pyramid if AD=a. 

22. In a regular triangular pyramid SABC with vertex S and volume V, a 
plane is drawn parallel to the median of the base BN and intersects the lateral 
edge SA at K, the lateral edge SB at L, and SK=1/2 SA, SL=1/3 SB. Find the 
volume of that part of the pyramid which Hes beneath this plane. 

23. A plane cuts off from the lateral edges SA, SB and SC of'a regular quadran- 
gular ae SABCD with vertex S line segments SK=2/3 SA, SL=1/2 SB, 
SM= 1/3 SC, respectively. The length of a lateral edge of the pyramid is equal to a. 
Find the length of line segment SN cut off by this plane on edge SD. 

24. In a regular quadrangular pyramid SABCD with vertex S and altitude A, 
a plane is passed through the centre of the base parallel to face SAB. The area of the 
resulting section is equal to the area of the base. Find the volume of that part of 
the pyramid which lies under the plane. ; 

25. In a regular hexagonal pyramid, a side of the base is a and the altitude 
is h. Compute the area of a section passing through the midpoints of two nonadja- 
cent and nonparallel sides of the base and through the midpoint of the altitude of 
the pyramid. 

26. The area of a section drawn through a diagonal of the base of a regular qu- 
adrangular pyramid parallel to the lateral edge that does not intersect this dia- 
gonal is equal to S, Find the area of the section passing through the midpoints 
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of two adjacent sides of the base and the midpoint of the altitude of the pyra- 
mid. | 

27. The area of a lateral face of a regular hexagonal pyramid is equal to S, 
Compute the area of the section passing through the midpoint of the altitude of the 
pyramid parallel to a lateral edge. 

28. The angle between a lateral edge and the plane of the base of a regular 
triangular pyramid SABC with vertex S is equal to 60°. A plane is drawn through 
point A perpendicular to the bisector of angle S of triangle BSC. In what ratio 
does the line of intersection of this plane with the plane BSC divide the area of 
the face BSC? | 

29. A plane is drawn through a side of the base of a regular quadrangular py- 
ramid perpendicular to the opposite face. Find the area of the resulting section if 
the altitude of the pyramid is equal to A and the ratio of the lateral surface area 
to the area of the base is equal to V3. 


30. In a triangular pyramid SABC with vertex S, SA=SC, SB=2AC, AB= 
==BC=1.5 AC. A plane is drawn through AC and the midpoint D of edge SB. The 
total surface area of the pyramid SADC is greater than the total area of pyramid 
DABC by a quantity equal to the area of the base of the pyramid SABC. Determine 
the angle of inclination of face ASC to the plane of the base of the pyramid 
SABC. 

31. In a regular triangular pyramid SABC with vertex S, base side a, and 
plane angles at the vertex equal to 30°, a plane is drawn through point A and 
the midpoint of edge SB. The plane divides the pyramid into two equal parts. Find 
the line segments into-which the plane divides the altitude of the pyramid. 

32, In a regular quadrangular pyramid SABCD with vertex S, a cutting plane 
P is passed parallel to side AB (through the point of tangency of an inscribed 
bane parallel to face SAB and through the point of this sphere that is closest to 
the vertex S. Find the area of the section of the pyramid cut by the P plane, provided 
AB=1, SA=Y 5/2. : 

33. Inscribed in a regular quadrangular pyramid SABCD with vertex S and 


base side dY3 is a sphere with radius d/2. The P plane, which forms an angle of 
30° with the plane of the base, is tangent to the sphere and cuts the base of the 
pyramid along a line esa to the side AB (the point of tangency of the P plane 
and the sphere lies below the centre of the sphere). Find the area of the section of 
the pyramid cut by the P plane.- 

34, The base of a right prism ABCA,B,C, is an isosceles right triangle ABC 
with legs AB== BC=1 decimetre. A plane is drawn through the midpoints of 
the edges AB and BC and through point P lying on the extension of edge B,B 
(beyond B), Find the area of the resulting section if BP=1/2 decimetre and B,B= 
=1 decimetre. 

35. Given a cube ABCDA,B,C,D, with edge equal to | decimetre. A point P 
is taken on the extension of edge D,D, beyond D, such that DP=1/2 decimetre. 


A plane is drawn through P and the midpoints of edges AA, and CC,. Find the area 
of the resulting section. - 


3.8 Combinations of solids 


A common problem in solid geometry is one that involves combina- 
tions of solids. To solve a problem of this kind, one has to give care- 
ful thought to the mutual positions of the solids in space, make a neat 
drawing, and prove all the assertions. 

Most drawing difficulties have to do with cases where one of the 
solids is a sphere. It often happens that there is no need to actually 
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depict the sphere, it being sufficient to indicate the centre and the 
points of tangency with various planes and straight lines. 

When solving problems involving combinations of solids, it is very 
useful to make auxiliary plane drawings and to extract plane con- 
figurations which are distorted by spatial perspective. 

Let us consider in more detail a case combining a pyramid and a 
sphere. We first examine the configuration consisting of the pyramid 
and an inscribed sphere. 

Definition. A sphere is termed inscribed in an (arbitrary) pyramid 
if it is tangent to all faces of the pyramid (both lateral and base). 

Thus, the centre O of an inscribed sphere (Fig. 155) is a point equi- 
distant from all faces of the pyramid. This means that if from the centre 


5 


Fig. 155 


P 
M 


of the inscribed sphere we drop perpendiculars OA, OB, OC, ««+ 
on the faces of the pyramid, then all these perpendiculars will be of the 
same length. The points A, B, C, ...— the feet of these perpendicu- 
lars—are the points of tangency of the inscribed sphere with the faces 
of the pyramid, 

Also note that if from points A and B we drop perpendiculars to 
edge MN, then one and the same point will serve as the foot ofall 
the perpendiculars. Indeed, the line segment OB is perpendicular to 
the plane of the base and soOB | MN (see Sec. 3.4), line segment 
OA is perpendicular to the plane MSN and so OA | MN. Hence, 
edge MN is perpendicular to the plane drawn through the intersecting 
lines OA and OB. If P is the point of intersection of this plane with 
the edge MN (note that this point may lie on the extension of the edge), 
then AP|MN, BPMN and so the point P is the common foot 
of the perpendiculars dropped from A and B on edge MN. Of course 
all these arguments hold true if in place of MN we take any other edge 
of the pyramid (as an exercise, carry out the reasoning for edge MS). 

Theorem. /f a sphere is inscribed in a pyramid, the centre of the sphe- 
re is the point of intersection of the bisecting planes of all dihedral ang- 
les of the pyramid. 

Indeed, any point equidistant from both faces of a dihedral angle 
lies in the bisecting plane of the dihedral angle (see Sec. 3.2). There- 
fore, the centre of the inscribed sphere, since it is equidistant from all 
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faces of the pyramid, must lie in each of the bisecting planes, that is, 
it is the point of intersection of the bisecting planes of all dihedral 
angles.* 

The centre of a sphere inscribed in a pyramid always lies inside 
the pyramid; this follows from the fact that all points of the bisecting 
plane lie between the faces of the dihedral angle. 

It is also necessary to stress that if a sphere inscribed in a pyramid 
is projected on the plane of the base of the pyramid, the resulting cir- 
cle will not be inscribed in the polygon of the base of the pyramid. 

The next problem suggests how to carry through an exhaustive so- 
lution to a problem involving a combination of pyramid and sphere 
(and to other similar problems). It is of added interest since the py- 
ramid is a “bad” one, the base being a trapezoid and not the usual re- 
gular polygon. 

1. A sphere is inscribed in a quadrangular pyramid PABCD tangent 
to all its faces. The base of the pyramid is an isosceles trapezoid ABCD 
witti nonparallel side AB = | and acute angle @, and lateral faces APD 


Fig. 156 


and BPC are isosceles triangles (AP = PD, BP = PC) forming with 


the base of the pyramid one and the same angle a. Find the radius of 
the inscribed sphere. 


Let PABCD be a pyramid with an isosceles trapezoid ABCD as 
bases AB = CD = 1, Z BAD = Z ADC = g. The lateral faces of 
the pyramid, APD and BPC are isosceles triangles: AP = PD, BP = 


ree 


== PC. Their bases are also the bases of the trapezoid (Fig. 156). 


* It is easy to see that the converse is also true; a sphere can be inscribed in a 
pyramid if the bisecting planes of all dihedral angles intersect in one point. However, in 
the general case it does not follow from any fact that all bisecting planés intersect 
in a single point. An instance can easily be thought up of a quadrangular pyramid 
which does not have a point common to all eight bisecting planes. It is therefore 
impossible to inscribe a sphere in such a pyramid. It can be proved (and we advise 
the reader to try to do so) that (1) a sphere can be inscribed in any triangular pyramid, 
(2) a sphere can be inscribed in a regular many-sided pyramid, 
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Draw the slant height PK of face APD and the altitude PH of the 
pyramid. The edge AD, since it is perpendicular to two intersecting 
lines PH and PK, is perpendicular to the plane HPK; BC || AD and 
therefore the edge BC is perpendicular to the plane HPXK and, in par- 
ticular, to the line PL of intersection of this plane with the face BPC 
(PL is the slant height). Therefore 7 PLK and Z PKL are the plane 
angles of the dihedral angles between the base and the lateral faces 
BPC and APD, respectively. It is given that Z PLK = Z PKL =a. 

By hypothesis, a sphere is inscribed in the given pyramid. It is 
required to find the radius of the sphere. The centre of the inscribed 
sphere lies on the bisecting plane of the dihedral ‘angle between the 
planes BPC and APD since it is equidistant from both faces, Further- 
more, by the same reasoning, the centre also lies on the bisecting plane 
of the dihedral angle between the planes APB and CPD. It therefore 
lies on the line of intersection of these two bisecting planes. We will 
prove that this line of intersection is the altitude PH of the pyramid. 
To do this, it suffices to demonstrate that the altitude PH lies in each 
of these bisecting planes. 

First of all, we will prove that PH lies in the bisecting plane of the 
dihedral angle between the planes BPC and APD. Since plane LPK 
is perpendicular to plane APD (because plane APD passes through 
AD which is perpendicular to the plane LPK) and plane LPK is per- 
pendicular to plane BPC (for similar reasons), it-follows that the plane 
LPK is perpendicular to the line of intersection of the planes APD 
and BPC and, hence, the angle LPK is the plane angle of the dihedral 
angle between the faces BPC and APD. But Z PLK=Z PKL 
and so /\ PKL is an isosceles triangle and the altitude PH is at the 
same time the bisector. As we know, the bisector of a plane angle 
corresponding to a dihedral angle lies in the bisecting plane of the 
dihedral angle. | 

Secondly, we will prove that PH lies in the bisecting plane of the 
dihedral angle between the planes APB and DPC, We wish to assure 
ourselves that the plane LPK is this bisecting plane. To do so, we 
will show that the distances from an arbitrary point S of this plane 
to the faces APB and DPC are the same. Mentally join S to the ver- 
tices P, A, B, C, and D of the pyramid. Since Vpap;p=V ppcir 
(these pyramids have the same altitude PH and congruent bases 
ABLK and DCLK) and (for the same reasons) Voans~=Vspcik 
Vsapx= Vsppx, Vespr= Vscpi, it then follows that Vsanp= 
= Vencp. But the equality of volumes of the pyramids SABP and 
SDCP, by virtue of the equality A ABP = A DCP (by three sides) 
implies the equality of the altitudes dropped from S on the faces 
ABP and DCP, respectively. Thus, LPK is a bisecting plane and the 
altitude PH lies in this plane. | . 

Thus, the centre of the inscribed sphere—denote it by: O—does in- 
deed lie on the altitude PH of the pyramid. 
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We now consider the isosceles triangle LPK. Inscribed in it is a great 
circle of our sphere because this plane passes through the centre of 
the sphere. (From the foregoing it follows that the sphere is tangent 
to the pyramid at H and at the points M and N lying on the slant heights 
PL and PK.) The problem thus reduces to the following problem 
of plane geometry: find the radius of a circle inscribed in the isosceles 
triangle LPK (base LK) with base angle a. LK is the altitude of the 
isosceles trapezoid ABCD with acute angle @ and nonparallel side / 
and for this reason has length / sin q. 

Since the centre of the inscribed circle lies at the point of intersection 
of the bisectors, Z OKH = a/2 and so the desired radius 

r=OH = KH tan ($) =F! sin @ tan (5) 

Note that in the statement of the problem the bases of the trapezoid 
are not given. This does not however mean that the lengths of these 
bases can be arbitrary. The points of the line PH are of course equidis- 
tant from the planes APD and BPC, just as they are equidistant 
from the planes APB and CPD. But by no means for just any 
dimensions of the bases of the trapezoid is the distance from a point 
on the line PH to the plane APD equal. to the distance from this point 
to the plane APB. To put it differently, not for arbitrary lengths of 
the bases AD and BC on the altitude PH is it possible to find a point 
equidistant from all five faces of the pyramid. Using the fact of the 
existence of an inscribed sphere, that is, assuming that such a point 
exists, we could, if we so desired, determine the dimensions of the 
trapezoid of the base. 

Now let us take up the case when a sphere is circumscribed about a 
pyramid. i 

Definition. A sphere is said to be circumscribed about an (arbitrary) 
pyramid if all vertices of the pyramid lie on the surface of the sphere, 


5 


Fig. 157 


B 


Thus, the centre O of a circumscribed sphere (Fig. 157) is a point 
equidistant from all vertices of the pyramid. This-means that if the 
centre of a circumscribed sphere is joined to the vertices S, A, B, 
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C,... ofthe pyramid, then all line segments OS, OA, OB, OC, ... will 
have the same length. 

Note the following. If from the centre O of the circumscribed sphere 
we .drop a perpendicular OM on face BSC, the foot of the perpen- 
dicular will be the centre of the circle circumscribed about this face. 
Indeed, MS = MB = MC, being the projections of equal inclined 
lines OS, OB and OC on the plane BSC. (Repeating this argument for 
the base of the pyramid, it is easy to see that a circle can be circum- 
scribed about the polygon of the base.) Thus, if a sphere is circumscri- 
bed about a pyramid, then the centre lies at the intersection of the 
perpendiculars erected to each of the faces of the pyramid at the centre | 
of the circle circumscribed about that face. [t will also be noted that 
if from point O we drop a perpendicular to any edge, say AB, then 
the foot NV of the perpendicular will be the midpoint of the edge AB. 

Theorem. // a sphere is circumscribed about a pyramid, then its centre 
is the point of intersection of all planes drawn through the midpoints 
of the edges of the pyramid perpendicular to these edges. | 

Indeed, any point equidistant from two vertices of the pyramid ad- 
joining one edge lies in the plane drawn perpendicular to this edge 
through its midpoint (see Sec. 3.2). Therefore, the centre of a circum- 
scribed sphere must, since it is equidistant from all vertices of the. 
pyramid, lie in each of these planes, which is to say it is the point of 
intersection of all these planes.* | 

When making the drawing, the student:often places the centre of 
the circumscribed sphere at random without proper visualization of 
the given spatial configuration and, all the more so, without any re- 
asoning as to just what position the centre should occupy. As arule, 
the centre is placed inside the pyramid. Yet the centre of a circumscrib- 
ed sphere can lie inside, outside and on the surface of the pyramid (all 
depending on the type of pyramid). For example, in the next problem 
the centre of the circumscribed sphere turns out to be exterior to the 
pyramid, and this readily follows from the computations carried out 
in the solution. | 

2. Ina triangular pyramid SABC, edge BC is equal toa, AB = AC, 
edge SA is perpendicular to base ABC of the pyramid, the dihedral angle . 
at the edge SA is equal to.2a, and that at the edge BC is equal to B. Find 
the radius of the circumscribed sphere. — 

Consider the pyramid SABC (Fig. 158). Since edge SA is perpen- 
dicular to the plane of the base, 2 BAS = Z CAS = 90°, and so 
angle BAC is precisely the plane angle of the dihedral angle at edge 


“ A sphere cannot be circumscribed about an arbitrary pyramid. It is not hard 
to think up an example of a quadrangular pyramid about which a sphere cannot be 
circumscribed. We leave jt to the reader to prove that a sphere can be circumscribed 
about a pyramid i it is possible to circumscribe a circle about the base polygon of the 
pyramid, From this it follows that it Is possible (1) to circumscribe a.sphere about a 
triangular pyramid, (2) to circumscribe a sphere about a regular many-sided pyramid, 
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SA. Thus, the base of the pyramid is an isosceles triangle with angle 
2a at the vertex, and the altitude of the pyramid coincides with the 
edge SA. 

Since the projections of the lateral edges SB and SC on the plane 
of the base are equal, the edges themselves are equal. Therefore face 
BSC isan isosceles triangle and its altitude dropped from vertex S 


Fig. 158 


hits the midpoint K of edge BC. By the theorem on three perpen- 
diculars, AK is the altitude of triangle BAC, whence it is evident that 
the angle SKA is the plane angle of the dihedral angle at edge BC, i.e., 
Z. SKA = B. | : 

The centre of a circumscribed sphere lies at the intersection of the 
straight line /, which passes through the centre of the circle circumscri- 
bed about triangle BSC, with the plane passing through the midpoint 
of edge AS perpendicular to AS. Line / lies in the plane ASK. Indeed, 
plane BSC passes through the line BC which is perpendicular to the 
plane ASK, that is, the planes BSC and ASK are perpendicular; 
and J is perpendicular to plane BSC and passes through the line of 
their intersection so that it lies in the plane ASK. 


Fig. 159 


. Thus, the centre of the sphere lies in the plane ASK. Let us examine 
this plane in a separate drawing. The centre O of the sphere will then 
lie at the intersection of / and line m, which is perpendicular to AS 
and passes through its midpoint. But there can, generally speaking, 
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be three possibilities: the straight lines / and m intersect inside or 
outside of triangle ASK or on a side of it, and we will have to consider 
all three possibilities (Figs. 159, 160, 161). In the computations given 
below it will be shown that two of the three cases are invalid. 

We are interested in the radius R of the circumscribed sphere, that 
is, the distance from point O (the point of intersection of the perpen- 
diculars m and / to the sides of the angle KSA) to the points S, the 
vertex of the angle KSA. 

Let us first seek SL, the projection of the desired distance on the 
side SK of triangle KAS. Since we know that in triangle A KB (Fig. 158) 


Fig. 16] 


K 
leg BK = 1/2 a and angle KAB = a, it follows that AK = 1/2x 
xacot a, Furthermore, from triangle KAS we have 
acot a | 
SK = 2 cos B 
Since L is the centre of the circle circumscribed about triangle BSC, 
it follows that LS = LB and so from triangle BKL we find 
(SK — SL)?+ KB? = SL’, that is, 
__ a(cot? a-+ cos?) 
SL = 4co a cos B 

Noting that.the above computations of SL are in no way dependent 
on the location of the centre O of the circumscribed sphere, we return 
to Figs, 159, 160, 161. Denote by N the point of intersection of the 
line m with side SK. It is quite clear that / and m intersect outside 
triangle KAS ifSN< SL (Fig. 160); but if SV>>SL, then O lies inside | 
this triangle (Fig. 159); finally, if SV = SL, then O lies on the side 
SK of the triangle (Fig. 161). Let us try to find out which of these 
locations actually occurs. : 


Since MN is the midline of triangle KAS, SN=1/2 SK. Comparing 
the lengths of SN and SL, we easily prove that for arbitrary a, # and fp 


acota _ a(cot? a+ cos? B) 


Fcosp 4 cot a cos 


(from geometric arguments it follows that a>0, 0°<a<90° and 
0°< 6B < 90°). Hence, no matter what the dimensions of a, a and f 
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of the pyramid SABC, the centre O of the circumscribed sphere will 
always be exterior to the pyramid. This in turn means that the plane 
configuration in plane KAS can only be of the form indicated in 
Fig. 160, and that the arrangements shown in Figs. 159 and 161 do not 
occur, 

Considering Fig. 160, it iseasy to demonstrate that 2 ONL = B and 
so LO = NL tan Bp = (SL — SN) tan B. Substituting into this equa- 
tion the expressions obtained above for SL and SN, we get (after ob- 
vious manipulations) LO= 1/4 a tan @ sin f. Finally, from the right 
triangle OLS we find 

R= V LO -+- SL? = Tanda wh V cos? 8) +- sin? . cos? a 

The computations in this problem were thus very simple, the chief 
difficulty being in the arguments that establish the location of the 
centre of the citcumscribed sphere. 

Combinations of pyramid and inscribed or circumscribed sphere 
are usually solved by students in a satisfactory manner, but-other 
cases of pyramid and sphere give rise to nearly insuperable difficulties. 
It is a fact that few are able to visualize a spatial configuration, say, 
in the case of a sphere tangent to all edges of a triangular pyramid, a 
sphere tangent to the base and passing through the vertex, of a sphere 
touching two skew edges of a triangular pyramid, and the like. In 
all these cases, the crux of the problem lies in establishing the common 
properties (needed for the computations) of the centre of the sphere 
and the elements of the pyramid. 

There is no possibility of considering and investigating all possible 
mutual positions of sphere and pyramid. We therefore confine oursel- 
ves to two examples. . 

3. A sphere of radius r is tangent to all edges of a triangular pyramid. 
The centre of the sphere lies inside the pyramid on its altitude at a dis- 
tance of rV 3 from the vertex. Prove that.the pyramid is regular and 
find the altitude of the pyramid. 

Let the points M, N and L be the points of tangency of the sphere 
and the lateral edges of the pyramid SABC, and D, E and F the 
points of tangency of the sphere and all sides of the base (Fig. 162). 
Let O denote the centre of the sphere, which is stated to be on the al- 
titude SK of the pyramid. 

By the definition of tangent lines to a sphere, ON | AS, OL 1 BS, 
OM 1 CS; ON = OM = OL = r, whence it follows that the right 
triangles SNO, SLO and SMO are equal and so SN = SL= SM 
and Z NSO = ZLSO= Z MSO. 

The last equality of the angles permits us to conclude that triangles 
AKS, BKS and CKS are equal; hence, AS = BS = CS, which means 
that all the lateral edges of our pyramid are equal. This of course does 
not yet let us affirm that the pyramid is a regular pyramid. 
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The equality of lateral edges and the equality of line segments 
SN, SL and SM show that AN = BL = CM. Now take advantage 
of the fact that the tangents to a sphere-drawn from a single point 
are equal: AN = AF = AE, BL = BE = BD, CM = CF = CD. 
Therefore. AN = BL = CM = AF = AE = BE = BD = CF = 
= CD, whence it follows that the points D, E and F are the midpoints 


Fig. 162 


of the edges of the base, and AB = BC = CA, which means the tri- 
angle ABC is equilateral. The equality of the lateral edges of the py- 
ramid implies equality of their projections: AK = BK = CK, which 
means K—the foot of the altitude—is the centre of an equilateral 


triangle ABC. 
We have thus proved that the pyramid SABC is regular. Let us 


find the length of the altitude SK. 

The right triangles AKS and ONS have a common acute angle at 
the vertex S and are similar, and so SK = AK+NS/NO. For the sake 
of brevity, denote the altitude SK by h. We have seen that ON = r, 
From the right triangle SVO we get NS. = VSO?—NO! =rV 2 
and soh = AK-)V2 and it only remains to determine one more re- 


lation between A and AK. 
This relation can be obtained from the right triangle OKD. In this 


triangle, KD = 1/2 AK, OD =r and OK =h—r V3; by thePyth- 
agorean theorem we have 1/4 AK? = 7?— (h—r V3)2. Substitu- 
ting AK = h/V 2 into this equation, we get a quadratic equation in 
h having two positive roots: | 


hase V3, haar VS 


But the: second root does not satisfy the condition of the problem. 
The centre of the sphere has to lie inside the pyramid on its altitude 


at a distance of r V3 from the vertex. This means the altitude of the 
pyramid must exceed r 3, whereas the second root h, is less than 
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rV3. The first root h, yields the desired altitude of the pyramid, 
h=4/3 rV 3. . . 

Note that we did not depict the sphere in the drawing. The important 
thing in this case is that the sphere in the problem goes beyond the 
limits of the pyramid and intersects the faces of the pyramid (some 
students attempted to represent the sphere in the drawing as tangent 
to the faces!). 7 

4. Given a regular triangular pyramid SABC (S the vertex) with 
base side a and lateral edge a V 2. A sphere passes through point A and 
is tangent to the lateral edges SB and SC at their midpoints. Find the 
radius of the sphere. 

In this problem, too, any attempt to visualize the entire configu- 
ration does not simplify the solution. We have to take advantage solely 
of the fact of tangency. 

This problem is most easily solved by means of a theorem of plane 
geometry: the square of a tangent to a circle is equal to the product 
of the secant by its exterior portion. 

Knowing that the sphere is tangent to the edge SC at its midpoint 
and passes through vertex A, we find another two points in which the 
sphere intersects edges AC and AS (Fig. 163). Indeed, the plane ACS 
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Fig. 163 
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intersects the sphere a:ong a circle which is tangent to the straight 
line CS (at the midpoint of CS) and which passes through A. Using 
the foregoing theorem, we find that this circle cuts edge AC at the mid- 
point (point K) and edge AS at E such that SE=1/2 a V2. 

Similar arguments concerning plane ABS permit finding another 
two points of intersection of the sphere with the edges AB and AS: 
F, the midpoint of edge AB and the same point E of edge AS. We can 
now find the radius of the sphere by taking adyantage solely of the 
points A, K, F and E. . 

Since the sphere passes through A, K and F, the centre of the sphere 
lies on the perpendicular to the plane AKF erected from the centre 
of A AKF. Since point N (the centre of A AKF) lies on the median 
AD of the triangle ABC, and AN = 2/3 (AD/2) = 1/3 AD, the centre 
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of the sphere lies in the plane ADS, since, as we know, the altitude 
SQ of the pyramid also lies in this plane. Since AQ = 2/3 AD, it fol- 
lows that AN = NQ and, hence, the centre of the sphere lies on the 
midline NR of triangle ASQ. 

- But the centre of the sphere also lies in the plane perpendicular to 
AE and passing through the midpoint of AF, i.e. point P. Hence, 
the centre of the sphere lies on the straight line lying in the plane 
ASD perpendicular to edge AS and passing through point P. Thus, 
the centre of the sphere lies in the plane ASQ at the intersection of 
the following straight lines: the midline of A, ASQ and the perpendi- 
cular to the line segment AE at its midpoint. 

Now let us take up the computations: 


R= AO=V AP? + PO? 


Since AP = 1/2 AE = 1/2 (AS— ES) =:3/8 aV2, it remains to 
find PO. From the similarity of the triangles RPO and RAN 
we find PO=RP-AN/RN. Since RP = AR— AP= 18a) 2, 
AN = 1/3 AD = 1/6 aV3, RN = 1/2 SQ= a) 15/6, then PO= 
= aV 10/40, whence R = a V'115/20. 

It is of course impossible to provide for all kinds of other combina- 
tions of geometric solids. Below is a list of definitions of some of the 
more or less ordinary configurations; we also consider a problem in- 
volving tangency of sphere and cone. There is no need to memorize 
these definitions, the important thing is to get a clear-cut understan- 
ding of the geometric picture. In our solution of the problem we strive 
to show that the crux lies in visualizing the specific mutual arrange- 
ment of the solids. , 

A sphere is inscribed in a prism if it touches all faces of the prism. I 
the prism is a right prism, then the orthogonal projection of the sphere 
on the plane of the base of the prism is a circle inscribed in a polygon 
(the base of the prism). This does not hold true for an oblique prism. 
In any case, the altitude of the prism is equal to the diameter of the 
sphere. . 

A sphere is inscribed in a right circular cone if it is tangent to the base- 
of the cone and also to the lateral surface. The point of tangency of the 
sphere and the base is the centre of the base; the sphere is tangent to 
the lateral surface along a circle (which is not a great circlel), the plane 
of which is parallel to the plane of the base. The centre of the sphere 
lies on the altitude of the cone. 

A sphere is inscribed in a right circular cylinder if it is tangent both 
to the bases of the cylinder and to its lateral surface, The points of tangen- 
cy of the sphere with the bases are the centres of the bases. The splhiere 
is tangent to the lateral surface along a great circle of the sphere paral- 
lel to the bases. The centre of the sphere lies on the axis of the cylinder. 


410 Ch. 3 Geometry 


The diameter of the base of the cylinder is equal to the diameter of 
the sphere and is equal to the altitude of the cylinder. 

A sphere is inscribed in a truncated pyramid (with parallel bases)* 
(or a truncated right circular cone) if it is tangent to the bases and to the 
lateral surface. The diameter of the sphere is equal to the altitude of 
the truncated pyramid (truncated cone). | 

A right circular cylinder is inscribed in a prism if its lateral surface 
is tangent to the lateral faces of the prism, and the bases (circles inscribed 
in polygons) are the bases of the prism. If a right circular cylinder is 
inscribed in a prism, then the prism is a right prism. The lines along 
which the lateral surface of the cylinder is tangent to the lateral fa- 
ces of the prism are straight lines perpendicular to the bases of the 
prism. 

A right circular cylinder isinscribed in a pyramid if the circle of one 
of its bases is tangent to all lateral faces of the pyramid and the other base 
lies on the base of the pyramid. It is to be noted that the pyramid need 
not be a regular pyramid. If the cylinder is inscribed in the pyramid, 
then, firstly, the foot of the altitude of the pyramid lies inside (or on 
the sides of) the polygon forming the base of the pyramid, and, secon- 
dly, the base of the pyramid is a polygon in which it is possible to 
inscribe a circle (however, the base of the cylinder lying on the base 
of the pyramid is not a circle inscribed in the base of the pyramid!). 

A right circular cylinder is inscribed in a right circular cone if the 
circle of one of the bases of the cylinder lies on the lateral surface of the 
cone and the other base of the cylinder lies on the base of the cone. The axis 
of the cylinder lies on the altitude of the cone. It is possible to inscribe 
an infinity of cylinders in every cone. 

A right circular cylinder is inscribed in a sphere ij the circlesof the 
bases lie on the sphere. The bases of the cylinder are small] circles of 
the sphere; the centre of the sphere coincides with the midpoint of the 
axis of the cylinder. 

A right circular cone is inscribed in a prism if its vertex lies on the top 
base of the prism and its base (a circle inscribed in a polygon) is the 
bottom base of the prism. If a cone is inscribed in a prism, then, firstly, 
the bases of the prism are polygons in which it is possible to inscribe 
a circle and, secondly, the straight line perpendicular to the bottom 
base and passing through the centre of the circle inscribed in the poly- 
gon (the bottom base) intersects the top base (and not its extension). 
The altitude of the cone is equal to the altitude of the prism. 

A right circular cone is inscribed in a pyramid if the vertex of the cone 
coincides with the vertex of the pyramid, and the base of. the pyramid is 
a polygon circumscribed about the circle of the base of the cone. If 
the cone is inscribed in a pyramid, then, firstly, the base of the pyra- 
mid is a polygon in which we can inscribe a circle and, secondly, the 


* Also termed a frustum of a pyramid. 
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altitude of the pyramid passes through the centre of this circle. The 
altitudes of the pyramid and cone coincide. : 

A right circular cone is inscribed in a sphere if the vertex and the circle 
of the base lie on the sphere. The base of the cone is a small (or great) 
circle of the sphere. The centre of the sphere lies on the altitude of 
the cone. 

A pyramid is inscribed in a cone if the vertex of the pyramid coincides 
with the vertex of the cone and the base of the pyramid is a polygon in- 
scribed in the circle of the base of the cone. The altitudes of the pyramid 
and cone coincide; the lateral edges of the pyramid lie on the lateral 
surface of the cone. | 

A prism is inscribed in a right circular cone if all vertices of the top base 
of the prism lie on the lateral surface of the cone and the bottom base of 
the prism lies on the base of the cone, The base of the prism is a polygon. 
about which we can circumscribe a circle (but the bottom base of the 
prism is not inscribed in the circle of the base of the conel). 

A prism is inscribed in a cylinder if its bases are polygons inscribed in 
the circles of the bases of the cylinder. The base of a prism is a polygon 
about which a circle can be circumscribed; the prism is a right prism 
and its altitude is equal to the altitude of the cylinder. 

A prism is inscribed in a sphere if all its vertices lie on the sphere. 
The prism is a right prism; its base is a polygon which can be inscribed 
in a circle. : _ 

5. Given three right circular cones with angle a (a<2n/3) in the axial 
section and radius of base equal to r. The bases of these cones lie in one 
plane and are externally tangent to one another in pairs. Find the radius 
of the sphere tangent to all three cones and to the plane passing through 
their vertices. , 

The configuration of solids in the problem is rather easy to visualize 
but extremely difficult to depict. Now it is not really necessary to get 
a general view of this configuration; it will be enough to visualize 
it in one’s mind’s eye. Descriptively, we can say that the sphere is 
embedded in a funnel between three equal cones (standing on one and 
the same horizontal plane P so that their bases touch one another ex- 
ternally in pairwise fashion) and the size of the sphere is such that 
it is tangent to the “roof” of the plane Q that lies on the three vertices 
of the cones. | | Sea 

However, before solving the problem, we have to make precise the 
meaning of the words “a sphere embedded in the funnel between cones 
in strict mathematical terms. It is clear that the sphere has only one 
common point with the lateral surface of each of the cones, or, aS we 
say, is tangent to the lateral surface of the cone externally. What this 
means is that if we pass a cutting plane through the altitude of the 
cone and the centre of the sphere, then the resulting great circle in 
the section of the sphere is externally tangent to a side of the isosceles 
triangle that is the section of the cone (Fig. 164), Such, precisely, is 
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the definition of tangency of a sphere, exterior to a cone, to the late- 
ral surface of the cone. In other words, if M is the point of tangency of 
the sphere and the cone, then the sphere touches the generatrix SMN 
of the cone (with vertex S) at point M and the radius OM of the sphere 
is perpendicular to the generatrix. 


Fig. 164 


KN H p 


Now let Fig. 164 depict the section of one of the cones of our con- 
figuration, of the sphere and of the planes P and Q (the planes of the 
bases of the cones and the planes of their vertices) cut by the plane x 
passing through the altitude SH of this cone and the centre O of the 
sphere (the other two cones are not depicted). The fact that the cutting 
plane x will be perpendicular to the parallel planes P and Q follows 
from the fact that it passes through altitude SH of the cone, which 
altitude is perpendicular to the P plane of its base and so is perpendi- 
cular to the Q plane (the P and Q planes are parallel). 

Let M be the point of tangency of sphere and cone; then, by virtue 
of what has already been said, the great circle obtained in the section 
of the sphere by the x plane is tangent to the generatrix NS of the 
cone at point M. However, the fact that this same circle is tangent 
to the straight line along which the planes x and Q intersect requires 
special proof. 

Denote by L the point of tangency of the sphere and the plane Q. 
Any straight line. in the Q plane passing through L and, in particular, 
LS, will be tangent to the sphere, that is to say,-it will be perpendi- 
cular to the radius OL and so OL |. LS. Since the radius OL of the 
sphere drawn to the point of tangency is perpendicular to the Q plane, 
it follows that OL || SH, these being two perpendiculars to one and 
the same plane Q. But two’parallel lines lie in one plane; this implies 
that theradius OL lies in the x plane drawn through SH and the point 
O. In other words, the point L of tangency of the sphere and the Q 
plane lies in the x plane. This in turn means that LS (the line of inter- 
section of the planes x and Q) is tangent to the great circle obtained 
in the section of the sphere cut by the a plane. Indeed, the straight 
line LS passes through the endpoint of the radius OL of this great 
circle perpendicular to OL. | . 

Extend LO to intersection with NA at point K. It is clear that 
LSHK is a rectangle, whence, for one thing, it follows that 2. LSH= 
=90° and KH = LS, Since 2 NSH= a/2, by hypothesis, then, joi- 
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ning the points O and S, we easily find that 2 OSM = (xn — a)/4 
and so, from the triangle OSM, 


SM = Rcot 
where R is the desired radius of the sphere. Taking into account that 


LS = SM (two tangents drawn from one point to one and the same 
circle), we get 


KH = Reot =~" 

From this it follows that the distance from the projection K of the 
centre O of the sphere on the P plane to the centre of the cone does 
not depend on which of the three given cones we consider. In other 
words, K is equidistant from all three centres of the bases of the cones 


Fig. 165 


and so KH is readily found (Fig. 165) as the radius of the circle cir- 
cumscribed about an equilateral triangle with side 2r, namely, KH= 
2r 


=2r//3. We now have . 
fan eee 


oat ee 
Exercises 


1. A right circular cone is inscribed in a sphere of radius R. Find the lateral 
surface area of the cone if the altitude is A. 

2. The side of a regular tetrahedron is equal to a. Determine. the radius of a 
ee pet to the lateral faces of the tetrahedron at points lying on the sides 
of the base. 


* Note, as a supplement to this solution, that the angle a in the axial section of 
the cone always satisfies the inequalities O0<a@<xn and for all such a the formula we 
obtained for the radius of the sphere is obviously meaningful. This does not however 
mean that for any a the geometric configuration of the problem exists: it is rather 
easy to see that if the angle @ is great, that is, the cones are broad and low, then the 
tadius of the sphere tangent to them will be great and it will pass above the plane 
passing through the vertices of the cones. For a sphere having the requisite properties 
to exist, it is obviously necessary and sufficient that the point of intersection of the 
bisector SO and the straight line KL be projected on the generatrix of the cone and 
not on its extension; that is, that the inequality SM <Jor, what is the same thing, 


2r/V3<r cosec (a/2), hold true, whence sin (a/2) < VY 3/2, i.e., a <2n/3: It is pre- 
cisely this restriction that is imposed on @ in the statement of the problem. 
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3. A sphere is inscribed in a right circular cone. The radius of the circle 
tangency of the surface of the sphere and the lateral surface of the cone is equal c 
r. The radius of the base of the cone is equal to R. Determine the lateral surfg 
of the sphere. oe 

4. A sphere is inscribed in a truncated cone (parallel bases) of volume yp 
The sphere (of radius R) is tangent both to the lateral surface and to both base,’ 
Ae is the angle formed by the generatrix of the cone and _ the greate, 

ase? 

5. Inscribed in a right circular cone is a sphere whose surface is equal t 
the area of the base of the cone. In what ratio is the lateral surface of the co 
divided by the line of tangency of the sphere and cone? ug 

6. A pentagonal pyramid is circumscribed about a right circular cone of alj; 
tude equal to the radius of the base of the cone. The total surface area of the pyramid 
is twice that of the cone. Find the volume of the pyramid if the lateral surfags 


area of the cone is equal to ny 2. 

7. The base of a pyramid is a right triangle and the lateral faces passj 
through the legs form angles of 30° and 60° with the base. A right circular cone z: 
circumscribed about the pyramid. Find the volume of the cone if the altitude . 
the pyramid is equal to A. of 

8. A right circular cylinder is inscribed in a sphere. How many times does th 
volume of the sphere exceed that of the cylinder if it is known that the ratio of the 
radius of the sphere to the radius of the base of the cylinder is half the ratio of t} ‘ 
surface S oe ya to oe ian surface of the cylinder? Y 

9. Inscribed in a sphere of radius a is a regular tetrahedron. Fi 
of the ee , : : pee volume 

10. In a regular triangular pyramid the ratio of the radii of a circu i 
and an inscribed sphere is 3. Find the ratio of the volume of the pyramid i: thew 
lume of the inscribed sphere. ad 

11. The base of a pyramid is an isosceles triangle, the two sides of which are equa} 
to 6; the corresponding lateral faces are perpendicular to the'plane of the bas 
and form, between each other, an angle of a. The angle between the third lateral 
face and the plane of the base is also equal to a. Find the radius of the sphere in 
scribed in the pyramid. a 

12. Find the volume of a regular triangular pyramid, knowing the radi 
ieee sphere and the angle a of inclination of its lateral pare gies 

ase. 

13. A sphere is inscribed in a truncated cone (parallel bases) whose 
is of length / and forms with the base an angle a. Deermine the cee of oa 
along which the sphere is tangent to the truncated cone. 

14. A sphere is inscribed in a spherical sector. The radius of the circle alon 
which the sphere is tangent to the sector is equal to r. A diametral plane of ths 
7 ela sector cuts out of it a circular sector with central angle 29. Determine 
t gs rl A Abe dise sector. 

. The edge of a cube is given as a. A sphere with centre O intersects three 
(at their. midpoints) converging to the far oe A. A perpendicular is dropped os 
the point B of intersection of the sphere with one of the edges of the’ cube onto 
the alagohd _ ue one passing ee He patie tae the angle between the per- 
endicular and the radius eing divided in half by th 
ind the radius of the sphere. : eens Oi Teche 

16. Five equal spheres are placed in a cone. Four of them lie on the base of the 
cone, and each of these four spheres is tangent to two others lying on the base and 
also to the lateral surface of the cone. The fifth sphere is tangent to the lateral sur- 
face and to the other four spheres. Determine the volume of the cone if the radius 
of each sphere is equal to R. . 

17. Two equal spheres of radius r are tangent to each other and to the faces of a. 
dihedral angle equal too. Find the radius of the sphere that is tangent to the faces 
of the dihedral angle and to both given spheres, 
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18. The altitude of a cone is four times the radius of a sphere inscribed in the 
cone. The generatrix of the cone is equal to /. Find the lateral surface area of the 
cone and the radius of the sphere circumscribed about the cone. 

19. The lateral surface area of a regular triangular pyramid with base side a 
is 5 times the area of the base. Find the volume of the cone inscribed in the’ py- 
ramid. 

20. A sphere of radius r is tangent to all edges of a regular quadrangular pyra- 
mid with base side a. Find the volume of the pyramid. 

21. A sphere is inscribed in a cube with edge a. Determine the radius of an- 
other sphere tangent to three faces of the cube and to the first eee 

22. Given in a pyramid SABC (S vertex, ABC base): AB=AC=a, BC=b, 
The altitude of the pyramid passes through the midpoint of the altitude AD of 
the base; the dihedral angle t formed by the faces SBC and ABC is equal to x/4. 
A cylinder whose altitude is equal to the diameter of the base is inscribed in 
this pyramid so that one base is tangent to the faces of the dihedral angle t, the 
other, to the faces of a trihedral angle A; the axis of the cylinder is parallel to 
AD, Find the radius of the base of the cylinder. ; 

23. The edge of a cube is equal to a. Find the volume of a right circular cylin- 
der inscribed in the cube so that the axis is the diagonal / of the cube and the circ- 
les of the bases are tangent to those diagonals of the faces of the cube which do 
not have any points in common with the diagonal / of the cube. 

24, Three spheres of radius r lie on the base of a-right circular cone. On top of 

them lies a fourth sphere of radius r. Each of the four spheres is tangent to the la- 
teral surface of the cone and to the three other spheres. Find the altitude of the 
cone, 
25. Three spheres of radius 7 lie on the bottom base of a regular triangular 
prism, each of them is tangent to the two other spheres and to two lateral faces of 
the prism. On these spheres lies a fourth one which is tangent to all lateral faces 
and to the top base of the prism. Determine the altitude of the prism. 

26. Four equal spheres of radius 7 are externally tangent to each other so that 
each is tangent to the three others. Find the radius of a sphere tangent to all four 
spheres and containing them within it. 

27. A sphere is inscribed in a right circular cone. The ratio of the volumes of 
the cone and sphere is equal to two. Find the ratio of the total surface area of the cone 
to the surface area of the sphere. 

28. In a regular triangular pyramid the altitude is A and the side of the base is 
a. One of the vertices of the base is the centre of a sphere that is tangent to the 
opposite face of the pyramid. Find the area of those portions of lateral faces of the 
pyramid that are located inside the sphere. 

29. Given a regular triangular pyramid SABC (S vertex) with base side a and 
lateral edge b (6> a). A sphere lies above the plane of the base ABC, is tangent to 
this plane at point A, and, besides, is tangent to a lateral edge SB. Find the radius 
of the sphere. : | 

30. Given a regular quadrangular pyramid SABCD (S vertex) with base side a 
and lateral edge a. A sphere with centre at O passes through A and is tangent to ed- 
ges SB and SD at their midpoints. Find the volume of the pyramid OSCD. 


Chapter 4 NONSTANDARD PROBLEMS 


4.1 Introduction 


Nonstandard problems appear in a number of types. Some of them 
apper to be very unusual, so much so that one does not know how to 
attack them. Others are in the form of quite an ordinary equation, 
which however is not solved by standard procedures. A third type in- 
volves very subtle and clear-cut logical reasoning. A fourth type... 
well, actually, there are many different kinds of nonstandard problems 
and it is rather hopeless to strive to embrace them all. 

Nonstandard problems require a definite degree of ingenuity and 
mastery of various sections of mathematics and a high degree of lo- 
gical culture, so to speak. And besides all this, a proper frame of 
mind. Time and again, a problem that essentially is not complicated 
but is formulated in an unusual manner has caused insuperable dif- 
ficulties, whereas the solution only required a few words. 

It is of course impossible to indicate all possible methods of working 
nonstandard problems. They require the use of graphs and diverse 
properties of functions, inequalities and, last but not least, logic. 

A word about the term nonstandard. We believe that this term re- 
fers not to complexity but rather to'the unusual nature and aspect of 
the problem. However, we hope that after the student has worked 
through this chapter he will regard the methods and the problems 
given here as normal and standard. 

We will examine the solutions of a number of nonstandard problems 
and in some cases will offer a variety of approaches to their solution. 
The reader will notice that many of the solutions are not really invol- 
ved at all and can be grasped at once. What is more complicated is 
‘the finding of these solutions. We therefore suggest that the student 
make an attempt to solve each problem before going on to read the 
solution given in the book. | 

Another thing is to differentiate strictly in these problems between 
the rough solution and the final version. The point is that during the 
exploratory stage, the student seeks an approach to the problem and 
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carries out various computations and runs down chains of logic without 
_ yet knowing whether they will actually be of any use or not, All this 
results in what we call a rough solution. Here the logic is often incom- 
plete, with gaps and hazy statements, extra, frequently unneeded, 
statements, and the like. The teacher is not interested in how the so- 
lution was arrived at so long as the problem is solved correctly and 
every step is justified and substantiated. This constitutes the final 
version of the solution, and that is what counts in the final analysis. 
This final version need not of course include every single step of the 
rough solution, and so the task of the student consists in polishing 
off his rough solution to a final solution. | 

In some of the cases given below we include both types.but in most 
cases we confine ourselves only to the rough solution and leave it to 
the reader to perform the exceedingly useful exercise involved in 
rewording the rough version to a final version of the solution. 


4.2 Problems that are nonstandard in aspect 


A cursory glance at the problems offered in this section will give 
the reader an idea of what is meant by the title. It is clear from the 
very start that ordinary manipulations, the use of algebraic or tri- 
gonometric formulas will not yield the desired result if certain othei 
reasoning is not invoked. 

This other reasoning ordinarily involves inequalities, graphs and, 
generally, the various properties of functions. 

1. Solve the equation 2 sin x = 6x?-+- 2x-+-3, 


Y2IL*AL LHF 


ana ane, y=2SNT 
Fig. 166 


To approach this equation, let us first see how the graphs of the left 
and right. members behave. If the curves intersect, then the abscissas 
of the points of intersection will be the roots of the equation, and if 
they do not, then the equation does not have any roots. From 
Fig. 166 it is evident that the equation has no roots. . 

This completes the rough solution, but it is by no means the final 
version, for a graph is not a proof and it still must be demonstrated 


27—3480 
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formally that the equation has no roots. Our graphical solution is of 
course no loss because we will need it to find a rigorous proof. 

Let us take a closer look to see what properties of the graphs indicate 
that the graphs do not intersect. This follows from the fact that the 
graph of the function y = 5x*+ 2x + 3 lies everywhere above the 
graph of the function y = 2 sin x. Going from geometric to algebraic 
terms, this means that for any x the inequality 


§x? + 2x 4-3 > 2 sinx 
holds true. 
This is prec sely the inequality that we must prove in rigorous fash 
ion. Indeed, on the one hand, for any x, 


bt ox+3=5 (e+e) + E> >? 


yet, on the other, 2 sin x<2 also for arbitrary values of x; and 
therefore for any x the inequality to be proved is valid. 

But now that we have a rigorous solution and an exact proof that 
the given equation has no roots, why do we need to go through with 
all the previous arguments? They have already performed their task, 
that of helping us to find a rigorous proof. The final version of the 
solution can then be written as follows: 

“The given equation has no roots; indeed, for arbitrary x we have 
the inequalities | 


| 
5x? +2x+3=5 (x+5) +¢>4 >2 and 2>2sinx 


that is, 5x? + 2x + 3>2 sin x, which completes the proof.” 

The hidden element of this solution is that we first made use of non- 
rigorous reasoning and solved the problem by means of graphs. 

2. Solve the equation sin x = x°+x-+ 1. 


Fig. 167 


Construct the graphs of both sides of the equation (Fig. 167). Again, 
the curves do not intersect and so the equation has no roots. But the 
_same proof is not applicable here because the parabola dips below the 
straight line y = 1. | 

Still, the graph suggests how we are to find a rigorous proof. From 
the property of a quadratic trinomial it follows that for x>0 and for 
x<(—l, the inequality x?+ x -+ 1>1 holds true, so that the inequa- 
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lity x?+- x + 1 > sin x is valid for all these values of x. And on the 
remaining interval —l<x<0, the inequalities +++1>0 
and sin x <0 are valid, so that here too (on this interval) the equation 
has no roots. | 

It is not always necessary to construct graphs in solving such equa- 
tions. Occasionally the very construction of the graphs may turn out 
to be complicated. Actually, in the solution we will take advantage 
not so much of graphs as of various inequalities, the graphs merely 
hinting at the approach to a proof. In more complicated instances, we 
have to seek the proof in a strictly formal manner without having be- 
fore us a visual (geometric) image. Naturally, this is somewhat more 
complicated. ; 

3. Solve the equation 2 cos* a ee 


Clearly, it is best not to try to construct the graph of the left member, 
all hope resting on inequalities . On the one hand, for any x we have 


the inequality 2 cost4*%<2; on the other, 2*-+27*>2— 


the sum of positive reciprocal quantities. Therefore, the left and right 
members of the original equation are equal if and only if they are both 
equal to 2. 3 

In other words, the following system of two equations in one 
unknown must hold: 


2cos?tt* 9 
2* +-27-* = 2. 


The second equation of this system has the unique root x =0. This 
root satisfies the first equation too, that is, it is the sole solution of the 
system and, hence, of the original equation. 
The next few problems also reduce to systems of two equations in 
hs unknown, thanks to the use of the properties of trigonometric func- 
ions. | 
4. Solve the equation cos’ x+-sin* x= 1. | 
Since cos? x<cos? x and sin‘ x< sin? x, the left member of the given 
equation does not exceed unity and is equal to unity only when equa- 
lity occurs in both the above weak inequalities; in other words, when 
the following system of equations holds true: . 
COs’ X = cos? x 
sin’ x = sin? x 


The first equation is satisfied for cos x=0 and for cos x=1. But 
the second equation is also satisfied for these values of x: if cos x = 0, 
then sin?x = 1, and if cos x = I, then sin x = 0. Therefore, the so- 
lutions of the system and, hence, of the original equation, are x = 
== 1/2 + kn and x = 2kn, where & is any: integer, 


2c 
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lve the equation sin* x — cos’ x=1. : 
aS eo Problem 4 does not directly apply in this case but 
it can be modified to some extent. It clearly follows from this equation 
that cos? x<.0 (otherwise sin‘ x> 1), that is cos x<0. But then 
|cos?x| = —cos’x, and the equation is rewritten as 


sin* x-+|cos x |? = 1 
Now we can argue as in the preceding case: 
sin‘ x < sin? x, |cosx|? <|cosx|?= cos? x 
and we finally get the system of equations 
sin’ x = sin? x 
[cos x |? =| cos x |? 


The second equation is satisfied for |cos x] = 0 and for lcosx] = 1, 
From |cos x| = 0 we get the solutions x = n/2 + kn, k = 0, +1, 
+2, ... which also satisfy the first equation. But if lcosx| = 1, then 
cos, x = —1 (since cos x<0) and x = (2k + 1) m. These values also 
satisfy the first equation. Hence, the solution of the original equation 
is given by two sets (groups): 


x= kn and x=(2k+1)n (k any integer) 

Here is another method of solution that merely reduces the given 
equation to the previous one. Replacing x by x — y, we get the equa- 
tion sin‘ (x — y) — cos’ (t1— y) = 1 or, using the reduction for- 
mulas, the equation | 

sint y+ cos? y= | 


which was analyzed above. Its solutions are: y= n/2-+ kn and 
y = 2kn, whence, since x = 7 — y, we have 


x=y—kn and x=n—2kn (k any integer) 
6. Solve the equation 
cos? E (sin X+V2 cos? x) | — tan? (x ++ tan? «| =] 


Since the square of the cosine of any argument does not exceed |, 
the given equation holds true if and only if we have, simultaneous] y, 


cos? |= (sin x +V2 cos? x)| = 1 and tan («+f tant x) = 0 
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We thus have a system of two equations in one unknown. Tosolve . 
it, we find the roots of the first equation and then substitute them into 
the second equation, and then choose those that satisfy the second 
equation and, hence, the system. 

From the first equation we at once get 


sinx +V2 cos? x= 4k 
where & is an integer. However, 
|sinx +V2 cos?x|<|sinx| +V2 |cos*x|<1+V2 <4 


and so the last equation has no svlution for R540. Weconsider k = 0, 
that is, we solve the equation sin x +V 2cos?x =0. Replacing cos?x 
by 1— sin? x, we get the quadratic equation sinx-+V 2—V 2x 
x sin? x = 0, whence sin x =—1/) 2 (the second root of the quadratic 
exceeds 1). Therefore the solutions of the first equation are: ° 


xX,=—Z+2nn, ky 4 One, n=0, +1, +2, ... 


For the sake of convenience we wrote the solution in the form of two 
sets instead of the common notation x= (—1)"*1 FE -taa. Generally 
speaking, the contracted notation for the solution in the form of a 
compact single group (set) is convenient for representing the final 
answer, but is less convenient than the two-set notation when we still 
have computations to perform. — 

Consider’ the first group x=—1/4+ 2nn: Substitute these values 
of x into the second equation to get tan (— 2/4 + 2nn + a/4) = 0 
(since obviously tan? x = 1), which is an identity. Thus, all values 
of x of the first group are solutions of the system and, hence, of the 
original equation. 

Considering the second group in similar fashion, we are convinced 
that not a single value is a root of the second equation and none satls- 
fies the original equation. 

Thus, the solutions of the original equation are given by the formula 


x=— > Qnn 


where n is any integer. 
A common type of problem unusual in aspect is the single équation 


or inequality in two or more unknowns anda system of equations in 
which the number of unknowns is not equal to the number of equations. 
The ‘preceding problems (systems of two equations in one unknown) 
are of this type. A considerable psychological barrier to the student 
is a problem where there are more unknowns than equations or inequ- 
alities, This is apparently due to the view, explicitly expressed or la- 
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tent, that a large number of unknowns cannot be determined from a 
small number of conditions. The following problems show that this is 
not so. 

7, Solve the system of equations 


tan? x-+cot? x= 2sin’y 
sin? y-+cos? z= | 


This system involves three unknowns and only two equations, but 
it is clear at once that in the first equation the left member > 2 be- 
cause we have a sum of positive reciprocals, while the right member 
<2. Therefore, the first equation is equivalent to a system of two 
equations: 

tan? x-+cot? *=2 
sim y= | 


The system is no longer unusual for we have an ordinary system 
of three equations in three unknowns. What is more, it is exceedingly 
simple. From the two new equations and the second given one we im- 
mediately get tan? x= 1, cos?z= 0. And so the solutions of the given 
system are given by the formulas : 


ra Z(k+1), y= Ztln, 2=F+me 


where k, /, m are arbitrary integers. 
8. Solve the inequality 


—|y|+2-VF FPR S I 


To begin with, to solve an inequality in two unknowns x and y means 
to indicate all number pairs x, y such that when they are substituted 
into the given inequality it becomes a true statement. 

Such number pairs can obviously be indicated either directly, as 
given in the solution of ordinary systems of equations (in which case 
there may be an infinitude of such solutions, say, for trigonometric 
systems) or geometrically, by representing the region composed of 
appropriate points in the plane. This geometric method was employed 
in solving Problem 30 of Sec. 1.13. Here too it is natural to reduce the 
given inequality to a form such that its solutions can readily be 
represented in the plane. 

Rewrite the inequality as 


x—|y|>Very—i4+1 


It is now evident that any solution will satisfy the condition 
x—|y|> 0, and when this condition is fulfilled, both members of 
the inequality are nonnegative (in the domain of the variables) and 
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we can square them to obtain an equivalent (in the same domain) 
inequality 
—x|y/>Ve+ y—! 


But in the region under consideration, x> |y |= 0, so that the left 
member of the resulting inequality is nonpositive, while the right 
member is nonnegative. It is therefore satisfied if and only if both 
members are zero: 


x|y|=0 and +y’—1=0 


The first equation means that either x or y is 0. If x = 0, then from the 
condition x=> |y | it follows that y= 0, and the pair x =0, y =0 evi- 
dently does not enter into the domain of the origitial inequality. 
Consequently, y = 0, and from the second equation we get (noting 
that x20) « = I. | 

Direct substitution into the original inequality shows that .the 
resulting pair x=1, y=0 satisfies it. It is interesting to note that 
although we were well set from the very beginning on a geometric 
representation of the solution, it turned out to be unnecessary for 
recording the answer. | 

9. Find all pairs of numbers x, y that satisfy the equation 


COS ¥ -}+- COS y—COS (% + y) =+ 


First solution. The problem could of course be stated simply: solve 
the equation. This equation admits an almost standard solution which 
reduces, as we will presently see, to the solution of a trigonometric 
inequality. The first thing that comes to mind when we are confronted 
by a single equation in two unknowns is: try to express one unknown 
in terms of the other. Then, assigning values to one unknown, we 
would obtain the corresponding values of the other and the resulting 
pairs would be the solutions of the equation. The problem would 
then be solved. | 

Let us try to express y in terms of x. Our equation can be written 
in the form | 


cosx-+2sin ($+y) sin = => 


Clearly, sin (x/2)=40 (or cosx==3/2) and therefore 


‘ = —cos 2 
sin ($+y) = 
2 
2 sin 


We will consider this equation as an equation in y. It is solvable if 
and only if the right member is, in absolute value, less than or equal 
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fo 1, that is, if 


3 
ye 
_ xX <1 
2 sin > 


Since 3/2—cosx>0, this inequality can be rewritten 


S—cos x <2|sin + 
But cos x=1— 2sin?(x/2) and, denoting |sin(x/2)| in terms of ¢, we 
have the inequality 42— 4¢+-1<0, which is only. satisfied for f=1/2. 
Thus, the right member of this equation in y does not exceed unity 
(in absolute value) only when |sin(x/2)|=1/2, that is when sin (x/2)= 
=:+1/2. It has no solution for other values of x. Let us consider sepa- 
rately the cases sin(x/2)=1/2 and sin (x/2)=—1/2. 
If sin (x/2)=1/2, then x=(—1)*x/3+2kn, where k is any integer: 
Then for arbitrary k, 


COS ¥ = cos |(—D = 2a | oe 


and the equation at hand in y assumes the form sin (x/2-+-y)=1, whence 
x/2-+y=n/2+2nx and therefore | 


y= 2nn+F—= =2nn+F—(— lt e—ka 
We have thus obtained one set (group) of solutions of the original 
equation 
= (IF + 2kn, y= T+ (—l | + (nA) a, 
n, k=0, +1, 4-2, or 


In similar manner we consider the case of sin(x/2)=—1/2, which 
leads us to the second group of solutions: 


x= (IPMS 4 kn, y= —F+(—1)Q2+(Qn—k) a, 
n, k=0, +1, +2, ... 


Note that the values of y would have been somewhat easier to find if 
we noted that the equation |sin (x/2)|=1/2 is equivalent to cosx=1— 
—2 sin®(x/2)=1/2, so that x=kn/3+2kn. 

Second solution. This equation admits of a different solution based 
on a suitable grouping. Taking advantage of trigonometric formulas, 
reduce the equation to 


4 cost itl cos —5* cos <TH 1=0 
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It is easy to complete the square of a difference in the first two ru 
in the left member, The equation will then appear as 


(2 cos 4 cos =H! +sint A= —0 


It is quite clear that the last equation is equivalent to the system 


2 cos =T4 = cos St 
sin! =0 


From the second equation of this system we have x—y=2kn, or y= 
=x — 2kn, where & is any integer, Substituting the valueof y into the 
first equation, we get 

2 cos (vx —km) = cos kn 


Since cos(x—kn)=(—1)* cosx and coskn=(—1)é, it follows that 
cosx=1/2, that is, x=--n/3 + 2nn, where n is any integer. 

Thus, the solution of the original equation is given by the following 
pairs: 

k=te+Qnn, y= tZ+2(n—h)a, n, k=0, £1, +2, 


(in the formulas, take both upper signs or both lower signs). 

Note that the formulas obtained in this solution are quite different 
from those of the first solution, yet they describe one and the same 
set of pairs (x, y). True, it is not so easy to see this. 

Also, the second solution which looks so simple is based on an 
aptly found grouping, which in all cases is somewhat artificial and 
carries with it an element of conjecture. The first solution, on the 
contrary, follows a very natural idea and merely involves manipula- 
tional difficulties. 

The next problem reduces (depending on the approach chosen) 
either to the solution of a trigonometric inequality and then to a 
system of algebraic inequalities, or to the proof of a trigonometric 
inequality. Ingenuity is the keynote in both instances. 

10, Find all number pairs x, y that y the equation 


(sin? x +s )° + (cos? + re Tea )' =1245siny 
First solution. The idea behind this solution is the same as in the 
first solution of the preceding problem. Let us try to express y in 
terms of x. We have an ~ in y: 


siny =2 (sin®x X -+ 3) +2 (cos? x +—ory ) 24 


sal 
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To solve this equation it is necessary that the right member not exceed 


unity in absolute value. | 
We transform the right member to 


2 (sin'x-++ 555) +442 (cost x-+ =] -+4—24 


= 2 (sin* x -+ cos‘ x) (1 +oarpasy)— 16 


xcos? x 


== 2 (1 —2 sin? x cos? x) (1 + 


antzeuty )—16 
=, (1-5 sin’ 2x | (1+s95)—16 


Denoting sin? 2x by z for brevity, we get a double inequality that 
ensures the solvability of the original equation: 


—1<2(1-4) (14+5)—16<1 


After the necessary manipulations we get the following system of 
two inequalities: | 


23 + 1522 + 16z—32>>0 
z°-+- 132?-+ 16z—32 <0 
Although the first inequality is cubic, the solution is readily obtai- 
ned by grouping the left member: 
28— 1 +. 152?.-—15-+ 16z— 16 = (z—1) (22+ 162 -++ 32) 
It is reduced to the form 
(2—1)[z—(8—4V'2 )][z—(8 + 4V'2 )] > 0 
Solving this inequality (say by the method of intervals), we obtain 
1<z<8—4)Y2, 2>84+4V2 


However, z=sin?2x <1, so that only z=I is the solution that 
interests us. Direct substitution shows that this solution also satis- 
fies the second inequality, which means it is a solution of the system. 
- Thus, the equation in y which we wish to solve has a solution only 
when z=sin?2x=1. Putting z=1 into the equation for siny and using 
the transformed right member : 


siny =2(1—3) (1+5)—16 
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we get sin y=1, and so the original equation is thus reduced to the 
system of equations 
sin? 2x = | 
siny= | 


whose solutions, as can readily be seen, are pairs of the form 
eek 4S, y= Stonn, k, n=0, +1, +2, ... 


There is a still shorter way of solving the above system of algebraic 
inequalities, though it is less natural. Namely, since z=sin? 2x, 
then O<z<l, and, hence, 


2° + 1523 -+ l6z—32 < 1+ 15+ 16—32=0 


or the left member of the first inequality is nonpositive and obvi- 
ously equal to zero only when z=I. Thus; when 0<z<l, this ine- 
quality is satisfied only for z=1. The second inequality is valid for 
z=1. It is of course more difficult to discern such a solution. 

Note also that the success of the foregoing solution of the cubic 
inequality, which involves factoring out z—1, is ensured by the apt 
substitution z=sin? 2x. If in place of z we had introduced a new variab- 
le by the formula t=sin?xcos?x, the resulting inequality would have 
been more complicated: the left member would contain the factor 
t—1/4, which would have been more difficult to guess. 

Second solution. Transforming the left member of the given equation 


as in the first solution, we get 
(2—sin*2x) (I +s) =16-+siny 
But 2—sin?2x>1, e617 and both inequalities 


‘sinf2x 
become equalities for sin?2x=1. Therefore the left member of our 
equation is at least 17 and the right member is clearly not greater 
than 17, Thus, the original equation is equivalent to the system . 


sin? 2x = 1 
siny=1 


which we obtained in the first solution. 

Though the second solution is shorter, the first one is more natural, 
for we immediately comprehend the objective of each argument. 
The second solution makes use of a nonstandard procedure, a compar! 
son of the values of the left and right members of the equation. 

In the next equation in two unknowns it is clear that we cannot 
express one of the unknowns in terms of the other, but have to resort 
to quite different reasoning, again involving inequalities, 


7 
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11. Find all number pairs x, y that satisfy the equation 
tanéx-+ tanty+-2cot?x cot? y=3- sin? (x+y) 


Consider the left member. Taking advantage of the inequality a*+ 
-+5*> 2a’b?, which evidently is true for arbitrary values of a and 0, 
we get the inequality 


tan’ x-} tan’ y >> 2 tan? x tan? y 
equality occurring only when tan?x=tan?y. Furthermore, 
tan? x tan? y+ cot? x cot? y > 2 


as the sum of positive reciprocals, equality occurring only for 
tan2x tan? y=1. Thus, the left member of our equation is greater than 
or equal to 4, the number 4 occurring only when the following equati- 
ons are valid simultaneously: 
tan? x= tan*y 
tan? x tan? y = | 

On the other hand, sin?(x+y)<1, and, hence, the right member is 
less than or equal to 4. 


Thus, the original equation is satisfied if and only if both members 
are equal to 4, which occurs when x and y are solutions of the system 


tan? x= tan’ y 
tan? x tan? y = 1 
sin? (x + y)=1 
From the first two equations we have tan?x=tan*y=1, that is, 


tanx=-t1, tany=-tl, and all four combinations of signs are possible. 
Then the angles « and y can be written in the form 


x= (2k-+1), y= = (2n +1) (k, n arbitrary integers) 


Of these angles we can choose those which satisfy the third equation 
of the system. To do this, we substitute them into the third equation: 


1 if kR+n-+1 is odd, 
O if k+n-+1 is even 
From this it follows that, of the solutions of the first two equations, 
we have to take the pairs k, n such that the sum k-tn is even, kR-+n= 
=2m, 1.e., n=2m—k, where m is any integer. 

And so the solutions of the given equation are pairs x, y of the 
form | | 


x=F(2k+1), y= (4m—2k-+ 1) (m, & any integers) 


sint (x+y) = sin? 3 (tnt = 
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It is best to regard this solution as a rough solution and recast it 
‘jn a logically more clear-cut final version. This can be done, say, as 
follows. Reduce the left member to the form 


tan‘ x-+ tanty+cot? x cot? y 
= (tan? x—tan? y)? + 2 (tan? x tan? y + cot? x cot? y) 
= (tan? x—tan® y)? + 2 (tan x tan y—cot x cot y)?+4 
Then the equation becomes 
(tan? x— tan? y)? + 2 (tan x tan y—cot x cot y)? + 1 = sin? (x-+ y) 


The left member of this equation is greater than or equal to unity, 
the right member is less than or.equal to unity. Therefore the equation 
js satisfied if and only if both members are equal to unity, that is, 
when x and y are solutions of the system 
tan? x— tan? y=0 
tan x tany—cotxcoty=0 
sin? (x+y) =1 


This system is solved in the same way as in the rough solution. 


Exercises 
Solve the following equations, inequalities and systems: 
1. 2!*l=sinx?. 2. gl sin Vx | =| cos x|. 
3. x?=—cosx. 4, 8x? =1—2 cos x. 


5, 2 cos (x/3) =2* +-2-%, 

6. Show that the equation asin? > sint ats does not have a solu- 
7, 8 —x-2*% +23-¥ — x= 0, 

8, logs x-+-(x—1) log, x= 6—2x. 

9, x-2¥ =x (3—x) +2 (2*—1). 

10. x*=10%-**, x > 0. 

11. B(x) sin aete, —2oxr=e0. 

12. vosinn 1 sinn >, Oscxal. 

13. 5x? -- 5y? +. 8xy + 2x —2y+-2=0. 

14. x?-+-4x cos xy +4=0. 


leot xy | 2 
15. . costae =logs,, (Sy 18y 4-10) +2. 


l ] 
16. log, (cos? wt) = Powyta’ 


17. tan? n (x+-y)+-cot? a (x+y)= Vay +1, 
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18, logs |x |-++ log, nx| 3=sin® @ Ly) 2 sin (xy) +2 F 
19. tan? x+-2 tan x (sin y+ cos y)-+-2=0. 
20. 2 VY 2(sin x-+ cos x) cos y=3-+- cos 2y, 
21. cos x—y? — V y—x*—1>0. 
92, —x—y®—Vx—y’—la—l. 
23. cosx=— 1/3 24. sin x=— 2/5 
tanx=2V2. cot x=—3/VW5. 
95, 2 (x4—2x? +3) (yt —3y? + 4) =7. 
Find the real solutions of the following systems: 


26. x+y+z=2 27, x24 y% +27 =a? 
Qxy—z* ==4, x3 4 y3 4 23 = Q3, 
28. For which values of the parameter a does the system of equations 
xP y? =z 
X-+yTz=a 


have a unique solution? 


29. Find all the values of the parameters a and 6 for which the equation 
(x?-45)/2—=x—2 cos (ax-+6) has at least one solution. 


4.3 Problems which are standard in aspect but are solved by nonstan- 
dard methods 


The methods used in Sec. 4.2 for solving problems which are non- 
standard in aspect (their employment there is absolutely necessary) 
can successfully be utilized in the solution of the most ordinary prob- 
lems solved by the usual methods. Quite naturally, as a rule these 
methods offer a shorter and more elegant solution. 

For instance, after Problems 5 and 6 that we discussed in Sec. 4.2, 
it is possible to solve the equation sin*x-++cos?x=1 orally, whereas 


solving it in the ordinary way requires rather lengthy computations. 
Here are some more examples. 


1. Solve the inequality 
Vsinx-+Vcosx> 1 


The domain of this inequality consists of the values of x such that 
simultaneously we have sinx>0 and cosx>0. Since, besides, 
sin x <1 and cosv<cl, then, by the property of powers, 


Vsinx>sin?x, Vcosx>cos?x 
Combining these inequalities, we get 
Vsne+Veosx>1 
equality occurring only when we simultaneously have 


Vsinx=sin?x and Vcosx=cos?x 
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Arguing as in Sec. 4.2, we readily see that these equations are simul- 
taneously satisfied only when x=2kn and when x=n/2+2kn, and 
thus the original inequality is valid for all values of x in the domain, 
with the exception of the values just indicated; that is, for all x such 
that simultaneously 


sinx >Q0O and cosx>0 


The common solution of these two inequalities and, hence, of the 
original inequality is . 


Qkn<x<z+IQkn, k=O, +1, +2, ... 


By way of comparison, we give the ordinary (standard) solution of 
the given inequality. Its domain is defined by the inequalities 
sin x>>0 and cosx>0. Both members of the original inequality are 
positive and therefore after squaring we get an inequality equivalent 
in the domain of the variable to the original one: 


sinx-+-cosx+2Vsinxcosx > 1 


Since 2 sinxcosx= (sinx-+cos x)’?—1, then by replacing sin x + cosx 
by uw for brevity we get | 


Ve—9> l—u 


Since the left member of this inequality is nonnegative, it is automati- 
cally satisfied for u>1, that is, all values u>T1 are solutions. 

Now considering the values uw<1, we again have an inequality 
with nonnegative members. Squaring, we get (after some manipulating) 
the equivalent inequality u?+-2u—3>0, whose solutions are u<c— 3 
and u>>1. We consider the case u< 1 and so we need only retain the 
inequality u<c—3. 

And so the inequality V 2u2— 2> 1— uw has the solution u> 1 (from. 
the first case) and u<—38, But u=sinx+cose=V2 sin(x+n/4) 
cannot be less than — 3 and so it remains to solve the inequality 


sinx-+cosx > 1 


In the domain of the original inequality, sinx + cosx> 0; therefore, 
after squaring both members of the inequality we get the equivalent 
inequality sinxcosx>>0, which is valid for all x in the domain, 
except those for which sinxcosx=0, that is for values of x in the 


intervals i 


kn <x<ptokn k= 0, +1, 2, .., 
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It is clear then that the first solution is much shorter, to say nothing 
of the fact that it is more universal in the sense that it.is, for instan- 
ce, inessential that both roots in the inequality be square roots; they 
could even be of different degrees. The “standard” solution in this case 
would have come up against insuperable difficulties. 

The usefulness of nonstandard methods in the problems given so 
far ey solely in their brevity; we could easily have dispensed with them 
entirely. 

The “neal aspect of the equations in the preceding section is 
actually a hint that tells us to seek unusual methods. A more treache- 
rous problem is one in which the form is standard, ordinary, yet the 
problem is not amenable to ordinary methods. When dealing with 
such problems, we are never sure whether our approach is faulty or 
whether they indeed require certain nonstandard reasoning. 

We will now investigate a number of solutions pertaining to the 
next two problems and show how multifarious certain nonstandard 
methods can be and what diversified ideas can underlie them. 

2. How: many roots has the equation sinx-+2sin2x=3-+sin3x on 
the interval O<x<cn? 

First solution. This appears to be a very standard type of equation 
and the natural thing from the very start is to attempt to solve it by 
orthodox methods, for example, by reducing it to one function, say 
to sinx. | 

Using the formulas of the sine of a double and triple angle, we get 
the equation 


Asinxcosx=3+3sinx—4 sin? x—sinx 
An unpleasant pitfall already awaits us: in order to express cos x 
in terms of sin x without irrationalities, we have to square the equa- 


tion and take the risk of introducing extraneous roots. As a result we 
get the equation 


16 sin? x (1 —sin? x) = (34-2 sin x—4 sin? x)? 


which, after replacing sinx by y and some simple manipulations, 
reduces to the form 


16y° — 244 — 12y?4+ 12y+9=0 


The resulting sextic equation suggests that we will have no end of 
trouble. True, we might still attempt to seek a suitable grouping of 
terms; combining the first, second and last terms, we represent the 
equation in the form 


(4y°— 3)? + l2y(1—y) =0 


But y=sinx and O<x<m by hypothesis, so that we only need the 
roots y such that O<y <1, However, for these y the second term in 
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-the left member is nonnegative, while the first term is nonnegative 
for any y, and therefore the equation is satisfied only for those values 
of y for which, simultaneously, 4y?— 3=0 and 12y(1— y)=0. Since 
obviously no such y exist, the equation has no solutionson the inter- 
val 0 <y<1 under consideration. From this we conclude that neither 
does the original equation on the interval O<x<n. 

This approach, which at first appeared to be quite standard, was 
successful solely because of an apt grouping. We will see below that 
this was probably the least suitable approach of all. 

Second solution. This solution is also based on an apt grouping of 
terms that results after a few trigonometric transformations, 
Rewrite the given équation as :, 


sin 3x—sinx—2sin2x+3=0 


and transform the left member; it is 
2sinx cos 2x—4sinxcosx+3 
= sin x (2 cos 2x—4 cos x) +3 
= sin x (4 cos? x—4 cos x—2)+3 
= sin x [(2 cos x— 1)?—3] +3 


We thus get the equation 
sin x (2 cos x— 1)? + 3(1—sin x) =0- 

We need solutions only on the interval O<x<a, and the inequa- 
lity sinx20 holds true on this interval. Therefore both terms in 
the resulting equation are nonnegative and so it is equivalent to the 
system of equations 

sin x (2 cos x— 1)? =0 
3(1—sinx) =0 

From the second equation of the system we have sinx=1. But then 
cosx=0 and sinx(2 cosx —l)?=1540. Therefore not a single .solu- 
tion of the second equation is a solution of the first, and, hence, the 
system (and so also the original equation) does not have any solutions, 

Third solution. Write the equation in the form | 


sinx—sin3x+2sin2x=3 


Using the formulas of the difference of sines and the sine of a_ double 
angle, we get the equation sinx(—4 cos?x +4 cosx-+2)=3. Since 
sin x5£0 for the roots of this equation, it is equivalent to 


; _ 3 
—4 cos X-+4 c0s X-++- 2 = 


Regarding the trinomial y=—4cos?x+4cosx-+2 as quadratic 
in cosx, it is easy to see that its maximum value is equal to 3 and is 


28—3480 
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attained when cosx=1/2. On the other hand, we have, on the interval 
O<x<n, the inequality O<sinx<1, so that 3/sinx >3, equality 
being attained only when sinx=1. This means that our equation is 
only satisfied when cosx=1/2 and sinx=1 simultaneously. But this 
is clearly impossible and so the equation at hand does not have any 
solutions. 

It will be noted that in all the previous solutions an essential ele- 
ment was the fact that sinx20, since the roots were only sought in 
the interval O0<x<a. However, this condition is given solely to 
simplify the problem, for the solution can be obtained without this 
restriction. Namely, we will prove that the given equation has no 
roots such that sinx<0. 

Indeed, if sinx<<0, then 


sinx+2sin2x << 0+2=2 
and 
3+ sin 3x > 3+ (—1)=2 


That is, the left member of the original equation for all values of x 
is strictly less than 2, whereas the right member is greater than or equal 
to 2 for all values of x. This is made evident also by means of simple 
identity transformations: represent the equation in the form 


sin x = 2 (1— sin 2x) + 1-++ sin 3x 
The right member is nonnegative, whence it follows that sin x>0. 
Thus, the given equation has no roots x for which sinx<<0; earlier 
it was proved that there are no roots x for which sin x>0. Hence, 
the original equation does not have any roots at all. 
Fourth solution. This solution is the shortest one of all and is car- 


ried through irrespective of the restrictions imposed on x, Rewriting 
the equation in the form 


sin x— sin 3x -+2 sin 2x =3 
or, what is the same thing, 
—2sinxcos 2x+-2 sin 2x=3 
we can write the following chain: 
| —2sin x cos 2x + 2 sin 2x|<|—2 sin x cos 2x| 
+|2sin 2x|=2|sin x|| cos 2x|+ 2] sin 2x] 
< 2 (| cos 2x|-+] sin 2x]) 
Since |cos2x]+-|sin2x] <V 2 for arbitrary x (this can be proved 


in a very simple fashion by removing the absolute-value signs or, 
still more simply, by squaring), the left member of the last equation 
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does not exceed 2/2 in absolute value and, hence, cannot be equal 
to 3. 
- In the next problem, which outwardly is a very ordinary one, stan- 
dard procedures fail. For instance, in an attempt to obtain an equation 
in sinx, we arrive at an equation of degree seven. 

3. Solve the equation 


sin? x +5 sin? 3x = sin x sin? 3x 
First solution. Write the equation 
im2 1 im2 I m2 eae 
sin? x-— sin x sin 3x-+ 7 sin 3x = 0 


and, considering the left member as a quadratic trinomial in sin x, 
isolate the perfect square to get 


(sin rg sin? 3) +5 sin? 3x (1 —sin? 3x) =0 


or, what is the same thing, 
(sin x— = sin? 3x) "+75 sin? 6x =0 
This equation is clearly equivalent to the system of equations 
2 sin x = sin? 3x 
sin 6x =0 
The solution of the second equation is the set of values x=kx/6, 
where & is any integer. Of this set, we choose those values that satisfy 


the first equation. To find the corresponding values of k, substitute 
x=kn/6 into the first equation to get 


win ax! gina BH : if & is even, 
“6 2 2 | = if & is odd 

Let us now consider separately the cases when & is even and when 
it is odd. If & is even, we must have sinkn/6=0; this occurs when 
kn/6=mmn, where m is any integer. Thus, of all even values of & only 


the numbers =6 m, where m is any integer, are suitable. If& is odd, ~ 
we have to have sin knl6=—: this is valid for kn/6==(—1)"x/6+ 


--mn, where m is any integer. Of the odd values of k, we can only use 
the numbers k=(—1)”+6m, where m is any integer. 

Thus, the solutions of the original equation are the values of the 
following sets: 


X=mn, x=(—1)"x/6-++mn (m any integer) 


23" 
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A very simple solution of this system is this. The second equation 
separates into two: sin3x=0 and cos3x=0. If sin3x=0, then from 
the first equation we get sinx =O, that is, x=kx. These values of 
x are solutions of the system. But if cos3x=0, then sin?3x=1, and 
from the first equation we have sinx=1/2. The solutions of this equa- 
tion x=(—1)*n/6+ka are clearly solutions of the system. These two 
sets constitute the solution set of the original equation. 

Comparing this reasoning with the preceding arguments, we note 
that the very unnatural separation of the simple equation sin6x=0 
into two proved more effective than the natural approach involving 
its solution and the subsequent selection of roots. 

Second solution. First of all, note that if sin?3x=0, then from the 
equation it follows that sin x=0 and it is easy to verify that all roots 
of the equation sin x=0, that is, x=kx, where & is any integer, sa- 
tisfy the equation. But if sin? 3x=40, then the left member of our 
equation is positive and, hence, sinx>0. 

Now transpose everything to the left side of our equation and com- 
plete the square in the sum of squares, and do it in two ways: to obtain 
the square of a sum and the square of a difference. Then consider the 
equation in two forms: 


(sin r+y sin 3x)" + sin x (— sin 3x—sin? 3x) =0 


and ; 
(sin — sin 3x) + sin x (sin 8x—sin? 3x) =0 
We consider the two cases separately. 
(a) sin 3x> 0. Then sin 3x> sin? 3x and, hence, both terms in the 
second form of the equation are nonnegative, that is, x must satisfy 
the system 


; 1. 
sin x— = sin 3x = 0 


sin x (sin 3x— sin? 3x) = 0 


But sinx+40, so from the second equation of the system we have 
sin 3x — sin? 3x=0. By Condition (a), sin3x 540, whence we therefore 
have sin3x=1; and so from the first equation, sinx=1/2. Thus, we 
have to solve the system 


@ l 
SIX = > 


sin 3x = | 
But if sinx=1/2, then sin3x=3sinx— 4sin’x=1, that is, any so- 


lution of the first equation is a solution of the second equation, and 
the system reduces to the first equation, Thus, its solutions are the 
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angles x in the set 

x= (—1)*=-+ kn, where k is any integer. 
_ (b) sin3x<<0. This case is handled in the same way as the preceding 
case, but here we make use of the first form of our equation. This case 


does not yield any new solutions. We can therefore write down the 
solution of our equation as 


X= EN, x= (—1)t 2+ ker, where & is any integer. 


This same solution can. be carried out in more compact form if we 
make use of absolute values. Our equation can then be represented as 


(sin Ls | sin 3x|) +sinx( sin 3x |—sin?® 3x) =0 


But sin’?3x< |sin3x| and therefore both terms are nonnegative so 
that we have the system 
sin x—|sin 3x|=0 
sin x (| sin 3x]— sin? 3x) =0 


The rest of the solution is similar to the preceding case. 

Third solution. Noting first of all that the given equation implies 
sin x>>0 and is satisfied for sinx=0, or for x=, we will henceforth 
consider that sinx>0. 


Suppose that our equation is satisfied by some number x and we 

rewrite the equation as 
sin? x = sin? 3x (sin *—4] 
Since sin?x 0, it follows that sin?3x3£0 and, hence, sinx— 1/4>0. 
But then, multiplying the inequality sin’8x<1 by the positive ex- 
pression sinx — 1/4, we get the inequality : 
sin* 3x (sin x7] < sin ‘| 

equality being attained only when sin? 3x=1, Hence, the inequality 


: . ] 
sin? XS Sinx— 7 


should also hold true or, what is the same, the inequality (sinx— 
—1/2)?<0, which is valid only when sinx=1/2, 
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Thus, if some number x satisfies our equation, then it satisfies the 
system 


sin? 3x = | 
. l 
SIn Xx =F 


The converse is obvious: if x satisfies this system, then, substitu- 
ting sinx=1/2 and sin? 3x=1 into the original equation, we see that 
it too is satisfied. Thus, the given equation is equivalent to the system 
obtained and this system is solved in the same manner as the prece- 
ding ones. 

This same mode of solution could be worked out somewhat diffe- 
rently. Namely, noting that sinx—1/4>0 and adding —sinx+1/4 
to both members of the equation sin?x=sin? 3x (sin x— 1/4), we obtain 
the equation 


4 


The left: member is nonnegative, the right is nonpositive, and so the 
equation is satisfied if and only if both members are zero. This yields 
the already familiar system. 

Fourth solution. Divide the equation through by its right member, 
but, so as not to lose any roots, first be sure that it is nonzero. Consi- 
dering the case sinx=0, we get the roots of the original equation 
x=hkn, where k is any integer, and for sin3x=0 we again obtain sinx= 
=( from the equation so that we will have the very same roots as 
those just found. 

Noting, as before, that sinx2>0, we will henceforth consider that 
sinx->>0. We can now divide: 


x 


(sin rz) = (sin? 3x— 1) (sin ise 


sin x | 
sin? ax 1 4 sinx I 


Both terms in the left member are positive and so we can apply the 
inequality between the arithmetic mean and the geometric mean: 


sin x a l l 
sin an 4 sin x ee 2 V; sin? 3x | sin 3x | 2 | 

In the first weak inequality, equality is attained only when sins 
= —— in the second, when |sin3x|=1. Therefore the left member 


of the equation is equal to unity if and only if both weak inequalities 
turn into equations, that is, if the following system is valid: 


4 sin? x = sin® 3x 
|sin 3x|= 1 
This system is then easily solved. 
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Fifth solution. Noting that sinx>>0, we write the following chain . 
of inequalities 


. P23 : : ; bt 
sin? x -+ 7 sin? 3x >| sin x||sin 3x] > sin x sin’ 3x 


(Here we make use of the inequality a*-+b?>2 |a||b| for a=sinx, 
b= = sin3x and of the fact that |sinx|=sinx and |sin3x]|Z> sin?3x.) 
Therefore, our equation is satisfied if and only if both weak inequali- 
ties become equations, which occurs when we have the following sys- 
tem: | 


sin r= sin 3x| 
sin x|sin 3x |= sin x sin? 3x ' 
The second equation is satisfied in the following four cases: 
sinx=0, sin3x=0, sindx=+1 | 
In the first case we have the values x=x, which are also solutions of 
the first equation of the system, that is, of the original equation as 
well. The second case, upon substitution into the first equation, leads 


to the same solutions. The third and fourth cases yield the solution 
x=(—1)*(x/6)+kan, R=0, +1, +2,.,.. 


Exercises 


Solve the following equations and inequalities. 


| et V ace 
2: V laa scameTm V besiea clas 229) 
xt+te4y+.2 x27 —2x-—2 
VP Wet li xa2. 4. Vi+e+V1I—-*s2!1 
| Vm + Vox) > Ve 3 + Voe— 4. 
sintx+cost8x==1. 7. Ysin2x-+ V cos 2x=1. 
. Vsinix+ Vcostx= V2. 
V 2-++ cos? 2x = sin 3x— cos 3x. 


. V54+ sin? 3x =sinx+ 2 cos x. 


Donan ww 


om 
—) 


4.4 Problems involving logical difficulties 


Very considerable difficulties of a logical nature are ordinarily 
caused by equations, inequalities or systems containing parameters, 
in which it is required to find the values of the parameters tor which 
certain supplementary requirements are fulfilled (say, the equation 
has a unique solution or, contrariwise, is satisfied by all admissible 
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values of x, or every solution of one system of equations is a solution 
of another system, or every solution of one inequality is a solution of 
another, and the like). 

This type of problem is probably the most difficult, for it requires 
a high degree of logical culture. The student must at every step clearly 
realize what has been done and what still remains to be done, and 
what the results obtained signify. 

1. For what values of a does the equation 1+-sin? ax=cos x have a unique 
solution? 

It is clear that sin? ax cannot, for arbitrary values of a, be expressed 
in terms of sinx and cosx. For this reason, the equation at hand cannot 
be solved by ordinary methods; a new idea for the solution is needed. 
The underlying idea will be similar to those employed in Sec. 4.2. 

Due to the fact that we have the inequality cosx<1<1-+sin? ax, 
the original equation is valid if and only if one of the following sys- 
tems of equations is fulfilled: 


1+ sin? ax = | sin ax =0 
cosx=1 cosx=1 


We thus have to solve the last system and investigate for which values 
of a it has a unique solution. Since the original equation is equivalent 
to this system, the values of a thus found will be the required values. 

Here is where the most serious logical complications begin. It is 
precisely at this point that we see which student understands the 
problem and which merely performs the manipulations without rea- 
lizing what he is doing and why it is necessary. 

Here is an instance of one student’s solution of the system: 

“ax==k, x=2nn, 2ann=nk, a=" 
: n 
That and nothing else! Not a single word, merely the equation a= 
==k/(2n) was underlined and this was apparently taken to mean the 
answer. This is no solution of course. 

We now give a real solution, which repeats the manipulations of 
the preceding “solution” but is supported by arguments that were 
lacking there. 

The solutions of the first equation of the latter system are 


ax=kn, k=0, +1, +2, ... 
The solutions of the second equation are also obvious: 
x=2nn, n=0, +1, +2, ... 


We need x such that satisfy simultaneously both equations, that is, 
we have to find the numbers & and n for which we obtain one and the 
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same value of x for both sets. Thus, we have to solve one equation in 
two unknowns n and k (and also with the parameter a): 


2ann = kn (1) 


It is obvious that for any a the number pair n-=0, k=0 is a solution 
of this equation. To it corresponds the root x=0. Thus, for arbitrary a 
the original equation has the solution x=0. Ifn 540, then equation 
(1) can be rewritten 


a= k/(2n) (2) 


Now let us recall our basic problem: not to solve the equation but 
merely to determine for which values of a it has a unique solution. Now 
any pair of numbers k and n which satisfies Condition (2) will yield 
a solution of the original equation x=2nn=mak/a. Since for arbitrary 
a we have already found one root of the original equation (x=0), we 
must now seek values of a for which no integers & and n exist such that 
relation (2) is valid. Clearly, if a is irrational, then no such k andn 
exist. The first result is obtained: if a is an irrational number, then the 
given equation has a unique solution. 

Is the problem solved? Of course not, since we have not yet investi- 
gated the rational values of a. However, if a is rational, that is a= 
=p/q, then it can be written in the form a=(2p)/(2q) and in equation 
(2) we get the solution k=2p, n=q. Hence, in this case, with the ex- 
ception of x=0, there will at least be one solution (actually there 
will even be infinitely many), To summarize then: for a rational, 
the original equation has more than one solution. The problem is solved. 

All these steps are needed so as to solve the problem for ourselves 
and obtain the answer. This might be called the rough solution. We 
now show what the final version might look like. 

Obviously, x=0 is a root of the equation for any a. We will demon- 
strate that for a irrational there are no other solutions and for a ra- 
tional, there are. Indeed, first suppose that a is irrational. From the 
inequalities cosx<1<1+sin’ax it follows that x is a solution if. 
and only if the’ following system is satisfied: 


1 +-sin?ax= | that j sinax =0 
cosx = 1 eee cos x= | 


If x540 is a solution of the last system, then, firstly, ax=ak, k an 
integer, and, secondly, x=2nn, n an integer, n0. But then 2unn= 
=k, whence a=k/(2n), that is to say, a is a rational number, which 
runs counter to the assumption. Now let a be rational, a=p/q. Then 
x=2nq will clearly be a solution and, moreover, one different from 
zero. Thus, the given equation has a unique solution if and only if 
the number a is irrational, 
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This problem can also be solved graphically, We assume that a=40, 
since for a=0 the equation clearly has an infinitude of solutions. Let 
us rewrite our equation thus: ~ 

sin* ax = cos x— | 
and denote 
y,=cosx—1, y,= sin? ax= maces one 
We draw both graphs on one drawing (Fig. 168). The original equation 
clearly has a solution if and only if the graphs of the functions y, and 
y, have a point in common. 


2 


Yn = SiN ax 


Fig. 168 


Y, =CosL~] 


It is evident from the drawing that for arbitrary a there is a point 
of intersection of the graphs: x=0, The drawing also shows that sub- 
sequent intersection of graphs is only possible at points where both 
curves touch the x-axis, that is, at points where, simultaneously, 
sin? ax=0 and cosx=1. But sin?ax=0 for ax=nn, where n=0, +1, 
+2,... and cosx=1 for x=2knx, where R=0, +1, +2,.... There- 
fore the point x=0 will be the sole meeting point of the graphs only 
when 2akn=4 nx for no nonzero integers n and &. In other words, we 
have shown that there will be a unique solution only when a-4n/(2k), 
where n and & are nonzero integers. Then, as before, it is demonstrated 
that this occurs only when a is an irrational number. 

In solving problems involving parameters, one often reasons as 
follows. Let a parameter a be some fixed number that satisfies the con- 
dition of the problem; such values of a will be called suitable. We then 
derive consequences from the statement of the problem and assump- 
tions concerning a. We thus obtain certain conditions which the sui- 
table values of the parameter must satisfy. The values of the parame- 
ter which do not satisfy these consequences are automatically classed 
as unsuitable, and we have only to consider the values of the parame- 
ter that satisfy the consequences obtained. In particular, if these con- 
sequences are satisfied solely by certain concrete values, then the prob- 
lem reduces to a verification of these values. 

2, Find all the values of a for which the system 


Zi*l4+[x[=y+x+a 
+ yr? = | 


has only one solution (a, x, y are real numbers). 
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In accordance with the above, we first assume that a is some suitable 
number, that is, a number that satisfies the statement of the problem. 
In other words, for this value of a the given system of equations has . 
exactly one solution; denote it by (%, yo). But it is easy to notice that 
both equations of the system remain unchanged upon replacing x 
by —x,. which means that the pair (—x), yo) is also a solution of the 
system for the value under consideration. The original assumption, 
however, was that the system has a unique solution with respect to a, 
There is only one way out, (%, Yo) and (—%o, Yo) are one and the same 
pair. This then simply means that x»=—x, that is, x»=0. So far this 
reasoning does not yield any information about y. But if we put the 
solution (0, yo) into the original system, we get the equations 


I = Yor a, Yo = 


whence it follows that yo is equal either to 1 or. to—1; accordingly, a 
is equal either to 0 or to 2. 
We have thus demonstrated that if a isa suitable number, then 
either a=0 or a=2. It must be stressed that the foregoing reasoning 
has in no way proved that the numbers 0 and 2 are suitable. Quite 
the contrary, that is precisely what we must now find out. - 
We first consider the value a=0. In this case we have the system 


21+) x)=y+x? 3 
xP y? = 


If we can prove that this system has a unique solution, then this will 
signify that the value a=O satisfies the condition of the problem. 
Note that the value a=0 was obtained above when we substituted the 
pair (0, 1) into the original system. It is easy to verify that this pair 
does indeed satisfy the system (3) and, thus, for a=0 the original sys- 
tem already has one solution. Now let us. find out. whether (3) has any 
other solutions. | 

This system is not solvable by ordinary procedures: We will have 
to reason in a special way. From the second equation of the system it 
follows that |x}<1, |y|<1, whence x?< |x| and y<1. Besides, 
2'4| >1, since |x|>>0. From all these inequalities we get | 


2el+lx|>l+e pyre 


and, hence, the first equation is satisfied only when equality occurs 
in both weak inequalities; that is, when 


2i*lee 1, |x[=x?, y=l 


and this is true only for x0, y=1. Thus, for a=0 the given system 
has the unique solution of (0, 1), | 
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We now consider the value a=2. In this case we have the system 
2'*l-+]x]=—y+xe-+2 
x+y? = | 

As before, we note that the pair (0, —1) is a solution and again we 
have to find out whether there are any other solutions. But by substi- 
tuting x=1, y=0, we are assured that the pair (1, 0) is also a solution’ 
of the system and, hence, for a=2 the system has more than one so- 
lution. | 

To summarize then, the given system has a unique solution for 
a=0 alone. 

The foregoing solution requires a remark or two, not of a 
mathematical but rather of a psychological nature. As so often happens, 
the solution is easy to understand, but how is it found? There is of 
course no cutand-dry answer to that. 

In our solution there are three possible guesses. 

Firstly, we noticed that the system does not change upon replace- 

ment of x by —x. This was an essential hint. Anyone with some idea 
about the evenness and oddness of a function and with some experi- 
ence in handling functions would realize this. 
— Secondly, we started out by working system (3) by nonstandard 
procedures using inequalities. This conjecture is somewhat more 
complicated, but the examples of earlier sections showed us that it 
is often necessary to employ inequalities in equation solving. 

Finally, we realized that for a=2 the original system has yet ano- 
ther solution: x=1, y=0. We therefore tried simply to pick a solu- 
tion, and it worked out. This approach proved successful merely due 
to the existence of “good” integral solutions. In certain cases, such a 
choice is the only possible route for solving a problem. 

3. Find all the values of a and b for which the system 

xXyz~+2=a 
xy2?-+ z=) 
ey tated 
has only one solution (a, b, x, y, 2 are real numbers). 

Let (a, b) be a suitable pair of values of the parameters and (xp, 
Yo, 2) the corresponding unique solution. It is readily seen that the 
system remains unchanged if, simultaneously, we replace x by —x 
and y by—y. This implies that the triple (—x), —yo, 2) is also a so- 
lution of the system and, as in the preceding problem, we conclude 
that x=y,=0. Substituting the triple (0, 0, 2) into the system, we 
get 2=a, 2=b, 2j=4, whence z==+-2 and a=b=+2. 

Thus, if the pair (a, 6) is suitable, then either a=b=2 or a=b= —2. 

Again, as in the preceding problem, we have to establish whether 
these pairs of values of the parameters are suitable or not, 
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For a=b0=2 we have the system 
xyz+2 =2 
xyz7+2z =2 
XP yh 22 = 4 
one of the solutions of which, as can readily be verified, is x=0, y=0, 
z=2. From the second and first equations it follows that xy (z2?— z)=0. 
If x=0, then from the second and third equations we get z=2 and 
y=0. We already know this solution. The same solution is obtained 
if y=0. 
We will now assume that png22h) i.e... 2=0 or z=I. However, 
when z=O we see that the first two equations are contradictory, and 
for z=1 we get the system 


xy =1 
V+ Pas 
which, as it is easy to see, has four real solutions. Thus, for a=b=2 


the original system has five solutions, and therefore the pair a=b=2 
is not a suitable one. 


Now let a-=b=— 2. We have the system 
xyz+z=— 
xyz? +-2==—2 
+ YP w=4 
one of the solutions of which, as we can readily see, is.x=0, y=0, 
z== — 2, Reasoning as before, we see that the system does not have any 
other rea! solutions and so for a=b=— 2 the original system has a 


unique solution, which means this pair of values of the parameters is 


suitable. 
Hence the condition of the problem is satisfied only by the values 


a=b=— 2. 
4, Find all the values of a for which the system 
(x? 1)?+ (B41 =2 
a bxy+ xy =1 
has at least one solution for any value of b (a, b, x, y are real numbers). 
Let a be a suitable value of the parameter, that i is, a value for which 
the given system has at least one solution for any value of b. We choose 
some value of b; this can be done in arbitrary fashion, but we will 
choose 6 so that the system takes on the simplest possible aspect. 
Clearly, the best to choose is b==0. Then the system looks like this 
(x?-- l)t#=1 
atx’y =] 
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and since a is a suitable value, the system has at least one solution, 
which we denote by (Xo, Yo): | 

In this solution, x, is either zero or nonzero. If x,=0, then 
from the second equation we get a=], and if x40, then x3 +1=41, 


and from the first equation we get a=0. . 
Thus, if a is a suitable number, then either a=0 or a=1. Now we 


have to determine whether these values are indeed suitable or not. 
When a=0 the system is of the form 
(P+1py=1 
bxy +x7y=1 
We now have to find out whether this system has any solutions for 
arbitrary values of 6. For 6-40 it follows from the first equation that 
y=0, and then the second equation is inconsistent. Hence, the value 
a=0 is not a suitable value. 
Let a=1, then the system is 
e+ (E+ 1y=1 
bxy + x?y=0 
Clearly, x=y=0 for any 6 is a solution and so a=1 is a suitable 


value. 
Thus, the condition of the problem is satisfied by the unique value 


° 5. Find all the numbers a for each of which any root’ of the equation 
sin 3x =asinx + (4—2|a]) sin? x (4) 
is a root of the equation 
sin 3x -+- cos 2x = 1-+2sinx cos 2x (5) 


and, contrariwise, any root of the latter equation is a root of the former. 

The problem can more briefly be stated thus: for which values of 
a are the equations (4) and (5) equivalent? There are fundamentally two 
ways of determining the equivalence of two equations: the first is to 
obtain each equation from the other by means of certain manipula- 
tions, the second, in accord with the definition of equivalence, is to 
prove that every root of one equation is a root of the other, and vice 
versa. 

In our example, the first approach is apparently inapplicable and 
we have to take advantage of the second approach. Here, too, however, 
things are not so simple. It is hard to reason about the coincidence of 
the roots of two equations which are so unlike. The only thing that 
can save us is a knowledge of all these roots or the roots of at least 
one of the equations.* | 

* More pictorial examples of such a situation can be given: the equations x?= — 
==2.3—] and x2*=2 (in the domain of real numbers) are equivalent since x=1 is 
the only root, but try to convince yourself that they are equivalent without first 
solving both equations, 
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In our case, equation (5) has a simple solution and so the problem 
readily reduces to the following one: for which values of a does equation 
(4) have exactly the same roots as (5)? 

To simplify computations, denote sinx by y. Then (5) becomes 


2y?—y =0 (6) 


This equation has the roots y,=0, y.=1/2. Similarly, upon replacing 
sin 3x=3y— 4y’, equation (4) becomes 


[4y°+(4—2|a|)yta—3] y=0- (7) 


Many students replaced sinx by y and this “helped” them to 
make two serious mistakes. Thus, many decided immediately that 
the required values of a do not exist since equation (6) is quadratic 
and equation (7) is cubic and, hence, they are not equivalent because 
they have different numbers of roots. This argument contains two 
mistakes at once. Firstly, a quadratic and a cubic equation can be 
equivalent (for instance, the equations x?=0 and x*=0 both have the 
unique root x=0) and, secondly, as we will see for ourselves below, 
(4) and (5) can be equivalent even if (6) and (7) are not. 

Therein lies the second mistake. At first glance it would appear 
quite obvious that our problem was reduced to the following: for 
which values of a does equation (7) have only the roots 0 and 1/2. 
But actually, if we recall that y=sin x, we can indicate yet another 
possibility for the value of a to be suitable: if (7) has the roots 0, 
1/2 and its third root y, is greater than unity in absolute value, then 
(4) and (5) are eqitivalent because the corresponding value sin x==ys 
will not give equation (4) any additional solutions. Naturally, the 
equations (4) and (5) are equivalent when the third root of (7) is equal 
to 0 or to 1/2. | 

Our problem is now clear: we have to find values of a such that (7) 
has the roots 0, 1/2 and its third root is either 0 or 1/2 or exceeds | in ab- 
solute value: | 

It is evident at once that 0 is a root of equation (7) so that we will 
henceforth consider the equation 


ay? + (4—2|a)) y+-a—3 =0 (8) 


One of the: roots of this equation must be 1/2. Substituting y=1/2 
into it, we find that 1/2 is a root when a=|a|,-or a0. By Viéte’s 
theorem, the second root is equal to (a— 3)/2 and according to what 
has just been said, the value of a will be suitable in the following three 
cases: 

a—3 


“> |>! 


4, a—3 a--3_ 1 
(1) -=0,. (2) =-=7 (&) 


(also bear in mind that a>0). 
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We then have the answer: 
a=3, a=4, Oxa<l,a>5 
6. Find all the numbers a such that for every root of the equation 
2 sin? x —(1 —a) sin? x + (2a3— 2a— 1) sinx =0 (9) 
is a root of the equation 
2sin® x -+ cos 2x = 1 4+-a—2a?+-acos? x (10) 


and, contrariwise, every root of the second equation is a root of the first 
equation. 

Here, both the given equations are complicated and so we cannot 
proceed as in the preceding problem. But we can note that equation 
(9) has solutions of the form x=kx, where k is any integer, and perhaps 
some other solutions. This remark will enable us to solve the problem. 

Let a be a suitable value of the parameter. Then the values x=kn— 
roots of (9)—are roots of (10), and this immediately yields the equa- 
tion a=a (since sin?kn=0, cos 2kn=cos?kn=1). Therefore, the 
suitable values are to be chosen from among only three numbers: 0, 
1 and —1. The task now is to verify all three values. 

Let a=0, then the equations will assume the form 


sin x (sin? x— 1) (2sin* x + 2sin® x-+1)=0 
sin? x (sin? x— 1) (sin? x-+1)=0 
Since 1-+-sin? x>0 and 2 sin* x+2 sin? x-+1>>0, these equations are 


equivalent. | 
Let a=1. Then the equations can be rewritten as 


sinx(2sin°x—1)=0O and_= sin?x(2sinéx—1)—0 


Since the first equation has the solution sin x= Vo 1/2, which does not 


satisfy the second equation, these equations are not equivalent, 
Let a=—1. We then have the equations 


sin x (2sin’x—2sinéx—1)=0 and sin*x(2sin*x—3)—0 


Since 2 sint x—3<Oand 2 sin* x—2 sin? x— 1=2 sin? x (sin’ x— 1) — 
—1<0, it is clear that the equations are equivalent. Thus, the condi- 
tion of the problem is satisfied only by a=0 and a=—1. In this prob- 
lem too, many students replaced sin? x by y and could not figure out 
what to do with the value a= —1, since in the inequalities that have 
to be proved in this case, essential use is made of the fact thatO<y< 


7. Find all number pairs a, 6 for which every number pair x, y (x=& 
-nl2--ka, yxuld--nn, k, n=0, +1, +2, ...) that satisfies. the 
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equation x-+-y=a also satisfies the equation 
tanx-+tany-+tanxtany=b (11) 


Let a and b bea suitable pair of values of the parameters. We take a 
number pair x=0, y=a which clearly satisfies the equation x-++-y=a. 
If asén/2-+nn, then this pair satisfies the restrictions imposed on x 
and y in the statement of the problem and, for this reason, by virtue 
of (11), the equation 

tana=b 
musi be valid. Let usnow take the number pair x=x/4, y=a—a/4, 
which also satisfies the equation x+y=a. If a-43n/4-+kn, then this 
pair likewise satisfies the restrictions on x and y and therefore (since a 
and 6 are assumed to be suitable) the following equation must hold: 


14-2tan (a—F) =6 (12) 


Since b=tan a, then a thus satisfies the equation 
1-+2tan (a—+) = tana 


which can readily be reduced to the quadratic equation tan? a—2x 
x tan a + 1=0. Hence, tan a=1 and the suitable pairs a, b must be 
sought among the infinitude of pairs of the form 


a=j+mn, b=1, m=0, +1. +2, ... 
Let us determine which of these pairs are actually suitable. Let 


x-+y=n/4+man .for some integer m, and x540/2+kn, ysAn/2--nn, 
k, n=0, +1, +2,... . Then y=a/4+-mn —x and, hence, 


tanx+tany-+tanxtany 
=ftanx-+ tan (F-+ma—x) +-tan x tan (F +mn—x)] 


= tan x-+ tan (F—-*) -++ tan x tan (=—-*) 


3 1—tan x }—tanx 
= tan % + Tptanx + tans 1-+ tan + 


The last expression is equal to unity. Thus all pairs a=n/4--mn, 
m=0, +1, +2, ..., b=1 are suitable. 

However, the solution is not yet complete since in the course of 
our discussion we excluded the values d=n/2-+-nn and a=3n/4-+ka, 
k, n=0, +1, +2, .... It remains to consider these values as well. 

Let a=n/2--nn, n an integer. In this case, obviously, a#3n/4-+ 
-+kn and therefore (12) must be valid, from which it follows, for the 


29— 3480 
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values of a under consideration, that b=3. We will attempt to find 
suitable pairs among : 


a=>+nn, 6=3,. W=0,. 41). 22). sx 


The pair x= — 1/4, y=3n/4--nn satisfies the equation x-++-y=a; on the 
other hand, 


tan (—+) + tan (Fa | 
+- tan (—+) tan (++ na | =—] 483 


and therefore there are no suitable pairs among the number pairs a, b 
under consideration. 

Now let a=3n/4-+kn, & an integer. Since in this case a4 x/2--nn, 
the equation tan a=b must be true, i.e., b= —1, We wish to find 
suitable pairs among the pairs 


a= 4+ kn, b=—l, k=0, eli, tz, oe 


The pair x=3n/8, y=3n/8--kx satisfies the equation x+-y=a, on the 
other hand, 


3 3 
tan 5 + tan (+ ka) tan = tan (+ ha) 
=2tan St + tan’ Rall >0 


(because the angle 3z/8 lies in the first quadrant) and so the left mem- 
ber of (11) is different from —1 and thus there are no suitable pairs 
among the pairs a, b under consideration. 

The final answer is this: the condition of the problem is satisfied 
by an infinity of pairs 


a= —+mn, b=1, m=0, +1, + 2, eee 


We conclude this example with a final remark: at the examination 
the students gave many different solutions, some of which were shor- 
ter, but in all cases certain facts were assumed obvious which could 
be regorously substantiated only by means of extremely lengthy and 
subtle reasoning. Unfortunately, the reasoning was absent. What is 
more, the students did not even realize that such reasoning is neces- 
sary for the solution to be considered exhaustive. 

8. Find all the values of a for which any value of x that satisfies the 
inequality 

ax* +-(1—a?)x—a>0 


does not exceed two in absolute value, 
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In its logical form, the statement of this problem is quite analogous 
to that of the preceding problem. Namely, it is required to find the 
values of the parameter a for which from the inequality ax?+ (1— a?)x— 
— a> 0 follows the inequality —2<*«<2. However, the method of 
solution applied in the preceding problem is not suitable here mainly 
because we have to do with inequalities and not with equations. 

In this problem we have to determine for which values of a all the 
solutions of the given inequality lie in the interval -2<x<2Q, If 
a=40, then the given inequality is quadratic, and we first consider this 
general case. Thus, let a340. We know that the solutions of a quadratic 
inequality, if they exist, form on the number line either a finite 
interval, two infinite intervals, or the entire set of real numbers; 
and this depends on the signs of the discriminant and the leading 
coefficient. We therefore compute the discriminant of the quadratic 
trinomial in the left member of the inequality: 


D= (1 —a?®)? + 4a? = at +- 2a?4+- 1 = (a +1)? 


Thus, D>0 for any a, so that the roots of the trinomial are real and 
distinct and easily found: x,=a, x,=—l/a. | 

Now, depending on the signof the number a, the solutions of the 
given inequality form an interval between roots (for a<<0-when the 
parabola is concave downwards) or two infinite intervals (for a>0). 

By hypothesis, we need values of a for which all solutions of the 
inequality lie in the interval —2< x< 2. Therefore the values a>0 
are not suitable: two infinite intervals cannot fit into a finite interval. 
It remains only to consider the values a<<0. In this case, x, <0<x, 
and the solution of the given inequality is the interval ax<tx<—1/a. 

We want the entire interval a<¢x<¢—1I/a to lie in the interval 
—2<x< 2, and this occurs obviously. if and only if the endpoints of 
the first interval lie on the interval —2<x< 2 (coincidence of end- 
points is admissible), that is, if the inequalities 


~2<a<—+<2 


hold true. From the inequality —l/a<2, taking into account that 
a<0, we get ax —1/2 and, hence, —2<a<—!/2. 

Thus, any solution of the original inequality does not exceed two in 
absolute value when —2<a<—1/2, but we obtained this on the 
assumption that as£0. To complete the solution we have yet to consi- 
der this special case. For a==0, the original inequality assumes the 
form x>0 and not all its solutions fail to exceed two in absolute value 
so that the value a=0 is not a suitable value. To summarize, then, 
the inequality obtained above 


—2<a<—z 
is the final answer, 


20" 
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9. Find all the values of a for which, for all x not exceeding unity 
in absolute value, we find the inequality 


ax —a(1—a) 
a*—ax— | >9 


to be valid. : 
First replace the given inequality by the equivalent but more custo- 


mary quadratic inequalit, 
(ax + 1—a?*) [ax—a(1—a)] <0 


We have been a bit hasty in calling this inequality quadratic, since 
we have not yet checked to see if, when the brackets are removed, the 
coefficient of x? is different from zero. This coefficient is equal to a? 
and is zero when a=0, but for a=0 the given inequality takes the form 
0<0, which is to say that it does not hold for any x. Therefore, a=0 
is not a suitable value and we discard it, considering henceforth a0 
everywhere. 

We will solve the resulting quadratic inequality by following the 
same ideas as in the preceding problem. We see at once that the roots 
of the quadratic trinomial are real and so the discriminant need not 
be computed. Besides, the leading coefficient a? is positive and, hence, 
the solutions of the quadratic inequality form an interval between 
its roots x,;=(a—1)/a, x,=1— a, if these roots are distinct. But if the 
roots coincide, the quadratic inequality is not satisfied for a single 
value of x and therefore the corresponding values do not interest us. 

We thus need the values of a for which the entire interval—I<x< ] 
lies between the numbers a—1l/aand 1— a. But in order to write this 
geometric condition in the language of inequalities, we have to know 
which of the two numbers is greater. This clearly depends on the num- 
ber a, and so we consider two cases. 

(a) (a2—1)/a<c1—a. As in the preceding problem, for the interval 
-—I<x<1 to lie entirely within the interval (@’—l)/ax<x<1]—a, 
it is necessary that the endpoints (—1 and 1) lie in the interval; thus 
the following inequalities must be valid: 

a*-s-1 | 


<—Il<Il1<l—a 


(Coincidences of extreme points, that is, the equations a— 1/a= —] 
and 1—a=I are not admissible, since, for instance, when 
a— 1/a= — 1, the number —I in the interval —l1<x< 1 is exterior 
to the interval —l<x<1—a.) 

From the inequality 1<1—da it follows that a<<0, and then from 
the inequality (a’—l)/a<—1 we get a?—l>—a or a®+a—1>0. 
The solutions of this inequality are the values of a<(—1!—)5)/2 
and a> (—1-+-) 8)/2, Since a<0, we only leave the values ax (—1— 


—V) 5)/2, 
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Now, from the resulting values of a we have to choose those which 
satisfy Condition (a), i.e., the inequality a—l/a<cl—a. But this 
condition is automatically satisfied for a<(—I—)5)/2. Indeed, 
the indicated values are obtained as solutions of the inequalities a— 


— llax<—l<l<l—a. 
(b) I—a<(a’1)/a. In this case we have to solve the inequalities 


Pope teres 


a 
From l1—a<t —I we have a>2 and then from (a?—1)/a>1 follows 
(?—1)>a, or a*~—a —1>0. The solutions of this inequality 


are the values a<(I—V5)/2 and a> (1+) 5)/2. Since a> 2, we only 
leave the values a>-2. As in Case (a), these values automatically 
satisfy Condition (b). Thus, the condition of the problem is satisfied 


by the values a<(—1—/) 5)/2 and a>2. 


Exercises 


1. Prove that if the equations 
asinx-+bcosx+c=0 and 2atanx-+bcotx+2c=0 


both have no solutions, then a=b=0, c 40. 
2. For which values of the parameter a are the systems of equations 


sin (x-+ y)=0 sa x-+y=0 
BPp+y=s x2 yt = 
equivalent? 
3. For which values of the parameter a do the equations 


etxta=0 and x?-+ar+1=—0 


(a) have a common root? (b) For which values are they equivalent? (a, x are 


real numbers), 
4, Find all the numbers a for each of which any root of the equation 


acos 2x-+]a|cos 4x-++cos 6% = 1 
is a root of the equation 
sin x cos 2x = sin 2x cos 3r—— sin 5x 


and, conversely, every root of the latter equation is a root of the former. 
5. Find all numbers a for each of which every root of 


4 cos? x—cos 3x =a cos x—]| a—4| (1 cos 2x) 


is a root of 
2 cos x cos 2x = 1-+- cos 2x-+-cOs 3x 


and, conversely, every root of the latter equation is a root of the former. 
6. Find all the values of a and 6 for which the system 


xv —] = 
Fes a 
xP y= 


has only one solution (a, 6, x, y are real numbers, x>0), 
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7. Find all the values of a for which the system 
9bx +. (a-+ 1) by? =a? 
(a— 1) 8+y=1 


has at least one solution for any value of (a, 6, x, y real). 
8. Find all the values of a for which the system 


Yay = 5 (a+ 1) 


x8 axty + xy” = | 
has at least one solution and every solution satisfies the equation x-+y=0 
(a, x, y real). 
9. Given the inequality ax-+k?>0. For which values of a 
(a) is the inequality valid for all values of x and &? 
(b) are there values of x and & for which the inequality is valid? 
(c) is there a value of x such that the inequality is valid for any value of &? 
(d) is there a value of & for which the inequality is valid for every value of x? 
(e) is there a value of & such that the inequality is valid for all values of x? 
(f) is there a value of x for which the inequality is valid for every value of &? 


4.5 Problems involving the location of roots of a quadratic trinomial 


The quadratic trinomial can with full justification be called the 
principal function of all school mathematics. If one dismisses the 
very simple linear function, then this is the only function for which 
the school course of mathematics requires rigorous proof of all the 
properties needed in the theory and in problem solving. Every student 
should have a good working knowledge of all the necessary properties 
of the quadratic trinomial. 

The number of problems solved with the aid of the properties of 
the quadratic trinomial is very great and the problems themselves 
are highly diversified. Besides problems whose solutions are obtained 
directly from familiar theorems (these include the solution of quadra- 
tic equations and inequalities, finding the conditions of the existence 
of real roots, determining the signs of roots, finding the largest and 
smallest values of a quadratic trinomial), there are many problems 
where the usual group of elementary theorems no longer suffices. 

It is quite impossible to describe in full all possible types of prob- 
lems involving quadratic trinomials. We here investigate a few that 
deal with the location of roots. There is one problem, among the stan- 
dard school problems listed above, that belongs to this type: to deter- 
mine the signs of the roots actually means to determine the location 
of the roots relative to the point 0. It will be recalled that this problem 
is solved with the aid of Viéte’s theorem. But what do we do if it is 
required to locate the roots with respect to some other point? Can it 
be that the point 0 is so much “better” than the other points that for 0 
the problem is solved immediately while for other points it is a hard 
nut to crack?-Not in the least. The only thing that distinguishes the 
point 0 from other points is that we have a theorem at hand to handle 


a 
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it (Viéte’s theorem), whereas for other points we have to think up 
new similar theorems. 

But then another complication arises. If we were to think up theo- 
rems to solve root-location problems with the same simplicity as 
determining the signs of roots, then the number of such theorems would 
be tremendous and there would be no hope of remembering them. In- 
deed, it is quite natural (and this actually occurs in problems) to be 
interested in the location of the roots in.a certain specified interval 
e<(x<d or in the infinite interval x<c or in the infinite interval 
x>>d. With respect to each one of these intervals, we can ask the fol- 
lowing questions. Under what condition: Do both roots occur in the 
interval? Does no root lie in the interval? Is there exactly one root? 
Is there at least one root? Using these questions alone, we could 
make up 12 different problems. And what if, besides, we considered 
intervals of the type c<.x<dor xd? And what if we take into ac- 
count that the properties of a quadratic trinomial are essentially de- 
pendent on the sign of the leading coefficient (the coefficient of x?)? It 
is quite obvious that the number of required theorems would be pra- 
ctically unsurveyable. Memorizing theorems is clearly not the way 
out. Then the only way is to learn to think up a treorem every time 
for every concrete problem, and then of course to remember the most 
important ones. | 

For devising such theorems, the student should have an excellent 
knowledge of the properties of a quadratic trinomial and be able 
freely to handle such expressions and to reason simultaneously in two 
spheres: the algebraic and the geometric. What this means is that for 
ay property stated verbally or algebraically, the student should be 
able to interpret it geometrically in the form of a graph. Contrariwise, 
the student must be able to state any graphical property verbally and 
describe it in formal algebraic terms. For instance, the leading coeffi- 
cient is less than zero; this means that the parabola is concave down- 
wards, the trinomial has no real roots and hence the parabola does not 
cross or touch the x-axis (axis of abscissas); the graph of the quadratic 
ax?-+-bx-+c lies entirely above the x-axis and soa>0 and b?—~ 4ac<20. 
This last geometric statement can be formulated in at least three 
different ways: the inequality ax?+-bx-+c>0 is valid for arbitrary 
values of x; the inequality ax?--bx-++c <0 has no solutions; the tri- 
nomial does not have any real roots and the leading coefficient is 
positive. | 

The solution of many of the problems that follow actually amounts 
to an expansion of this “translation glossary” from the language of 
algebra to that of geometry and vice versa. Before taking up specific 
problems let us examine the procedure of a solution in several] cases 
of a theoretical nature. 

Let f (x)=ax?-+bx-+c. All reusoning will be conducted on the assump- 
lion that a>0, Accordingly, when solving concrete problems, we 
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will always restate them so as to be able to utilize the properties of a 
trinomial with positive leading coefficient. We denote the roots by x, 
and x, and the discriminant by D. 

1. Under what conditions are both roots of this.trinomial greater than 
a certain specified number d? 

In order to formulate these conditions, let us begin with a graph of 
the trinomial that satisfies this condition (Fig. 169). Firstly, it cuts 


Fig. 169 


the x-axis or touches it; hence, D0; secondly, the value / (d) at 
point dis positive. But this is not sufficient: the trinomial whose graph 
is shown dashed in Fig. 169 also has these properties yet does not sa- 
tisfy the condition of the problem. In order to distinguish our trino- 
mials from others of the same type it is clearly sufficient to require 
that the vertex of the parabola (more precisely, its abscissa) lie to the 
right of point d; that is, —b/(2a)>d. We have thus found the required 
condition: both roots exceed d if and only iiD>0, f(d)>0 and 
—b/(2a) >d. 

The arguments given above are of course not at all rigorous and are 
to be regarded simply as a rough solution, an exploratory search. We 
now undertake a rigorous proof, which turns out to be rather simple. 

Let both roots exceed d. Then D>0 since the roots are real, the 
abscissa of the vertex —b/(2a) exceeds d because it lies between the 
roots and, finally, f (d) > 0 because d is exterior to the interval between 
the roots. Conversely, let the three indicated conditions hold. Then 
both roots are real; the condition f(d)=>>0 means that the point d 
is exterior to the interval between the roots, and the third condition 
ensures that d is less than the least root, otherwise d would be greater 
than the largest root and, hence, greater than the half sum of the roots, 
which is equal to —b/(2a). 

In the examples that follow we will confine ourselves to rougn solu- 
tions and leave the rigorous proof to the reader as a useful and even 
necessary exercise. 

2. Under what conditions do the roots of the trinomial lie on either side 
of the number d? 7 

We get the answer immediately if the problem is rephrased thus: 
Under what conditions does the number d lie between the roots of the 
given trinomial? Now this statement, as we know, is equivalent to the 


4.5 Location of roots of a quadratic trinomial 457 


fact that f(d)<<0. (Recall that the leading coefficient is taken to be 
positive!) 

3. Under what conditions does exactly one root of the trinomial lie. 
in the interval d<ix<e? 

Here too the answer is sufficiently obvious. It is true if and only if 
the trinomial has values of distinct signs at the points d and e. So as to 
avoid considering separately the cases when f(d)>0, f(e)<0 and 
f(a) < 0, f(e) >0, it is advisable to write these conditions in a more 
compact form: [ (d)f (e) <0. 

The foregoing three examples make the general approach to prob- 
lems of this nature quite clear. In most problems, however, the ques- 
tion is not often stated so directly as in the examples we have just 
analyzed. A problem often has to be reformulated in order to arrive 
at a desirable statement. We now examine a number of specific prob- 
lems. 

Let us first recall the last problem of Sec. 4.4. It was required to 
find out under what condition the interval —l<x<1 lies between 
the roots of the trinomial (ax-++1— a’) (ax—a-+a?*). But this assertion 
clearly signifies that the numbers —1 and 1 lie between the roots of 
the trinomial, which occurs if and only if f(—1)<0 and f(1)<0; 
that is, 


(—a-+1—a’*)(— 2a+a’*) <0, (a+1l—aa’<0 


This system of inequalities is easily solved by the method of inter- 
vals. | 

4, Find out for which values of m the quadratic x*-+mx-+m?+6m 
is negative for all values of x that satisfy the condition 1<x<2. 

For this quadratic to be negative for all values of x in the interval 
1<x<2, it is necessary, firstly, that it have a positive discriminant 
and, secondly, that the interval 1<x<2 lie between its roots, coin- 
cidence of the endpoints with the roots not being excluded. Reasoning 
as in the preceding problems, we get the following system of inequa- 
lities: 

m?— 4 (m?-+ 6m) > 0 


am V — 3p _ —3m2—04m 
m es bahay Wea il Met 24m 


There is nothing fundamentally complicated’ in the solution of 
this system, but computationally it can cause a lot of trouble. So let 
us apply the suggestions mentioned earlier. The necessary require- 
ment is fulfilled if the numbers f(1) and /(2) are negative; i.e., if 
the. system of inequalities 


m?4-7m+1<0 
m? -+-8m+4<0 
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is valid and the solution is readily found on the number line: 
ee ae eV 3 


5. Find the values of p for which the equation 1+-p sin x=p2—_ sin? x 
has a solution. — 
Denoting sin x by y, rewrite the equation in the form 


y+ py + 1—p'=0 


Here is where many students made a grave mistake, reasoning some- 
thing like this: “Since y is sinx, then —l1<y<1 and hence we have 
to find values of p such that the roots of the foregoing quadratic equa- 
tion lie in the interval -l<y<1.” Actually there is no necessity 
whatsoever in requiring that both roots lie on this interval; jt js suf- 
ficient for at least one of them to be located there. If for some p, one 
root y,; does not exceed unity in absolute value, then the equation 
sin x=y, has a solution, and so also does the original equation. Such 
a number p is a suitable value. | 

To summarize: we have to find values of p such that at least one of 
the roots of (5) lies in the interval —1 cy<1. This problem can be 
reduced to solving inequalities: firstly, the discriminant must be 
nonnegative, 5p?—- 420; secondly, at least one of the double inequa- 
lities 

5p2—4 a 5p2—_4 

, eee 2), joe 1 

must be valid. Computationally, however, the solution will be extre. 
mely awkward. We will choose a different approach. 

To facilitate subsequent reasoning, we will first consider the case 
when both roots of the quadratic y?-++py+ 1—p? are different from —} 
and 1. Then the required condition holds in two cases: when exactly 
one root lies in the interval —1<y<1 and when both roots lie jn 
that interval. According to Problem 3, the former evidently occurs 
if and only if the product of the values of the quadratic under conside- 
ration is negative at the points —1 and 1; that is, for values of p that 
satisfy the inequality 


(p?—p2) (p* + p—2) <0 
the solution of which is easily found by the method of intervals: 


Now let us write down the conditions under which the second case 
holds. First of all, the quadratic must be positive for y=—1 and for 
y=1. But this condition does not yet determine the case under consi- 
deration; it is also true of quadratics which have no roots at all and of 
these whose two roots lie to the right of 1 or to the left of —1, To 
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eliminate quadratics with no roots, we have to demand besides that 
the discriminant be greater than zero; and to eliminate the remaining 
“extra” quadratics, we must impose the condition that the abscissa 
‘of the vertex of the parabola, that is, y=—p/2, lie within the interval 


—Il<y<l. 
Thus, the set of conditions under which the case at hand holds true 
is this: (a) the values of the quadratic for y= —1 and y=1 are positive, 


(b) the discriminant is positive, (c) the vertex of the parabola lies in 
the interval —l1<y<1. This yields the following system of inequa- 


lities: 
2—p—p*>0 
2-+-p—p?>0 
op*—4>0 
© =1<—$ <1 


The solutions of this system are found with ease: 


2 2 
—| SS ares veo 


Finally, we consider the temporarily dismissed case when the quad- 
ratic has the roots y= —1 and y=1. Clearly, y=—1 is a root when 
p=1 and p=—2, andy=1 is a root when p= —1 and p=2. These va- 
lues of p are likewise suitable values. 

Collecting together all the values of p thus found, we get the final 
answer: the original equation has a solution when | 

eee’ 2 | 
—2 SPS TF ate a 

6. Indicate in the coordinate plane all the points whose coordinates 

(x, y) are such that the expression | 


(2 cos ¢ + x COS ¥ COS y | cos x cos y +1+cosx—cosy + cos 2¢ 


is positive for any value of t and depict the region formed by these points. 

If ¢ runs through all the real numbers (or at least any interval o 
length 2x), then z=cos ¢ runs through the interval —-l<z< 1. There- 
fore the given problem may be rephrased as follows: For which values 
of x and y is the inequality 


2z? + 22 cos X COS y + = COS? x COS* Y + COS X—COS Y >0- 


valid for arbitrary values of z lying in the interval —I<z<]? 
Under what condition is the quadratic positive over the entire inter- 
val —1<z< 1? First of all, it will be true if the discriminant is less 
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than zero. Therefore, the pairs (x, y) for which 
D = cos* x cos* y— 2 (5 cos? x cos*y + CoS x — cos y) 


== —2 (cos x —cosy) <0 


or cos ¥ — cos y>>0 will be suitable values. 

But if the discriminant is nonnegative, then the suitable pairs (x, y), 
as will readily be seen, are determined by the following conditions: 
the values of the quadratic at the points —1! and | are positive and 
the abscissa of the vertex of the parabola is exterior to the interval 
—|<z<1. But in the case of our quadratic, the abscissa of the vertex 
is equal to —1/2 cos x cos y, which is clearly less than unity in abso- 
lute value and, hence, the abscissa of the vertex does indeed lie bet- 
ween —1 and 1. Therefore, the case of D0 does not yield any new 
solutions. 

The concluding part of the solution—representation of the solutions 
of the inequality cos x — cos y>0O in the plane—has been done ‘in 
Problem 30 of Sec. 1.13. 

This problem may be solved somewhat differently by representing 
the inequality in the form 


(2z + cos x cos y)* + 2 (cos x —cos y) > 0 


This approach was taken by many students at the examination, but 
there was a logical subtlety in this instance which very few students 
could handle. Most wrote that the last inequality is valid for arbit- 
rary 2 if and only if cosx— cos y>0, and proof was offered that other- 
wise, if we take z so that the first term vanishes, we violate the inequa- 
lity. | 

This argument would be correct if the problem called for arbitrary z. 
But we have z=cos ¢ which assumes a value only between —1I and 1. 
Therefore, when attempting to make the first term vanish, one has 
also to justify the existence of the number z in the interval -l<z<l, 
for which number this parenthesis is equal to zero. Lack of this proof 
is a definite logical drawback, although it does not lead to any actual 
mistake. In reality, such a number z always exists; this is due to the 
peculiarities of the specific example under consideration. It follows 
from the fact that the expression —1/2 cos x cos y is always less than 
1 in absolute value. 

It will be noted that the proof of this fact in the secorid solution 
corresponds to the investigation of the position of the abscissa of the 
vertex in the first solution. 

7. Solve ‘the equation 


Q-1x-21__4.3-le-21_g@ =0) 


for every real. number a. 
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Denoting 3-'-?!| by y and noting that 0<¢3-!*-?! <1 for every 
x, we get the equation 
y’—4y—a=0 


for which we have to find the roots lying in the interval O<y<l. 
The abscissa of the vertex of the graph of the trinomial f (y)=y’— 4y—a 
is equal to 2 so that if the trinomial has roots, than the greater root 
exceeds 2 and does not interest us. It therefore remains to write 
down the condition under which there is exactly one root in the inter- 
val O<y<l. 

First ofall, y=1 isaroot when a= — 3. Furthermore, since f (0) = —a, 
f(Q)=—a—3<f(0), then, by Problem 3, there is exactly one root 
in the interval O<cy<1 if and only if f(0)>>0 and f(1)<0, which 
occurs when — 3<a<0. 

Thus, only for the values—3<a<0 does the equation have exactly 
one root in the interval O<y<1. This is the smallest root y=2— 
—V4+a. Now solving the equation 3-!*-#!=2— VY 4+4a, which for 
the values of a thus found has a solution (this follows from the fact 
that the value of y thus found lies between 0 and 1), we get 


|x—2|=—log, (2—V4+a), x,,,=2+ log, (2—V4+a) 


8. Indicate all the values of a for which the equation 


Xx 
logy; @ | log,, 2 |-+ log,x = log a: 4- logy >a 


has a solution and find all the corresponding solutions. 
Denoting log.x by y and log,2 by 6 and using the formulas for 
transforming logarithms, we get the equation 


<|5u—-)|+9=5 


or, expanding the domain of the variable by adjoining zero, the equa- 
tion 

We first seek the roots of this equation that satisfy the condition 
y>, and, naturally, are nonzero. Then our equation turns into the 


quadratic 
y? + 2y—4b==0 


We want the nonzero roots of this equation that exceed 0. For such 
roots to exist, it is first of all necessary that the discriminant D=1-+46 
be nonnegative. Therefore, we will henceforth assume that b> —1/4. 

The abscissa of the vertex of the graph of y?-+2y—4b is equal to —! 
and so the smaller root is less than —1 <6 since b> —1/4, Hence, we 
will only be interested in the larger root and whether it will be located 
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to the right of 6. From graphical considerations, it is quite obvious 
that the larger root esceeds b if and only if the quadratic is negative 
at point b; that is, b*-— 25<0. This inequality holds true forO<b<2 
and for these values of b we have the root 


y=—14+)V1 +40 


which is clearly nonzero and, hence, satisfies all the required condi- 
tions. 

Now let us consider the values y<b. In this case our equation as- 
sumes the form y?—- 2y=0 and its roots arey,;==2 and y,=0. Since we 
only need nonzero roots not exceeding 6, it follows that y, can be dis- 
carded and y,=2 is only suitable for b>>2. 

Combining the results of these two cases, we get the (nonzero!) 
solutions of the equation iny: for b<0 there is no solution; forO<b< 2 
we have y=—1-+) 1+46; for b>>2 we have y=2. 

- It remains to pass to the unknown x and the parameter a. The tran- 
sition to x=a’ does not involve any difficulties, but the transition 
to a involves the solution of three inequalities: 


log, 20, O<log,2<2, log,2>2 


They are all easily solved: the first inequality is valid for0<a<1, 


the second, for a>) 2, and the third for 1<a<V 2. 
To summarize, then: for 0<a<1 ‘there is no solution; += 


mq 'tY4+loge? for guy /O: x=a? for l<a<) 2. 


Exercises 


1, Find all the values of the parameter d for which both roots of the quadratic 
equation x? — 6dx+-(2—2d-+-9d?)=0 are real and exceed 3. 

2. Find all the values of the parameter afor which both roots of the quadratic 
equation x? —ax-+-2=0 are real and lie between 0 and 3 (extreme values excluded). 

3. For which values of a is one of the roots of the polynomial (a?-+-a-+-1) x? + 
+ (a—1)x-+a® greater than 3 and the other less than 3? 

eee all the values of a for which the roots of the equation x?-++-x+a=0 
exceed a. 

5. For which values of a do the roots of the polynomial 2x?—~2(2a-+-1) x + 
+ a(a—l) satisfy the inequalities x, <a < x,? 

6. For which values of a does the equation 

x? x? 


; 2 
(1 -+ a) (sr) — 3a el -|+-4a=0 


have real roots? 


7. Find all values of m for which the inequality mx?—4x+3m-+-1 > 0 is 
valid for all x > 0. 


8. Find all the values of a for which from, the inequality x?—a(1--a?)x + 
+ a4 < 0 follows the inequality x7+4x%-+3 > 0. 

9. For which values of y is the following staternent true: “There exists at 
least an value of x for which the inequality 2 logy .y?—3-+ 2x logy .y2— x? > 0 
is valid?” 
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_ 10. For which values of y is the following statement true: “For any x the 
inequality 


Y 
x2 (| 2—lo 
( Bgl 
holds true?” 
11. Find all the values of a for which from the inequality ax?—x+1—a<0 
follows the inequality O< x < 1. 
{2. Find all the values of a for which from the inequality O< x<1 follows 
the inequality (a2-+a—2) x°—(a+5)*—2<0. 
13. Find all the values of @ for which, for all x not exceeding unity in 
absolute value, the inequality 2x?—4a*x—a?+-1 > 0 holds true. 
Solve the following equations and inequalities: 


14. x-+- V x=a. 
l+x y l-+x 
15. (=* 2a =" 1=0. 
7 
16. 4*— 4m2* +-2m +2 =—0. 
17, 49 * +. m25" *4 m?—1=0, where —l <m<.l. 
18. (log,, sin x)?— 2a log,,) sin x —a?+-2=0. 
19. (log, sin x)*-+ log, sinx—a=0, a>0, al. 
20. Vix[+F1—V[ «|=. 
1. Ya(2*—2)+1]=—1 —2*. 
22. 2| logy, (ax) |-log, 10= (4 log,;, a—3) log, 10-2 logy 9 x. 


ae y 
) +2 (1+ log, 2) 2(1+log, -) >0 


23. logy--> a-| log, + |=loges 2- logy a?’—log, V x. 


). 


25. logy-- a*- + log, x= logg? 4- logy a. 


26. log, x | log, a—log, a|=log,, (ax) — log, a? + log, x- log, a. 
Represent, in the plane, points for which the following conditions hold true. 
27. For every value of ¢ 


cos 2 (¢-+x)+2 sin (¢-+-x) cos y— + (cos y— 1)?—sin x <r ; 


x 
login a 


24. logiog x? = logy— 10 Cer 10a — 


logg? = 
2 


28. For every value of. é 
sin? (t-+x)-+ sin(f-Ly) ++ sin (!42x—y)-+— > 0. 
29. For every value of ¢ 
(2 cos (px cos X COS y) cos xcosy-+1-+cos x—cos y+ cos 2! > 0, 


30. For at least one value of / 
cos (¢-+-3x-+ y)—cos (¢-+*—y)— sin? (f+ 2x) > > 
31. For at least one value of ¢ 


sin? ¢ cos? x-+ cos? ¢ sin? r+ sin 2x sin 2f +4 2(cos 2x +cosy) <0. 


ANSWERS TO EXERCISES* 


Sec. 1.1 


1. (c) An equation of the form ax?-+-6x-+c=0, where x is the unknown and 
a, 6, c are given numbers, a 4 0, (d) see Sec. 1.4, (e) see Sec: 1.5, (f) see Sec. 1.7. 
2. (a) Axiom, (b) theorem, (c) definition, (d) theorem. 3. For a>0, 6>0. 
4. The converse theorem: if a quadratic equation has two distinct real roots, 
then the discriminant is positive, is true. The inverse theorem: if the 
discriminant of a quadratic equation is nonpositive (that is, is negative or 
zero), then the equation cannot have two distinct real roots, is true. The 
contrapositive theorem: if a quadratic equation does not have two distinct 
real roots, then the discriminant is monpositive, is true. (Prove all these 
theorems!), 5. Prove by contradiction. 6. (a;,—@)...(a, —a) = 0. 
7. Jab|-+]|bc|-+-|ca|=0. 8. Either a<0, 6>0, or a and b'are numbers of 
the same sign, and a > 6. This follows from the fact that the function y= 1/x 
is negative and decreases on the set of negative numbers and is positive and 
decreases on the set of positive numbers 9. If arbitrary x, and x, are such that 


—I<x, < x.<1, then 3x,—xi < 3x, —x}. 10. Necessary condition. 


Sec. 1.2 


1. The number a,...a3@,0,4) is divisible by 11 if and only if the number 
| @g —y --A,—a3+...+(—1)"a,| is, 2. Prove by contradiction. Let N —~m?: 
consider two cases: when m is divisible by 3 and when it % not. 3. Prove that 
(p>—1)(p+1) is divisible by 3 and by 8. 4. p=3. One out of three consecutive 
numbers p, p+1, p-+2 must be divisible by 3. Therefore, either p=3 or (for 
p > 3) the number p-+-1 is divisible by 3. But then p-+-4=(p+1)+3 cannot 
be prime. 5. Assure yourself, that the last digit of the square of any integer 
may be only one of the digits 0, 1, 4, 5, 6, 9. 6. 494. 7, There are ten such 
numbers: 17, 32, 47, 62, 77, 92, 107, 122, 137, 152. 8. For n representable in 
the form 5s—3, where s is a positive integer. If 3n+-4=5k, then: 3 (n-+3) = 
=5(k-+-1), and so n+3 must be divisible by 5. 9. Not for any. If we had 
the equations 2n+3=kp and dn-+-7=kg, k>1, then we would have 
1 =(5p—2q) k. 10. 3762. Assure yourself by simple enumeration that there is a unique 
representation 13=2?-+3? and only two representations 85==2?-+9? —62+.72, 
From the third condition it follows that the first digit of the desired number 
cannot be less than the last, and so we have to consider four numbers: 3292, 


3922, 3672, 3762. 11. 857. Note that abcl=10-abe-+-1 ‘and 2abc==abe-+ 2000, 


*-In the answers to trigonometric equations and inequalities, &, 1, m, n 
denote arbitrary integers unless otherwise stated. 
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12. 34056, 34452, 34956. Use the criteria of divisibility by 4 and by 9. 
13. n=>2. Factor n#+4. 14. Show that among the numbers k, m, n there are 
either two even numbers or two odd numbers. Then utilize the identity 


Ro + m3 n?=(k+-m+np—3(k-+m)(m+tn)(n+k). 15. 1... 1-2 oe 
- 2n times ntimes 
=9-1.9 7, 9—2.9-1.9.., Ga 9-1 (102 — 1) —2.9—1.(10"— 1) = [(10" — 1) /3]?= 
Ss nena Orme 


—p"’ 
2n times n times 


i 


= (3... 3)%, 16. x, =3, y, =]; x,=~—3, y,=—1. Regarding the equation as a 


n times 
quadratic in x, conclude that its discriminant 25y2?--56 must be the square of 


an integer, that is, 56=(k-+5y)(R—5y). Then run through the possible repré- 
sentations of the number 56 as a product of two integers. 17, x,=2, y,; =2; 
NXg =2, Ye==—2; Xg==— 2, yg= 2; X¥y=— 2, Yy=—2. Express x? in terms of y? 
and conclude that y ‘can only assume integral values for which 3 < y?< 12. 
18. For example, the numbers (a-+-6)/2 and a-+-2-1/? Ge) 19. No, they can- 
not. 20. Show that from the rational nature of the number tan 5° it would 
follow that tan 30° is a rational number. 


Sec. 1.4 


1. Yes. For a=0 the absolute value of a is simultaneously equal to a and —a 
2. (a) If x0, then —x <0, and then |—x|=— (—x)=x=|x]; if x<0, then 
—x > O and then | —x|=— x=|x|. (b) If x0, then |x |= and, hence, x<| x; 
ifx <0, then x<—x, ie, x<|x|, whence x<|x]. 4. qa=...=a,=0. 
5. For the sake of definiteness let a< 6; then |o—a |=b—a. Three cases 
are possible: O<a<6b,a<O0<b,a<b <0. In the first case, the distance is 
equal to b—a=|b—al, in the second, 6+|a|=b—a=|b—al|, in the third, 
|a|—|6|=—a—(— 6)=b—a=|b—al). 6. (a)a—b < x < a+b, (b) xa—b, 
XDa+b. 7. x= 3/2, x,=7/6. 8. x=—1. 9. No solution, 10. x any num- 
ber. 11. No solution. 12. 7/6<x<3/2. 13. x,=0, 4, =—1. Since |x|-+-x > 0 
for x > 0, then there: are no positive roots; for «<0 we have the equation 
—x-+-x3=0 for which nonpositive roots are sought. 14. x=—1. It is clear 
that the roots satisfy the inequality x+ 1 <0; rewrite the equation in the form 
(x-++1)(1—|x—1])=0 and choose the root for which the condition x<—1 is 
valid. 15. No solution. Assure yourself that —x?-+2x—3 <0 for all x; obtain 
the equation x2—2x-++-2=0, which has no real roots. 16. x=—l, x0. Re- 
write the inequality in the form Framed I-+x||1l—x]|; x=—1 is a soluiton 
and if x # —l, then it is possible to cancel out fx+1|>0. 17. laoxv<s, 
x=4, 18. x<—3, —38<x<—2, x>0. 19) +<3/2. 20. OS x2. Since 
x?-+-x-+-1>0 for all x, then x?-+-x-++1 may be cancelled out of both members 
of the inequality. 21. x,=2, x,=5. 22. mn=VV 2, Xeg=—l+(1/V 2). 
23. x=—2. 24. x, .=-++ logs2. Note that the equation remains unaltered when 
x is replaced by —x, so that it suffices to find only nonnegative roots (the 
nonpositive roots are then obtained by reversing the sign). 25.x=—1, 0<xeqcl. 
26. x < 1/3, x > 3. 27. 4/3 <x< 4.28.2<x< 5, 2.x —-2— V2, xBl+ V3. 
30. 1—- VWi7<x<cV 5-1. 31. x =2, y, = 1; x2 =0, yp = — 3; xg = — 6, yg = 9. 
32. x,,=+(1—YV 1—4a)/2 if a < 0; x=0fora=0; for a > 0 there is no solu- 
tion. Rewrite the equation in the form |x |?-++]x|[--a=0. 33. x, .=-+ logy. (1 + 
+Yt—a) fora<1;x=0 for a=1; for a>1 there is no __ solution. 
34, x, .=2 + logs (2— V 4+a) for —3<a< 0; there is no solution for the 
other values of a. 35. Use the inequality between the arithmetic mean and 
the geometric mean 36. V]x], x2, |x],x, 1x)? Vy, x8y2. 37. For a=0. 38, —2a, 
39, 2/(2—x). Note that x+2Vx—1 =(Vx—1 + 1)?. 40. | cos a—cos p|. 


30—3480 
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Sec. 1.5. 


1. (a) On a circle of radius 20 with centre at the origin, (b) on a circle oj 
radius 5 with centre at the point (2, 0), (c) on a circle of radius 15 with 
centre at the point (—1, 0). 2. Within a circle of radius 1 with centre at the 
origin 3. On a circle of radius 2 with centre at the origin and exterior to 
this circle. 4. Inside an annulus bounded by circles with centres at the origin 
and radii 1 and 2 and on the first circle. 5. Within a circle of radius 2 with 
centre at the origin. 6. On a circle of radius 3 with centre at the point (—1, 0). 
7. Inside a circle of radius 1 with centre at the point (0, 1). 8 On a circle 
of radius 7 with centre at the point (—1, 2). 9. Exterior to a circle of radius 
9/2 with centre at the point (—1/2, 1/2). 10. Inside an annulus bounded by 
circles with centres at the point (0, —1) and radii 2 and 3 and on both circles.’ 
11 On a straight line perpertdicular to the line segment connecting the points 
(0, 0) and (0, 1/3) and passing through the midpoint of the line segment. 
12. The point (0, VY 3/3). 13. The point (0, —2). 14. No such points. 15. On 
a circle of radius 1 with centre at the origin 16. On a circle of radius V3/2 
with centre at the origin. 17. There are two such complex numbers: z,=6 -+ 


2 
+- 17i and 2,=6+ 8. 18. Fut Ee 19. 2p 2,23 2+ 2%g—2,, 24-+4+-23—2,. 
20. cos 150°+4-isin 150°. 21. 2 cos 20° (cos 20°+-i sin 20°). 22. cos (n—a@)+- 


3 Se on ; l 3 
+1 sin (%—a@). 23. cos ($+ a) sin mas a). 24, moxie ($+ a + 
qn 


oa [ 3% l 1 nee |: 
tisin(Sea)] WO<a< y. sesay [om (+e) 4ésin(F +a) 
if > <a<x. 25. On a ray issuing from the origin at an angle of 1/4 to the 


positive x-axis 26. On a ray issuing from the origin at an angle of 77/6 to the 
positive x-axis. 27. The portion of the plane containing the second and third 
quadrants including the y-axis minus the origin, and a portion of the first 
quadrant located between rays emerging from the origin at angles of 2/3 and 
n/2. 28. A line segment of the x-axis between the points (—1, 0) and (0, 0) 
without the endpoints. 29, The point (0, 2) 31. z=12+ 16i. The point repre- 
senting this number is the point of tangency of a ray issuing from the origin 
and lying in the first quadrant to a circle of radius V 15 with centre at the 
point (0, 25). 32. g/2 ifO<gp<an/3 or n< gp < 5n/3; p/2+n if n/B< <n 
or 52/3 <p < 2x; if p=an/3 or P= or p=—5n/3, then z,=0. 33. Generally 
speaking, no; for example, z,=i, 2,=2i. 34. Generally speaking, no; for example 
Z,=I1+%, z,=2—i. 35. Note that if the imaginary parts of the numbers 21, 22 
are equal to zero, i.e., if {hese numbers are real, then the assertion is not 
true. 37. All real numbers. 38. All pure imaginaries. 39. All complex numbers 


with real parts equal to 1. 40.0. 41. 0, —I, zo ys. * +i SS. 42. 0, i. 
A3. For x=1, y=— 4 and for x=—1, y=—4. 44, (a) Exterior to a circle of 
radius 10 with centre at the point (—1, 0), (b) inside a circle of radius 5 with 
centre at the origin. 45. If a=1, then z=—l—i; if l1<a< YQ, then 
— q? —aQ _ : = 

eee a if a=Y 2, then z=—2—i; ifa> Y2, then 


the equation has no solution 46. If Osa<1/2, then the equation does not 


a2 > 


baie 4 _ 4a+ V 424-3 | i ee 
have a solution; if a > 1/2, then ge eg 47,2, =1,H,=—1; 
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Sec. 1.6. 
_aBy 
1 N S , 2.0.3.0. 4. —1/4.5. 1. 6. 2. 7. log, N. 8 0. 9. 0. 10. 0 
because 2!06s 5 (5 logs 2)logs & _plogs2 44, 7 yo, OL 13, logs 2< log, 3. 


196 3/5 
14. log,5 > logg5. 15. log.3 <log,1! 16. If a>1, then log,a > log, a; 
ifa=1, then log,a—logga=0; if 0<a<_1, then log,a < logsa. 17. If a > 1, 
then log, 2 < log,3; if 0<a< 1, then logg2 > log,3. 18. j/0.01 < 3/0.001. 
0. ey 21. 3(l—a—b). 22. a>0, a#1, N>0, N#£1; 6>0, 
b #\/a. 24, 1. 25. For a=1 the equation is obvious; if a 41, then pass to 
logarithms to the base a. 27. Since 0 < log,;2 <1 and 1/2 < 1, it follows that 
the inequality is valid. 28. First prove that log, alog.bloggce=logza, 6 #1, 
c¥%1, d#1, a>0, b>0, c>0, d>O0. 29. For a>I1 and 5>1 or for 


0<a<1 and0 <b <1. 30. Prove by contradiction. 31. el PT < 0, 


I+V5 
ea ae 32. x= 1/8, x, =2. 33, x= 2. 34. x= 10, = 5/10, 35, x1 = 16, 


Xe = 172: 36. x, = 1/4, Ly = 4 a 37, x, =9, ee 1); 38. x,=aY 2, Xo = 

= 345 3-V 5 = 

=a VV? 39 yma? » xa? . 40. %,=9, = 1/9. 4 x= V2, 

y=. 42. x=ai-ie, poate. 43. x= 2, y, =4, Y= 172, Yog= 1/4. 44, x=9, 

y=1/3. 45. X= Qin—-6n, yo gim-lin, 46, x= 2/3, y==27/8, z= 32/3. 
1 


47. x=1, y= 2. 48. xy =4, y,=32; %=—], y= l. 49. O< x < 3tm1- 
50. O<x < 7/10. 51. az 1/16. 


Sec. 1.7. 


1.x=3. 3.3-2V2,1,34+2V2. 4 yf Vert (f225 


5. A=2, B=32. 6. 25 stones. 7. 27, 18 and 12 years old. 8. If 6, > 0, then 
arbitrary values of g <1 and arbitrary values of g>3 are admissible; if 
b, <0, then arbitrary values of g in the interval 1<q<3 are admissible. 
9, 25 harvesting combines. 10. 192 litres. 11. 18 litres. 13. x=y=2z=2. 
15. Note that the numbers _, +. a bas ~ constitute a geometric progres- 

1 2 n <i 
sion and compute the sum. P=(S/T)/?, 16. x,=2, x2=—2. 17, 4=V)V2, 
i 2 e 


a 


Sec. 1.8. 


1. Multiply the inequality by 2 and pass to the obvious inequality 
(a—b)?+- (6 —c)?-+ (c—a)* > 0. 3. Rewrite the inequality in the form (a—1)? + 
-+-'(o—1)?+-(c—1)? 0. 7. Rewrite the inequality in the form (x-+-y+1)?-+ 
+. 2 (y+ 1)?=>0. 8. Rewrite the inequality in the form (1 — sin? x) (6—sin*® x) > 0. 
9, For x<0, all terms are nonnegative; for 0 <x < 1 we have x? > x5, 1 > x; 
for xz=1 we have x8=x5, x2=>x, 10. Since a/e+b/e=1, then 0<afe< |, 


30* 
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0 < b/c <1, and so (a/c)*/? > (a/c), (b/c)*/® > (b/c). II. Extract the nth root 
of both members of the inequality. 12. Assure yourself that in the left member 
of the inequality the sum of the numbers equidistant from the ends is not 
less than 2(n+1)-1. 13. Represent (n!)?=(1-n)-[2-(n—1)} ... [(n—1)-2]-(n-1) 
and prove that for arbitrary k, 1<k< on, the inequality k(n~—k+1) > 2 is 
valid. 14. Apply the method of mathematical induction. 15. Apply the method 
of mathematical induction. 19. If p is the semiperimeter of a triangle with 
sides a, 6 and c, and S is the area, then, by Hero’s formula and the inequality 
between the geometric mean and the arithmetic mean, we get VS<p/2. 20. In- 
troduce an auxiliary angle. 21. The least value 2/3 is attained when x0, the 
greatest value is absent. 22. The least value 0 is attained when x=0, the gre- 
atest value 1/2 is attained when x=-—1 and when x=1. To determine the 


least value, represent the function in the form y=(x?-+-x-*)-1. 23. The greatest 
value 1 is attained when x=1; the least value —1 is attained when x—=— 1. 
24. Apply the inequality between the arithmetic mean and the geometric mean 


and then utilize the inequality sinx-+cosx2=— V 2. Equality is attained when 
x = (51/4) -+2km. 25. Express cot x in terms of cot (x/2). 


Sec. 1.9 

1, x= 2. 2. x= (14-42 W'15)/3. 3. x= 45—16 VY 7. 4. No solution. 5. x2. 
6. x=8. 7, x==5. 8. x, =0, X,=4. 9. Xy=1, X%y=3/2, xX3=2. 10. x, = 190/63, 
X_ == 2185/728. 11. x= VY aif(1—y7/ a!) for 0< a< 1; for the remaining a, there 
are no solutions. 12. x=— 2. 13. x, =0, x,=2. 14. x= log, ,, 3. 15. xX y=lt 
-V IF log, 510. 16. x= log, 3. 17. x=4 logs 2. 18. x = log, 28—3, xy = 
== log, 10. 19. x=2: 20. x,=1/8, xg=2. 21, x=[log, (14+ V41)—1] 9/6. 


22. X,;= 10, x, = 10. 23. x, =9, Xg= 1/9. 24. x, = 2, x,=8. 25. x,=0, x, = 1. 
26. No solution. 27. x,= 100, fa 100. 28. x, =9, X2== 1/9. 29. xy = 1, x, = 2, 
xy =1/7/ 8. 30.x.= 7 3 t= 1 3. 31.2274, 32. No solution. 33. No 
solution. 34. +=5/2. 35. x==-— 25. 36. x=5. 37. x=8. 38. x=1/9. 39, x =3. 
40. x=5. 41. x=—4. 42. x=2. 43. x=]. 44.0 x01, x=4. 45. x= 4. 
46. x, =2kn/5, xo = (6k £2) m/15. 47. x, = (4R—1) W/4, Xp = (2k-+1) 0/2. 48. x, = 
= km, X,={(—l)*t+10/6}+hn. 49. x=—[(—1)*¥n/6]-+km. 50. x=(8k+-1) n/4. 
51. x= (8k-+1) 0/4. 52. x= (6R-+ 1) 7/3. 53. x =(1/2) pay er ieaal: 54. x = 
== (16k +1) 2/8. 55. xy = (20k-+1) 0/5, x= (20k +9) 1/5. 56. x= -y arctan 4-+2kn, 


57. x= (4k-+ 1) 0/2. 58, x,=(4k+1) 0/4, x,=arcsin [(V5—1)/2] +-(2k+ yx. 
59. x,=2, x,=—5, xg=(2n/3)-+ 4k, xy=(— 20/3) + 4kn (k 4 0), x, = 2x 
xarecos [(2 VW 3—3)/2 ]-+4km, xe=— 2arccos [(2 VW 3—3)/2 ]4-4kn(k 0). 60. x, = 
== (2k+1)2/6, xo=(4k-+-1) 0/4. 61. x = k/3. 62. xy = (2R-+ 1) 0/4, X29 5= (6241) 21/6. 
63. x==—arcsin [(V5—1)/2] +(2k-+1)x. 64. x=-- arccos (2—2 YW 2)-L2en, 
65. x, = kn, x.=(12k+1) 0/6. 66. x=2. 67. x=2. 


Sec.1.10 


3 13 
lLl<ox<3. 2. x > 5/2. 3. x > log. cr 4,0<x<alexe< 
a 


Ma. 1S x KWOK aC 6 Maca < (WAT LO<KK< gy, 
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x > 32. 8 I/I6< x < 1/8, BS x < 16. 9 —1 <x <—2/V 5, WV 5<x<l, 
10. log, 5—2 < x < log, 3. II. g-1/V 2<x4<1.120Kx< logs2, x> 3/2. 
13.—2 <x <—l, —l<x <0, O<x<l,x>2.14. 0 < x<0/24, bm/24< ¥ < m/4, 
1. 1<x <2. 16.(V6I—9)/2<ex<2. 17, km—(n/4)-+aresin (3/4) <x < 
< (381/4)—aresin (3/4) -+-2kn. 18.% << —3, -2 <x <—1. 19. x < 1, (3/2) << x < 2, 
x > 3. 20. —~V (4—n)/in<x< V(4—n)/m. 21. (n/6)-+-kn <x < (51/6) + kn. 
22. (1/4) +k <x < (3m/4)-+ hn. 23.0 < x < 0/2, Qarctan (I+ V 5)/2] <xen. 
24. x < log, 3. 25.—-l<ix<ll. 26.0 <x < 1,x2.27.1/2<x< 1. 28. x< —7, 
5—< XS 2, xDS4. 29. x — 2/3, L/2<xv<e?. 30. 2k — (70/4) + 
+arcsin(2 V 2/3) <x< 2kn + (30/4) —arcsin (2 VY 2/3), 2kn—m <x < kn 
—(n/2). 31. —l <x <(I—V5)/2, (14 V S)2<x<2 32 —lox <j— 
— (V 31/8). 33. (83—a)y(2—a)<x<2 if O<a<l; es Ge 
< (8—a)/(2—a) if 1l<a<2; x2 if a=2; x < (83—a)/(2—a), x2 if 
a>2 34-—-l<x<0,2<x*<3. 35, l/2<x<l. 36, —-5/2 <x <—2, 
—3/2 < x < 3/2, 3/2 <x< 8/3. 37, —l— VY B2<axr< V 23/2 —1 if a> l; 
—V%M<x<xl—V 2372, Y232—-laxr< V4 if O<a<l. 38. (144 
4V 7T)/2<ox<9. 39, (0/4) +ka <x < (m/38)+hn. 40.1 < x < 3/2,2 <x < 5/2, 
x>3. 41. —(n/2)+ka <x < —arctan2+-kn,, —(/4)+hn < x < (0/4) +n, 
42, W4tkaox<l/2tk, W2+k<x<lth. 43, kn < x < (m/6)-+2kn, 
(m/6)+2kn<x<(Qktl)n, 44xSl. 45.1-Y6<x<2-Yl0, 14 
+V6<x<s2+YV10. 46. (n/4) tan xc(n/3) thn. 47% x ¢—1, x>1, 
48. 0<x< 1. 49. —l/2ax <—1/4, 7< x<l. 50.0 *¥<8l, x 1296. 
Sl. arctan5--2kan <x <m+2kn, 52. x=kn/3. 538. —6<x<0,3 < x4, 
54. x<—2-—Y 2, 14+V3<x. 55. x < log,3. 56. —(384+-V 5)/2 <x< 1, 


57, 3x0, TNX < BN/2, BN/2<x <5. 58.0 x < 2, x > 4. 59. —(m/4)+ 
+kti<xgknu, (11/4) + kn <x < (n/2)+-hx. 60. —(71/6) + 2ha x < (01/6)+-2kn. 


Sec. I.11 


l.x=—4, y=6. 2. x=7, y=5. 3. 4,=1, y= 1; x, =16/81, y= 4/9, 
4, x=2/3, y= 27/8, z= 32/3. 5. x, = 1, yp =6; X2=2, Yy=7);. x3==3, ys =8. 
6. x, ==4, y= 32; x, =—1, y=l 7. x= 8, y=2. 8 x, =0, y, =2 log, 3—2; 
Xg=3, yoe—l. 9x=5, y=0. 10 x4= VY 3, y=4 y=—YV 3, y=4. 
Wt. x=1, y=O0. 12. x=20, y= 16. 13. No. 14.-—-2 <2 < 4. 15. m=0. 16.04 
x (1/2)+ kn. | 


Sec. 1.12, 


1.20 km/hr, 25 km/hr, 15 km/hr. 2. 27, 18 and 12 years old. 3. 30 km. 
4, 1/6. 5. 19 cm/sec and 27x cm/sec. 6. No. 7, 3 hours, 6 hours, 2 hours. 8. 5 grams 
and 20 grams. 9. 5m (t—t,.)—5m-} (t{—?,), 10. The area of the forest is 40 km’ 
Obtain the equation AC=5+1/4 BC?+1/16 AB? from the statement of the 
problem; besides, for any three points A, Band C the inequality Arie i ae Pea 
is valid, whence 5+-1/4 BC?-+-1/16 AB? <= AB-+ BC or (1/2 BC—1)? +-(1/4 AB— 
— 2)? <0, which is possible only for AB==8 and BC=2. 11, The number of 
marks 2, 3, 4 and 5 are equal, respectively, to 11, 7, 10, and 2. 12. Velocities | 
are: motorcycle, 40 km/hr, Moskvich car, 60 km/hr, and Volga car 80 km/hr. 
13. The water is delivered twice as fast. 14. 1:3. 15. 20 km/hr and 80 km/hr. 
16. No. 17, No. 18. The rate of the cyclist is 20 km/hr, that of the truck, 
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Volga car 80 km/hr. The distance from A to D is 60 km. 
eae a ae metres. 21. 2 minutes. 22. 0.6 km/min. 23. 12/7 days. 
oT io ‘hours. 25. Four boxes of the third type and 25 boxes of the second type. 
9§. 12 sheets. 27. The first pipe will fll the pool in 2 hours, the second in 4 
hours. 28. 4 hours. 29. 16 hours and 45 minutes. 30. 18 hours. 


Sec. 1.13. 


1—l2<x<l/2. 2. The function is not defined for a single value of x. 
3. x=0. A — (n/4) km <x << (00/4) + ke. 5.x <0, 0< x2, x3, 6. x=k. 
16. Note that y=—2 for all x# 3. 24. The graph consists of points on the 
x-axis with abscissas x == (m/2)-+ 2kn. 25. Note that y=1. 26. Note that y =—cos 2x. 
97. Introduce an auxiliary angle. 32. Take advantage of the method of adding 


graphs. 36. Note that y= V 1 —x?*; see Sec. 2.5. 40. The graph of the function y, 
consists of two branches, while the graph of the function y» consists of only one. 
41. The graph of the function 41 Is the bisector of the first quadrantal angle 
(minus the origin). 42. The function y; is not defined for x=kn/2. 43. Pieces of 
the parabola y= (x— 2)? corresponding to x<{1 and x23, and pieces of the 
parabola y= — x2 4x—2 corresponding tox<i1 and x3. 44, The bisector 
of the first quadrantal angle and the third quadrantal angle (including the ne- 
gative x-axis and negative y-axis). 45. The interior (including the boundary) of 
the square with vertices at the points (2, 0), (1, —1), (2, —2), (3,1). 46. The 
half-plane lying below the straight line y=x—2 and the half-plane above the 
straight line y=x-+2 (the lines themselves excluded). 47. The interior (minus 
the boundary) of a rectangle with vertices (1, 2),(—1, 2), (—1!, —2), (—1, —2), 
(1, —2). 48. Pieces of a sine curve y= sin x corresponding to 2kn <= x << (2k+-1) x 
and pieces symmetric to them about the x-axis. 49. The straight lines y=2x + 
"y (Qk-+t 1) and y = — 2x-}-(2k+ 1) a. 50. The portion of the plane to the right 
of the curve x=sin|y| (including the curve). 51. The strip 0<y<1 minus 
vertical Jine segments drawn at points x=: R1/2. 52. The curvilinear angle boun- 
ded from above by the straight line y=x and from below by the curve 
y= —2* (minus these curves themselves), from which the positive x-axis is 
deleted. 53. y=1-+-(x—1)73, x > 0, y> 0. 54. y= V2 (x—x7-}), x > 0, y>0. 
65. x= —y?+(y/4), y > x > 0. 


Sec, 2.1 


1. (e) See Sec, 2.4. 2. (a) Theorem, b) definition, (c) theorem, (d) theorem. 
3. The converse theorem: “If cos@<0, then the angle @ has its terminal side 
in the second quadrant” is not true. The inverse theorem: “If the angle 
@ does not have its terminal side in the second quadrant, then cos @ > 0” is 
not true. The contrapositive theorem: “If cos >0, then the angle @ 
does not have its terminal side in the second quadrant” is true. 5. (a) 
sin 1° < sin}, (b) tan} > tan 2. 6. (a) a=(—1)* B+ &n or, what is the same 
thing, B=(—l)"a-+na. In other words, if @ and f are certain concrete angles 
such that sina=sinB, then there exists an integer k such that the angles a 
and B are connected by the relation a=(—1)*B-+-kn, (b) w=+ 8+ 2kn, 
(c) a@=P+tkn, a ¢(n/2)-+an, BPHA(n/2)+mn, (d) a=(n/2) + P+2kn. 


] er —— ee 
7. cos (a/2)= —35V 24-2 V |—sin? a =—+(Vi+sin a +Y1—sin a), 


sin (a/2)= + V2—2 Vi—sin?a , the plus sign being taken if 270°< 
<a< 360°, the minus sign, if 360°<—a@< 450° for all a in the interval 
970° < a < 450° we can write sin (a/2)=5 (YT—sina— VT+sin a). 8. 1. | 
9, —1/8. Multiply and divide the expression at hand by sin (x/7). 
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Sec, 2.2 


1. x= 18°. Find the root of the equation cos4x=sinx lying between 0° 
and 90°. 2. Assure yourself that y=sin?a@ for arbitrary x. 3. (1+ cos! x)-1/2. 
4. (a+bsin?x)-1. 5. tan?/x, x=(n/3)+kn. 6. sina/(cosacos x—1). 
9. V2 cos x cos—! (x/2) sin [(m/4)-+- (x/2)}. 10. 0. 11. a+b=2ab. 12. (p?—9?)?= 
=—pq. 13. y=a, z=c. 14. Multiply both parts of the equation being proved 
by sin (/7). 15. Use the equation 142°30’=90°-+-45°-+ (1/2)-15°. 16. a+B # 
& (m/2)-+-kn, & % (m/2)-+kn, Be n+2kn. 18. (V7 —2)/3. 19. Establish that 
0°<a< 30°, O° <P < 30°, ie. 0° < a+28 < 90° and then compute 
sin(a-+2B). 20. Transform the expression [(a/b)(A/B)-+1]/{(a/6) +-(A/B)];_ the 
condition aB-++ A 0 signifies that sin[2x—(a+ B))<0. 21. g. 22. (sin2a+ sin2B-+ 
-+- sin 2y)/4. 23, 2. 24, 3. 25. Replacing the cotangents in the sum cot (a/2)+ 
-+- cot (f/2)-+-cot (7/2) in terms of sines and cosines and reducing to a common 
sarees transform the numerator to a product using the equation a+ B+- 

yur. 


Sec. 2.3 


1. (a) starr nae where n is an integer or, what is the same thing, 
B= (—1)* a+-kn, where & is an integer. In other words, if a and f are certain 
concrete angles such that sina=sinB, then there exists an integer n such that 
the angles a@ and B are connected by the relation a=(—1)"B--an. (b) a= 
= + 6+2nn. (c) a=B-+nn and a, B ¢ (m/2)+an. (d) a=(n/2) + B+ 2a. 
2. If |c| > Vat+o6?, then there is no solution; if c= VY a?+-6*, then x= 
= (n/2)—p-+2kn; if c=— YVat+6%, then x=—(n/2)—p+2kn;, if |e] < 
< Va+ob®, then x==(—1)* arcsin [/V @&+6?|—p+én. Here, p is an auxi- 
liary angle defined from the conditions sing@=0/V a?+6?, cos p=a/V a+b. 
3. x, = (0/4) Lahn, x,=(5m/12)- am. 4. x, == (1/30) +4 (2hn/5), x2 = — (4/2) +200. 
5. xy == (1/12)-+(kn/7), xX. = (0/4) -+- nn. 6. x= arccos (4/5) + 2ken. Express sin 3x in 
terms of sin x. 7, x= 1/4 arccos (3/5)-+-(k/2). Express sin? 2x in terms of cos 4x. 
8.0 2)==— (0/3) 2kn, =. 22 = (0/9)-4+-(2nn/3). 9. x, = (1/2) -+ kan, eae 
= -+ aresin(1/V5)+-nn. Pass to the equation cos (x cos? x)= cos (x sin 2x), 
whence either 2 sin 2x—cos 2x=1—4x or 2sin2x+-cos2x=4k—I, where & is 
an integer. In both cases, the only value of & for which solutions exist is | 
k=0. 10. x= + (0/3)-+-2km. WN. x, = (QR 1) 0, %y=(—1)" (0/8) +a. 12. 4 = 
== (1/4)-+ kn, x,=—arctan 3-+-an. Prove that cos x # 0 and divide all the terms 
of the equation by cos? x. 13. x,— arctan (3/2) -+- An, x,==— arctan (1/2)-F a. fae 
to the function tanx. 14. x,=An, x,==(—1)"(n/6)--nn. Pass to the func ion 
sinx. 15. x,=2(2k+1)m, xg=(—1)" (2n/3)+4nn. 16. A ag ea 
= -+-(/4)+3nn. Denote +/3 by y and express tan3y in terms a any. 


— 


n 
17. x=(—1)* (2/20) —(6/5) + (na/5). Denote 5x+-6 by y. 18. n= ggg °° = 


__ 7—6k __(m—1)n—arccot 2 V 3 H—-MX 1 oy 19 x= 
(m-+1)x-+-arccot 2 V3 


== + (n/3)--kn. Pass to the function cos 2x. 20. f; =n, fp= (11/6) “+ nn. a 
to the function cos 2¢, 21. x= + (2n/3)-+2kn. Assure yourself that sin* (x/2) 

— cos (x/2)=— cos x. 22. x=(n/8)-+(kn/4). Assure yourself that sin a 
+ cos® x= 2-412 cos? 2x+2 cos’ 2x and then pass to cos 4x. 23. x= + (7/6) + 
-- (kn/2). Use the formula for a sum of cubes. 24. m= 2 (2+ 1m, a 
= (2n-+1)m, x5—=(2n/5)-+(4mn/5). Get rid of the squares of cosines an de 
form the resulting sum into a product. 25. y,=2km, y2=(37/8)+ (7/4), 
Yg=— (n/2)+2mn. 26. x,=kn/4, X= + 1/4 arccos [(i-+ V5 /4] +(nn/2), 
xg== 1/4 arccos [(I— W5)/4] +-(mm/2), 27. x= 28 + (2n/3)-+ 2kn Transform 
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the product of cosines into a sum. 28. x=2kn/[n(n-+1)], where ‘A is an arbit. 
rary integer. Transform the products of sines to differences of cosines. 29, x)= 
= (2k-+ 1), X,=("/2)+-nn, X3=2mmn/5. 30. x =nN/3, X,==2mN/9. Bl. x= hy, 
Xo== tarctan V5/7-+-nm. 32, x, =(a/4)+ka, x,=(n/2)+2nn, x3=(2m-+-1)q. 
Employ the formulas cos 2x=(cos x-+ sin x)(cosx—sin x) and 1—sin2y — 
= (cos x—sin x). 33: X, = 2kn, X_ = (1/2) -- an, X3=— (1/4) -L my. 
Transform the left member of the equation to the form. 2 cos x(sin x-++ cos x)3, 
34, x; = + (m/4) kn, X,== — (1/6)-+(n0/2). Denote tan x—cotx by y; note that 
tan x—cot x== — 2 cot 2x. 35. x)= + (m/6)-+-2kn, x.=(—1)"*1 arcsin (1/4) + ny, 
Represent the radicand as a perfect square. 86. — (1/3}-- ka < x <—(2/6)-L by, 
(1/6) kn <x<i(n/3)+kn. 37. x=log, p, where p=1, 2, .... 38. x = log, p, 
X,=log,(4p—1)—1, x3=log, (4p—3)—3/2, where p=1, 2, .... 39. x, = 
= + (1/2) arccos (1/3) -- kat. ¥2 = + (1/2) arccos (—1/4)-++-An. Rewrite the equation ip 
the form 5 (tan x-++cot 3x)=tan 2x—tan.x and pass to sines and cosines. 40, ~— 
= (n/4)-+-2kn. Rewrite the equation in the form 4(sin x-+ cos x) + 
+- (sin x-+ sin 3x)-++ (cos x—cos 3x) =2 V2 (2-+-sin 2x). 41. x= 13n/4. 42. ihe 
== 31/6, ¥,=3n/10, x,= 70/6, x,= 130/10. 43. x=(2p-+1)1/18, where p is any 
integer except numbers of the form 9m+-4, m=0, +1, +2, .... 44. y= ayZ. 
X_,=O6n/3. 45. x, =5n/6, x%2= 1380/6. 46. x=(n/2)-+-2kn. 47. No solution, 
48. No solution. 49. x=(2k-++-1)z. 50. x=— (m/6)-+-an. 51. x=4. 52. No go. 
lution. 53. x=kn. Use the formula for the difference of tangents and obtain 
the equation cosxcos2v—=—1. 54, Prove that the equation sin 2x—sin 3y— | 
is not possible for a single value of x. 55. x= +(1/2) arccos [(a*—2)/2]- an fo; 
|a|<2. 56. a=1, x=k. Reduce the equation to the form cos?x(a+ x) — 
= 1/(2a—a*). 57. X,= 77/6, x.=110/6 for a==—1/4; X= 0-4 
+aresin (1+ V 1+ 4a)/2, x, = 2n—arcesin (1+ V1+ 4a)/2, x5-=0-+- arcsin (1— 
—YV1+4a)/2, x,=2n—arcsin (l1— VY 1-+-4a)/2 for —1/4 << a<0;x,=0, Ne ==, 
X%3 = 3n/2 for a=0; x,=arcsin (V 1-+4a—1)/2, x, =n—aresin (V 1+ 4a—1)/2 
for0O <a < 2; x=n/2 for a=2; no solutions for a <—l1/4 and for a> 2. Write 
out the conditions for which the equation z?-+-z—a=0 has real roots, the 
smaller root being at least. —1, and the larger root not exceeding 1. 58. x== ky 


for arbitrary m > 0; besides, x= + J—arceos (V1 + 2m— 1)/2--nn for0 <mec 4, 


Pass to the functions of the angle 2x. 59. «—=(—1)* arcsin (b/(6—1)]}+- kn for 
b< 1/2, 64—1, 641/38, 640. Reduce the equation to the form sinxy — 
= b/(o>—1) and take into account the restrictions tanx 40, cosx + 0, 


2 cos 2x #1, tan?x 41/3 60. x= + arcsin V 270 a*)+kn for Ja]> l, 
|a| + V3. Reduce the equation to the form sin? x—2/(1+a%) and take into 
account the restrictions tan? x 41, cos 2x 40, cosx 40. 


Sec, 2.4 
I. x, = (72/36) an, yy = (52/36) + ko; x, = — (112/36) 4- sae Yo = — (1391/36) +. 
—1)% ioe 2 
bkn. 2. x=(n/2)-+kn, y=(2/6)—ha. 3. re 24 arcsin ct A + 


kn nm , (—1)* 9—3Y 3, kn 
See y= +r arcsin 9. ot 4. x = (1/4) + ka, yy, = 


s=arctan2--nn, 2; =(3n/4)—arctan2—(k-+-n)m;  Xy= —(n/4)+kn, y= 
= arctan 2++ an, 2, = (57/4) -+ arctan 2—(k-+ n) a. 5. x= (—1)* arcsin g a 2 ++ 


+ kn, y= + arccos (2— V2) + 2na. 6. xe > |(-10 arcsin o4 


++ (—1)" arcsin at (it aa y= | (—1ytaresin ==(-1y arcsin = +- 


NS 
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+-(k—n)n}]. 7. x=2, y=. 8. ¥,=7/3, y, =7/6, x,=0, Y,=1/2. 9. x, =n, 


Y,=n for arbitrary a>0; if lea’, then the’ solutions are also 
¥, = arcsin V (4—a2)73, Y= atcsin V (4—2)/3a?. X3==nN—arcsin V4 — a*)/3, 


yg=m—arcsin V (4—a?*)/3a?; x,=n-Laresin V (4—a*)3, = 
= aresin V (4—a?)/(3a4); X, = 2n—arcsin V (4—a®)/3, y= —~ 


—arcsin V (4—a?)/(3a*) 10. x, =arctan V a+en, y,= + arccos pee +- 


+ 2nn; x,=— arctan VY a+kn, y,=+ arceos VS if azo, a#l, 
2Yac]b(1—a)]. - 
Sec. 2.5 


I. —n/3, 1/2. 2. 51/6, 1, 2/2. 3. —1/6, —n/4. 4, 2n/3, 3x/4, 1/2. 5. 5—2n, 
4V15—3 


e ! H ] 
arcsin 50 , arctan 3" a+ arctan 3 


13. x>0. 14. x > 0. 15. No solution. 16. x==1. 17, x=0. 18. x= V 3/2. 


Sec. 3.1. 


1. (ec) If two planes intersect, then four dihedral angles are formed at the 
Straight line that is the line of their intersection (two pairs of vertical dihedral 
angles); any one of them can be taken as the angle between the planes. (f) Note 
two possibilities: when one of the radii of the circular sector, the revolution of 
which generates a spherical sector, coincides with the axis of revolution (in this 
case, the spherical sector is a convex figure, the base of the spherical sector is a 
Segmental surface), and when the axis of revolution does not intersect the arc of 
this circular sector (in this case, the spherical sector is a nonconvex figure, its 
base is a zone of a sphere). 2. (a) Theorem, (b) definition, (c) axiom, (d) theorem. 
3. Converse theorem: “If a straight line L is parallel to a plane x, then L is paral- 
lel to the straight line /” is not true. The inverse theorem: “If a straight line 
L isnot parallel to a straight line J, then L is not parallel to the plane x” is 
not true. The contrapositive theorem: “If a straight line L is not parallel to a 
plane x, then L is not parallel to the straight line f” is true. 4. This follows 
from the converse of the Pythagorean theorem. 5. (a) Impossible. For example, 
we inscribe a triangle ABC in acircle and consider the inscribed polygons for 
which the chords AB and BC are always sides (i.e., all vertices, except B, are 
chosen on the are AC). (b) Impossible. For example, let us take the sequence of 
inscribed triangles A,,8,,C,, for which the arcs AB and BC are equal to 2n/n (what 
is the limit of the sequence of perimeters of these triangles?). 6. Compare the cir- 
cumference with the perimeter of an inscribed regular hexagon and with the perime- 
ter of a circumscribed square. 7. Not valid. The proof is incorrect and is admissible 
only if AB and AB, and BC and CB, do not constitute a‘single straight line; then 
tne triangles are indeed equal. But a configuration is also possible for which AB and 
AB, (or BC and CB,) lie on one straight line. 8. Two distinct configurations are 
possible: either 9l! three straight lines are parallel or all three intersect in a single 


point. 
Sec. 3.2 


1. (a) Draw the straight lines L* and L** parallel to L and distant a from it, 
and the straight lines /* and /** parallel to / and distant a from it. Consider the bi- 
sectors of the angles, which form at the points of intersection of L with /* and /[** 


31-3480 
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and also with L* and L**. (b) Join the arbitrary point M of the desired locus to 
points A and B; complete the triangle AMB to a parallelogram with diagonal AB 
and assure yourself that MO*=2a—AB*=-const; hence, for 2a>=AB? the desired 
locus is a circle with centre at the point O (for 2a—= AB? it degenerates into a point), 
There are no such points M for 2a< AB’. 2. A circle with diameter AB minus the 
points A and B. Draw a common tangent at point M and use the theorem on the 
equality of line segments of tangents drawn from a single point to the same cicrle. 
3. The entire plane. Show that from any oint (as centre) in the plane it is always 
possible to draw a circle intersecting all three straight lines. 4. A circle constructed 
on the line segment AB as on a diameter. 5. A circle constructed on the line seg- 
ment OA (where OQ is the centre of the given circle) as a diameter. 6. A circle con- 
centric with the given one and having radius r cosec (2/2), where r is the radius of 
the given circle. 7. A circle with centre at the midpoint of the line segment OA 
(where O is the centre of the given circle) and radius half the radius of the given 
circle. 8. A circle with centre O at the midpoint of the line segment AB and radius 
AB. Prove that MO=AB. 9. (a) A straight line perpendicular to the plane of the 
triangle ABC and passing through the centre of the circle circumscribed about the 
triangle. (b) No such points. 10. Four straight lines resulting from the intersection 
of the bisecting planes of dihedral angles between the planes IT and x with two pla- 
nes parallel to if and distant a from it. H1. Four straight lines perpendicular to the 
plane m and passing through the centres of an inscribed circle and excribed circle 
of a triangle formed by the lines of intersection of the three given planes with the 
m plane. 12. A sphere constructed on the line segment AB as a diameter. 13. A 
great circle cut out of a sphere, which is constructed on the line segment AP (where 
P is the foot of a perpendicular dropped from point A on straight line f as a dia- 
meter, by the plane drawn through P perpendicular to the straight line J, 14. All 
points lying inside the given dihedral angle. Show that if a plane is drawn through 
any interior point M perpendicular to the edge of the dihedral angle, then on the 
sides of the resulting plane angle it is always possible to choose points A and B 
so that M is the midpoint of the line segment AB. 15. All points of plane IT drawn 
through the straight line L parallel to 7, with the exception of points of the line L 
itself, and all points of the plane x drawn through the straight line / parallel to L 
except the points of the line / itself. 16. Consider separately the cases when /> 


salV'2, l=al V2, 1<a/Y 2. 17. A circle. Drawing a plane through the straight line 
AB and the point M of tangency, compute the distance KM, where K is the point 
of intersection of the straight line AB and the plane. 18. If [> a, then the desired 


locus consists of all points of a circle of radius > V ?—a? with centre at the centre 


of a cube, which circle lies in the horizontal plane passing through the centre of 
the cube. If /=a, then the desired locus consists of a single point, the centre 
of the cube. If <a, then not a single point of space has the required property. 


19. Note that / a-+-b4= Vc V (ac/b)?+- (ec/a)?, where c= VY ab. 20. Take advantage 
of the fact that if O is the centre of a circle circumscribed about the triangle ABC 
and OM is a perpendicular dropped from point O to the side BC=a, then BM= 
MC=a/2. It is thus easy to construct the triangle OBM and then the vertex C. 21, If 
the straight lines AB and / intersect at point C, then take advantage of the equa- 
tion AC: BC=CD?, where D is the point of tangency of the desired circle and line 
1, 22. The centre of the desired circle is equidistant from the centre O of the given 
circle and from the point lying on a perpendicular erected to the straight line / 
at the point A, and at a distance from A equal to the radius of the given circle. 
23. From the ratio between the areas, express AC in terms of AB and construct the 
line segment AC on the basis of this formula. 24. Set up an equation for the line 
segment BD and express it in terms of the side AB and the altitude A of triangle 
ABC dropped on the side AB. Construct line segment A and then construct BD by 
the formula thus obtained. 25. From the equality of the volumes of the pyramid 
and prism express a leg of the desired isosceles right triangle in terms of A and a 
side of the base of the pyramid and perform the construction by this formula. 
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. Sec. 3.3 

1. V (bc—i) (6+c)2/bc. 2. 7 hcoseca VY —cos 2a. 3, sin A:sin B:sinC = 
= V5:2V 2:3. 4. 1/16. 5. arctan {24va—-3 n—! sin? (n/n) sec (n/n)]. 6. 6/a. 
7. 1/6 2a? sin 2a sec? 2a. 8. 2aretan —. 9.2 nbc (b-++-c) sin 2 cos (a/2). Note 
that the axis of revolution is perpendicular to the bisector of the angle A. 
10. R? arcsin [r/(R—r)}. 11. 5 asec (a/2). 12. arccos (—cos? q). 13. [bc/(6+-c)}?. 
14, 2m cos a cot (a/2); = m cosec? (@/2). 15, R(n/2)+a—B], R [(/2)—a-+-B], 
R(—(a/2)-+a-+-B], R [(3n/2)—a—B], where ake Vere = 
=aresin(21/Y5). 16" Sj, 17. 2/37. 18, ey ae 
19. tan?(p/2). 20. VW 4/3(@—a+l). 21. 34+2V 3. 22. | 2ab/(a+b). 
23. 8 sin (a/2) sin (B/2) sin (y/2). 24. 2 aresin 25. 9/4. 26. 12/5. 


hy) 
27, 1/2 6| cos (3a/2) | sec (a@/2) cosec a. Note that for a < 2/3 the centre of the 
circumscribed circle lies closer to the base of the triangle than the centre of 
the inscribed circle; for a> 2/3 it is farther away. 28. (a—r)/(a+r). Draw 
the straight line APOQ through the point A and the centre O of the circle and 
note that the desired quantity is equal to the ratio of the areas of the trian- 
gles BPC and BQC. Then compute the ratio of the altitudes of these triangles 
dropped on side BC 29. 2sin?a/[a(1-+ sin 22+ sin? a@)], where « is the mea- 


sure of the angle AOB in radians. 30. 2 arcsin [ld —m)/V m+ 2m] for 1/4< 


<m<l. 31, —2S cos 2acos?a. 32, 1/4 a*| cos 2a | tan a (1 +2 cos a)~". 
2%—B . ,a+B 

33. a par Z ee 2 34 a? -1- 62—2ab cos a | a?@— 6 | 

| cost ZB = 26 sin a b° 


2 
35, 2 metres and 2 metres. 36. 2cm, 1/2 cm, and 5/2 cm. 387. 3 and 4. 
38. 2(1—a). 39. (l—a)/B. 40. Only an equilateral triangle. 41. No. 42. Not 
in all cases. Yes, if the base of the pyramid is a square. 43. cosa@=2/3. Show 
that the angle at the vertex A of the triangle must be acute and the point H 
of intersection of the altitudes is diametrically opposite the point at which the 
inscribed circle is tangent to the base of’ the triangle. Further note that 
ZHBC=90°—a and obtain the equation cota=2tan(a@/2), 44. 4. 
45. sin? [(m/4)—(a/4)] cosec? [(m/4) +-(8a/4)]. 46. 1/4 A sin? (B—«a) cosec? a xX 
x cosec? B [a— 1/2 h sin (a+) cosec’e: cosec B]. 47. (1/4) + arccos [(1-+2V 2)/4]. 
48. arccos(1/}/2). 49. AB=BC=2, CD=1, AD=V3, S=3V 3/2. 


50. 6 V 7. 


Sec. 3.4 
1. (a) arccos (V3/3), (b) 60°, (c) 90°, (d) a/V 2 (e) a/V 3. 2. 90°, 
arccos > , alY 2. 3. Yes. However, the proof is not correct, since it is not 


shown that the constructed plane a is not dependent on the choice of point A 
on the straight line L. It must also be proved that if we take another point 
on the line L and carry out the same constructions, then the resulting plane 
will coincide with the a plane. 4. Only provided L | /. 5. No. This straight 
line only exists if all three given skew lines are parallel to one plane. 6. Yes. 
Draw a plane x through one of the straight lines 4; and a point A on another 


3l* 
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straight line /,; prove that point A may be chosen so that the x plane and the 
third straight jine f, are not parallel. Draw line L through A and the point of 
intersection of line fg with the a plane; prove that A may be chosen so that 


the lines L and J, are not parallel. 7. No. 8 1/3aV 2 and 2/3 aV 2. Note 
that the common perpendicular is equal to the altitude of the triangular pyra- 


mid cut out of the cube by a plane passing through the endpoints of three 
edges converging to one vertex. 10. Yes. 11. From 0 to x, irrespective of the 
size of the given dihedral angle. 12. A parallelogram. 14. arcsin (sin @ cosec a). 


15.  arctan(Y 2/3) and arctan(5Y 2/7). 16. 2arcsin(6/Y 46?—a?). 
17. arcsin V sin’ a-P sin? p. 18. arccos(cosasinB). 19. 2arccos z and 
arccos S _ 20. coseca YV1-+2cosacos PB cos y—cos? e— cos? B—cos? y. 
21. 2/3 RV3+6cosa. 22. Both angles are equal to arcsin [sina/V 2]. 
23. arcsin(sinBseca). 24. b/c. 25. BD=-~ V Sai} 40? + 25c%— 12ab cos a, 
BC = . V 9a? -+- 9b? -+ 25c#-+ 18abcosa@. 26. arccos ee 


— 


7 Veep —i(e@—bye 
27, arcsin [(2/V 3) sin (a/2)]. 28. tang=V"7, aV3/7. 29, 9a cos? (a/2) x 
x cot (a/2) [3—4 sin? (a/2)]. 80. 1/8 py 3 cot? a (4+ tan? a)3/2. 
31. 2 sin (p/2) V_sin (p/2) sin (39/2). 32. sing=2V 2/3. 33, —arccos (cot? y). 
34. 45° or 60°. Through one of the skew lines draw a plane parallel to the 
second straight line arid project this line on the constructed plane. Two cases 
are possible, depending on whether the line segment joining the projections of 
points A and B on this plane subtends an acute or an obtuse angle 


35. V 9m? cosec® a— l?-- V 9m* cosec? B—/? if the angles of the triangle ABM 
at the side AB are both acute; | V 9m cosec? @—— VW 9m cosec® B—[2 cose? B—[2| if one 
of these angles is obtuse. 36. 2 arcsin [1/2 tan (a/2)]. 


Sec. 3.5 

4. Utilize the similarity of the triangles obtained in the construction so as 
to be able to replace the ratios in the left member of the equation being proved 
with new ratios in which the denominators will contain one and the same side 
of the triangle ABC. 13. Use the formula for the sine of a triple angle. 


16. 4:9. 21. 3/4 a*;  arccos V 1/3. 29. 1/2 6tan (a2/2) [3 —4 sin? (@/2)}7 2/2. 
2 V 3h tan [(a—7/6] / 48V sin (4/2) 

30. ———OO  * 31. 3 SS 
9 tan“ [((a—x)/6|—3 V 3—4 sin2 (a/2) ‘ 


Sec. 3.6. 


1. Take two straight lines J, and /, of the three given ones, construct parallel 
planes 7, and 2, containing /; and /,, respectively. Let A and B be the points 
of intersection of the third line 7; with the planes m, and x,. Through point A 
in plane m, draw a straight line k, parallel to /, and through point B in plane x, 
a straight line &, parallel to /,. Then build equal parallelograms: in the x, 
plane with vertex A and diagonals lying on lines J, and &,; in the a, plane 
with vertex B and diagonals lying on the lines J, and k,. 2. No. 3. No. 4. Yes. 
The cutting plane has to be taken parallel to the lines of intersection lying 
opposite the faces of the given tetrahedral angle. 5. No. 8. A square. 9. A regu- 
lar hexagon. 10. Construct a section of the cube by a plane passing through the 
points A, B, C, D dividing the corresponding edges of the cube in the ratio 


1:3 (Fig. !70). Assure yourself that ABCD is a square with side 3 V 2/4 = 1.06 
(if an edge of the cube is taken to be 1). For the section of the desired hole 
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you can take a square with side unity lying strictly within the square ABCD. 
HW. 1/3 a(3+2)YV3). 12. oV 2—V3. 13. a(3—Y3). 14. 1/2a(V6—-Y2). 
15. Yes. 16. 47/27. 17. arctan [VW 2cot (a/2)]. 18. a/V 2. 19. 2RI-? VW P— R?x 
sin (n/n); 2arcsin[RI-!sin(x/n)}]. 20. 2/3mh3. 21. a VY 3/2. 22. 1 cos? (a/2)x 
x sin (a@/2). 23. a2b3c3 (ab-+- be -+-ca)-3. 24, 1/12 n a3[1-+2 cot? (a4 /2)]. 25. 1/2 csin BX 
x<cosec A, 1/2csin Acosec B, 1/2csin A sin B cosec? (A+B). Express the sides 


Fig. 170 


of the triangle in terms of the radii of the spheres. 26. 1/3 26° cos B cos (a/2)X 


<sin*® (@/2). 27. arctan [sin a/V cos 2c]. If 2a >2/2, then the cones do not 
have common tangent planes (not passing through a common generatrix). 


28. 21 sec (a/2)xsec B VY sin(a—f) sin B. 29. (2+ V3)/4.: 


Sec. 3.7 | 

1. a? sin 2a cos acosec? 3a. 2. I/4a2V 4costa—l. 3. a®costa. 4, 1:15. 
5. a VY 3/2. 6. VY2+1. 7. 3/4 V3A2(2—AY (h—a)-% .8. (3 V 3+ 1)/26 
9.3/V 14. 10. V3 V2/3 cos7 8 q@ sin= 2/8 q, 11. a(1+4+2cos p)~}. 12. d? V 2 cosec @. 
13. 3-42 V2. 14. 7/3 SY? cos! asina. 15. 13:23. 16. 1:47. 17. 3a. 18.3) 3a%/4, 
19. 1/4 (2a-+6)?. 20. 3a2/2V9. 20. at(14-V44-2 V2). 22. 23V/24. 23. 2/5a. 
24. 12h3/247, 25. 25a V4h?+ 302/64. 26. 55/4. 27. 258/16. 28. 100/69. 
29. 4 6h2/9. 30. arecos =. 31. (a/3)V 15-+9 V3, (a/12) V 15-93. 


32. 3 VY 3/32. 33. <. 34. 3 73/4 square decimetres. 35. 37/16 square 
decimetres 


Sec. 3.8 


1. mh V 2R (2R—A). 2. Y 6/8. 3. 4nrR? (2R—r)-1. 4, arccos Vas 


5. 4:21. 6. Qn/3. 7. 10mA3/9. 8 16:9. 9. 8305/27, 10. 6 V3/x. 
It. &cos (a/2) tan (a/4). 12. YV3r cot? (a/2) tang. 13. 5 ! sin? a, 
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14. 2r cosec 2p (1-+-sing). 15. aY 6/2. 16. 1/3(14+2 VY 2)3nR3. 17. The condi- 
tion of the problem is satisfied by two spheres with radii r[1-+2 tan? (@/2) + 


+ tan (a/2) V3-+4 tan? (a/2)}. 18. S,4,=1/3nl?, R=3U/4V 2. 19. V2 703/36. 
— 2 72 : 
20. V=a’h/2, where for a/2<ar< al V 2, pe ee for r=a/V 2, 
= r—V r2—at/4 l — 
h=a/4; for r> alV 2, i= aa? : 21. ve al V3 — 1)?, 
22. b V 4a®—6?/(4a-+106), 23. 1/18na® V3. 24. r(1+V3+42/3 V6). 


5.  1/3r6+V3+V27+12V3). 26. 1/2 r(24- V8). 27. 2. 


9a2h? V a? + 12h? a(26—a) V3 = 

; SS ee 9, ~~... | eG ° 3 a 

28 PTR arctan aV3 2 2 V nas 30. 5a* V2 /96 
Sec. 4.2 


1. There is no solution. 2. x=0O, 3. There is no solution. 4. There is no 
solution. The right member is nonnegative for cos x< 1/2; but all such x satisfy 
the inequality |x]i=7/3, ie., x?2=n?/9>1 so that 3x? > 3>>1—2cosx. 
5, x=0. 7, x=2. Reduce the equation to the form x2*=8 and by trial and 
error find the root x=2; there are no other roots because for x>=0 the 
left member of this equation increases monotonically, and for x <0 it is 
nonpositive. 8. x, = 1/4, %, = 2. Reduce the equation to the form 
(log, x-+ 2) (log, x-+x—3)=0. The equation log, x=3—vx has a unique root, 
x=2; for x >2 the left member is greater than 1, the right member is less 
than 1; for (admissible) x < 2, vice versa. 9, x,=0, x,=2. Reduce the equation 
to the form (x—2) 2% =(x—2) (1—-x). 10. x=1. For x > 1 we have x? > 1; on 
the other hand, for these x we have x—x? <0, j.e., 10*-*%? <1. For 
0<x <1, contrariwise, x¥ <1 and 10*-**>1. Il. x,=—I1, x.=1. Reduce 
the equation to the form 2(x-+1) sin (mx/6)=(x+-1)(3—2x). If —2<x<2, 
then —n/3<nx/6<1/3 and so the left member of the equation 2 sin (xx/6) = 
= 3—2x increases, the right member decreases so that x=1 is the only root 
of the last equation. 12. x=1/2.°’ Reduce the equation to the form 4x—1 = 
== 2 cos (2nx/3); its root is x= 1/2. There are no other roots because for O<x<1/2 
we have 4x—I < 2cos (2nx/3) and for 1/2 < x< 1 we have 4x—1 > 2 cos (2nx/3). 
13. x=—l, y= I. 14. x =2, yy = (2/2) + kn; x, = —2, y= ho. 15. x = (2k+ 1) 0/4, 
y=l. 16. x=hka, y=l. x= 1 y=(2k—3)/4. 18. x= + 3/n, y= [(4k+1) 2/2] F 
FE (3/m). 19. x, =— arctan V 2+4n, yy = (1/4)-+2nn; x,==arctan V 2-+ kn, 
y, = (51 /4)-+ 2nn, Reduce the equation to the form [tan x-+-(sin y+ cos y)]? + 
+ ({—sin 2y)=0. 20. x,=(/4)+2kn, yy=(2n-+1)n;  x,=(52/4)+ 2h, 
Yo=2nn. Using the substitution cosy=2, reduce the equation to the form 
z?—2z sin [x-+(2/4)}+1=0 or [z—sin [x-+ (1/4)]]?-+ [1 — sin? [x-+ (1/4)]] =0. 
21. x«=0, y=1. If the inequality is true, then y=>x?+-121; on the other 
hand, cosxs=y?-+Vy—xv—i Sy’, that is, cosx2>1. Consequently, all the 
inequalities written down become equalities: y= x?-++-1=1, whence x=0, y=1. 
A check shows that this number pair does indeed satisfy the inequality. 


I 
22, x=1, y=0. 23. x= arccos = -+(2k-+-1)m. 24, No solution. 25. x .= + I, 


a V 3/2. 26. x= 2, y= 2, z==—2. 27. x, =a, 


thoet V 3/2; x 4= +t), ¥9,4= 
Zg=a. 28. a=—1/2. 


y,=0, 2,=0; x, » Yo=a, 2,=0; x%3=0, ys=0, 
29. a any number, b=(2k-+1)a—a. 

Sec. 4.3. 
1. No solution. Utilize the fact that the sum of two positive reciprocal 
expressions cannot be less than 2. 2. x==-— 2/3. Take advantage of the fact that 
the sum of two positive reciprocal expressions is equal to 2 only when they 


— 
—= 
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are both equal to 1. 3. No solution. One of the terms is greater than 2, depen- 
ding on the sign of x. 4. —-l<ix<l.6.4/5< x < 1. Forx <1! (and x >4/5 from the 
condition making all roots meaningful) every term in the left member is greater 
than every term in the right member; the situation is reversed when x > 1. 
6. x,= (1/2) tan, x,=2kn. 7. x, =(n/4)+an, x, =n. 8. No solution. Since 

sin’ x<sinx and V cos? x<cos x, it follows that the left member does not 
exceed sinx--cosx<j Y2; however, sinx+-cosx=Y2 only if sinx—cosx= 
= VY 2/2, but for such x we have the strict inequality VY sin? x < sin x. 


9. x= (57/4)-+2mn. 10. No solution. 


Sec. 4.4 

1. If the first equation has no solution, then c? > a?-+-6?; in particular, c 4 0. 

The second equation can be represented in the form (2a tan? x-+ 2c tan x-+-5) x 
f a0, then the discriminant of the trinomial 2ay?-+2cy+6 is 


x cot x= 0. 
equal to c?—2ab > a*+6*—2ab>0, which means the second equation has two 
real and distinct roots; then at least one of them is nonzero and therefore cot x 


is meaningful. If a=0, then tan x=— 6/2c; for 6 + 0 we have tanx + OG, i.e., 
the second equation has a solution. 2.a< m?/2. 3. (a) a,=1, a,=—2, 
5. a=4, a>5d. 6. a=0,0<b6<1. 7. a=—l. 


(b) a=!l. 4Ja<—l, a=0. 
8. a=—I1l, a=]. 9. (a) Not for any a, (b) for any a, (c) a 40, (d) for any a, 


(e) a=0, (f) a0. 


Sec. 4.5. 

1. d>11/. 2 2V2<a< 11/9. 3. Not for any values. 4. a< —2, 
5. a< —3, a>QO. 6. —I/2<a< 0. 7. m> lL 8 axs—3, a>—l. 
9 ys —-2V 2, —-I/V2<y<0,0<y¥< V/V 2,4>2V2 00<y¥< 1. 
It. W/2<acKl. 12, —3<ag3. 13. There are no such’ values. 
14. x= (2a+1—Y1-+4a)/2 for a0; no solution for a < 0. 
= (fe@—I—a + V 2a?—5—2a V a&—! y? for a< — 5/4; x= 1 fora=— 5/4; 
no solution for a > —5/4. Find the roots of the quadratic f(y)—y?+ 2ay+ 1 


that satisfy the condition y==2. If D=a?—1 <0, then there are no real roots 
at all, and so it must be true that-a?—1>0. If f(2)=4a+5 < 0, then the 


greater root y=—a-+ V a@—1 will exceed 2. If f (2)2==0 and —a>2, then 
both roots are suitable, but this case does not occur for any a whatsoever. 
16. x=log, (Qm+ V 4m?—2m—2) for m<—l; x=1 for m=1; 2 


= log, (2m + VY 4m?—2m—2) for m> 1; there are no solutions for the other 
values of m. Find the positive roots of the quadratic y?—4my+2m+-2. The 
discriminant D=4m?—2m—2 is nonnegative for m<—1/2, m=>1. For m=>1 
we have y, ,=2m-+- V 4m*—2m—2 for —1 <m<-—1/2 there are no positive 
roots and for m<-—I1l the greater root y=2m-+- VW 4m?—2m—2 is positive. 
17, x=(—1)* arcsin log, [(—m+ V 4—3m)/2] + kn. Find the roots of the 
quadratic f(y)=y?-+-my+m?—I1 such that I/2<y<2. By virtue of 
—l<m<1 the discriminant D=4—3m? > 0 and the constant term is nega- 
tive, so we can only be interested in the greater root. It does not exceed 2 if 
and only if f(2)S_0, which occurs for arbitrary m. 18. x,=(—I1)* X 
x arcsin 102+ Waa 8 tbs x, = (—1)Farcsin 10% 249-24 pn for Yd <a: 
x=, fora<—V2,a=—l, b>YV2, there are no solutions for the remai- 
ning values of x. 19, x=(—I)* arcsin al V+ 4a-1)/2 1 py for O<a<l, 
x=(—1)* arcsin q~(Vi+4a+i)/2 kat for a>. 20. x = + (1—a?)*/4a? for 


15. 2 = 
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0<a< 1, x=0 for a=1, and there are no solutions for the remaining values 
of a. 21. x=log,a for 0<a<<!1, there are no solutions for the remaining 


values of a. 22. x= 1/10 for a=10; x,= 1/10, xg==102-V1+8 loSi0@ for 10 < 
<a< 1000; x,=1/10, x,=1/1000 for a= 1000; there are no solutions for the 
9". par a logg 2+4-2 foe 


remaining values of a. 23. x=a' for l<ax 
4 PES e ° e 

a> / 2: there are no solutions for the remaining values of a. 

94. x= 10! YF, x= 1071+ V4 logit t3 top 1QI-VS eg toltY3, y 


= 10!*'3 for a> 1o1+¥3, there are no solutions for the remaining values 
of a. 25. x=a? for 1 <a V2, xmau7 tV 4 tlogu? tor gy V 2; no solutions 


2 a 
for the remaining values of a. 26. xa 'Mlozs a+" tog§ a 2 log, @ ) - 
=a '/(2 loga2-2) for Oc a <1; x=x, for 1 <a<2and2<a< 4, x=vx, for 
acs>4. 27. It reduces to the inequality sinx—cosy >0. 28. It reduces to the 
inequality— 1/2 < cos(x—y) < 1/2. 29. It reduces to the inequality cos x — 
—cosy >0. 30. It reduces to the inequality |sin(x-++y)| > 1/2. 31. It reduces 


to the inequality cos 2x-++cos y < 0. 
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geometric problems 317 
algebraic problem, reduction of geo- 
metric problem to 323 
algebraic result, geometric . interpreta- 
tion of 317 
algorithm 304 
analysis (in construction problems) 304 
angle 
auxiliary (introduction of) 231, 241 
between skew lines 333 
finding (from trigonometric rela- 
tions) 308 
measuring (in degrees) 223 
polyhedral 34! 
principal 279 
antilogarithms, taking 116, 156 
approximate computations 19° 
arccos 279, 285 ' 
arccot 280, 285 
Arcsin 279 
arcsin 279, 280, 284 
arctan 279, 284 


area(s) . 
of a plane figure and its orthogonal 


projection 344 
of a triangle 295 


arg (symbol) 55 
argument 196 
of a number 54, 55 
principal 55 
arithmetic 9ff 
arithmetic progression, general term 
of 23 | ; 
arithmetical facts in problem solving 15> 
eras! angle (introduction of) 23], 
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base of logarithms, rule for changing 7! 
basis of induction 22 

biquadratic equations 12 

bisecting plane 304 

boundedness of a function 198 


cancelling (resulting in loss of roots) 125° 
centre of circumscribed sphere exterior 
to pyramid 403 
checking (see verification) 114 
circle circumscribed about a triangle, 
radius of 295 | 
clearing of fractions 121, 148 
combinations of ‘solids 398ff 
commensurable segments 293 
common divisor 16 
compass 304 
complete induction 21 
complex functions 211 
complex numbers 47ff, 48 
absolute value of 50 
difference of 49 - 
geometric interpretation of 50 
imaginary part of 50 
modulus of 50 
in polar form 54 
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product of 48 
quotient of 49 
real part of 50 
relation to real numbers 49, 50 
sign of addition for 49 
sum of 48 
theory of 47 
in trigonometric form 54, 55,.56 
as a vector 52 
computational problems 308, 363, 364 
computations, approximate 19 


condition of a problem, indetermina- 
teness in 297 
cone 


EN inscribed in right circular 
41 


inscribed in prism 410 
inscribed in pyramid 410 
inscribed in sphere 411 
prism inscribed in 411 
problem involving tangency of 
sphere and 409 
_ pyramid inscribed in 411 
conjugate complex number 59 
consistent system of equations: 170 
construction 
of complicated graphs 210 
exterior to polyhedron 396 
construction problems 301, 304 
algebra in 327 
analysis in 308 
trigonometry in 327 
contrapositive theorem 473 
converse statement (in proofs) 359 
converse theorem 473 
coprime numbers 16 
criterion 
for divisibility by nine 15 
strong (of perpendicularity) 333, 
336 


proof of 333 
cube root 10 
cutting plane 394 
cylinder 
inscribed in prism 410 
inscribed in right circular cone 410 
inscribed in sphere 410 
prism inscribed in 411 
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decomposition of a number into prime 
factors 16 


definitions 333 
memorization of 331 
de Moivre’s formula 30 
dependent variable 196 
determinate system of equations 170 


difference of complex numbers 49 
direct statement (in proofs) 359 
divisor 

common 16 

greatest common 16 
dodecahedron, rhombic 292 
domain 196 

of definition 196, 197, 198 

Ban onmations that do not change 


of a variable 112 
extending 115 
in inequalities 147 
narrowing 115 
restricting 115 
test for membership in 116 
double inequalities, solving 136 
drawing(s) 
in geometry 296 
part played by 295 


equation(s) 

biquadratic 12 

equivalence of two 147, 446 

equivalent 113 

exponential 127 

homogeneous 182 

involving inverse trigonometric 
functions 287 

power 127 

reciprocal 88 

second-degree homogeneous (in 
two variables) 182 

similarity to inequalities 135 

of sixth degree 13 

solved by ingenuity in trigonomet- 
tic transformations 271 

solving 112ff 

el of (see systems of equations) 

) 


trigonometric 240ff 
choosing solutions of 254 
involving parameters 259 
solution by apt grouping 250 
solution by introducing new 
unknown 248 
systems of 256, 264ff 
in two or more unknowns 421 
equivalence of equations 147, 446 
equivalent equations 113 
Euclidean tools 304 
even number 16 
evenness of a function 198 
exhaustive solution 450 
exponents [0 | 
exponential equation 127 
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exponential function 103 
exponential inequalities 136 
extraneous roots 117 

sources of 120 
extremal values of a function 198 


final solution 416 
form of complex number 
a-+bi 60 
polar 54 
real-imaginary 60 
rectangular 60 
trigonometric 54, 55, 56 
formula(s) 
De Moivre’s 30 
Hero’s 374 
trigonometric (derivation of) 224 
in which left and right members 
have different domains 228 
fraction(s) 
clearing of 121, 148 
nonterminating nonperiodic (non- 
repeating) 293 
terminating periodic 293 
frustum of pyramid (see truncated py- 
ramid) 410 
function(s) 196, 197 
boundedness of 198 
composite 21[1 
‘domain of 198 
evenness of 198 
exponential 103 
extremal values of 198 
graphs of 196ff 
eee absolute-value sign 
4 


of half an angle ‘see universal sub- 
stitution) 128 

inverse trigonometric 278ff, 284 
equations involving 287 

linear 200 

linear fractional 200 

logarithmic . 137 

monotonicity of 198 

oddness of 198 

periodicity of 198 

Pee (of school mathematics) 
eae 


range of 196, 198 + 
trigonometric 223, 224, 246 
zeros of 198 

functional relation 196 


fundamental logarithmic identity 69 


general term of arithmetic progression 23 
geometric facts, justification of 365 


geometric imagination 300, 369ff 
in plane geometry 375 
geometric interpretation 
of algebraic result 317 
of complex numbers 50 
of systems of equations 174 
geometric mean 85 
geometric problem(s) 
answer to 315 
investigation of 313 
involving maxima and minima 323 
properly posed 297 
reduction to algebrai¢ problem 323 
; algebraic methods in solving 
7 


geometric progression 82, 83, 85 

infinite decreasing 94, 95 
geometric statements 367 
geometric theorems, proving 295 
geometry 

aim of study of 293 

use of algebra in 295 , 

drawings in (part played by) 295 

proofs in 291, 348, 363 

solid 359 | 

problems of 339 
use of trigonometry and algebra in 
308 ff 


graphs 
addition of 209 
construction of complicated 209 
construction of by translation or 
specific deformation 198 
of functions 196ff, 198 
involving absolute-value sign 


204 
hyperbola 198 
multiplication of 210 
parabola 198 
straight line 198 
greater than or equal to 10 
greatest common divisor 16 


Hero’s formula 373. 
homogeneous equations 182 
hyperbola, graph of 198 
hypothesis of induction 23 


i (symbol) 47, 50 
identity 39 

fundamental logarithmic 70 
identity transformations 115 
imaginary number 50 . 
imaginary part of complex number 50 
imagination, geometric 300, 369ff 

in plane geometry 375 
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incommensurable segments 293 
inconsistent system of equations 170 
independent variable 196 
indeterminate system of equations 170 
indeterminateness in condition of a 
problem 297 
induction 
basis of 22 
complete 21 
hypothesis of 22 
mathematical 21 
induction method 29 
induction proofs 23 
induction step 22 
inequalities 
algebraic solution of 109 
between arithmetic mean and 
geometric mean of two num- 
bers 98 
double (solving) 136 
explicitly stated 186 
exponential 136 
first-degree 136 
geometric solution of 109 
- higher-degree algebraic 141 
linear 136 
mathematical 
proving 108 
mistake made in proving 99 
proving 98ff, 
quadratic 136 
solutions of 451 
raising to a power 151, 154 
second-degree 136 
similarity to equations 135 
solving 134ff, 136, 151 
peculiarities of 135 
taking antilogarithms of 156 
taking logarithms of 158 
trigonometric 138 
trigonometric solution of 109 
in two or more unknowns 421° 
verification of 147 
weak 9 
inequality (see inequalities) 
infinitely decreasing geometric progres- 
sion 94, 95 
sum of 95 
infinitely decreasing progression 95 
infinity (see symbol oo) 224 
integers 15 
positive 15 
intersection (set theory) 277 
of solutions 145, 150 
intervals, method of 38, 41, 141, 457 
intuitive reasoning 371 
inverse theorem 473 


induction used in 


es trigonometric functions 278ff, 


_ equations involving 287 
investigation 
of a geometric problem 313 
of linear system of equations 171 
of a problem 305 
irrational power 10 
irrationality 18 


justification 
of arguments 348 
of geometric facts 365 
of proofs 354 


less than or equal to-10 
limit of a sequence 293 
linear fractional function 200 
linear function 200 
linear inequalities 136 
linear systems of equations 
investigation of 171 
_ with complex coefficients 169 
line(s) 
parallel 332 
perpendicular to plane 333 
skew 331 | 
_in space 331ff 
loci (see locus) problems involving 301 
locus (see loci) 302 
Seema) 68ff 
ase of (rule for changin 
definition of 13, 68 ener 
formulas of 78 
reduction to a form convenient for 
taking 310 
symbol of 69 
taking (of inequalities) 158 
logarithmic function 137 
ae difficulties, problems involving 


mathematical induction 21 
in proving inequalities 108 
maxima and minima, geometric prob- 
lems involving 323 
mean, geometric 85 
method(s) 
algebraic (used in solving geometric 
: aeanallay re 
or constructing sections of poly- 
hedrons 383 : oe 
failure of 389 
induction 29 


index 


485 


of mathematical induction 2Iff, 22 
in proof of propositions in- 
volving natural numbers 29 
use outside of algebra 27 
of intervals 38, 41, 141, 457 
of introducing an auxiliary angle 241 
minima (see maxima) 
mixture problems 93, 178 
moduli (see modulus) 
modulus (see absolute value) 31 
of complex number 50, 52 
a sign (see absolute value sign) 


monotonicity of a function 198 - 
multiplication of graphs 210 


natural numbers 15, 22 

nonstandard problems 416ff 

nonterminating nonperiodic (nonrepea- 
ting) fraction 293 

not greater than 10 

not less than 10 


notations, distinct (designating same 
angle) 28 
number(s) 
complex (see complex numbers) 
47ff 
conjugate complex 59 
coprime 16 
even 16 


imaginary 50 
natural 15, 23 
pure imaginary 50 
rational 18 
real 31ff, 50 
relatively prime 16 
whole 
0 (zero) 50 

number pairs 422 


oddness of a function 198 
optimal solution 188, 190 
orthogonal projection 344 


pairs, number 422 
parabola, graph of 206 
parallel lines 332 
parameter(s) 41 
problems involving 259, 442 
system of trigonometric equations 
involving 2 
niceaoee equations involving 
2 


partial sums 95 


percentage problems 179 
periodicity of a function 198 
perpendicularity, strong criterion of 
proof of 333 
plan of a solution 304 
plane(s) 
bisecting 304 
cutting 394 
in space 331ff 
plus and minus sign 225 
polar form of complex number 54 
polyhedral angles 341 
polyhedron(s) 
constructions exterior to 396 
cutting with planes 383ff 
se for construction sections of 
3 
failure of 389 
positional principle of decimal number 
system 15 
positive integers 15 
power 
first 10 
irrational 10 
raising an inequality to a 151, 154 
raising to a 15! 
with natural exponents 10 
zero 10 
power equation 127 
principal angle 279 
principal argument of a number 55 
principal function of school mathema- 
tics 454 
principal square root 31, 43, 44 
symbol 69 
prism 292 
cone inscribed in 410 
cylinder inscribed in 410 
inscribed in cone 41! 
inscribed in cylinder 411 
inscribed in sphere 411 
problem(s) 
algebraic,,reduction of geometric 
problems to 323 
computational 308, 363, 364 
construction (see construction prob- 
lems) 301, 304 . 
analysis in 304 
geometric 
answer to 315 
investigation of 313 
involving maxima and minima 
323 
properly posed 297 
reduction to algebraic problem 
523 


486 Index . 


use of algebraic methods in 
solving 317 
indeterminateness in condition of 
297 
investigation of 305 
involving combination of pyramid 
and sphere 400. 
involving combinations of solids 
398 
involving location of roots of a 
quadratic trinomial 454ff 
involving loci 301 
involving logical difficulties 439fi 
involving parameters 259 
involving proof 340 
involving pyramids 335 
involving single equation in two 
or more unknowns 421 
involving single inequality in two 
or more unknowns 421] 
involving systems of equations. (un- 
knowns not equal to number of 
equations) 421 
involving tangency of sphere and 
‘cone 409 
mixture 93, 178 
nonstandard 416ff 
nonstandard in aspect 417ff 
percentage 179 
proof 352, 365 
shadow 376 
of solid geometry 339 
solution of 356 
standard in aspect but solved by 
nonstandard methods 430ff 
* yerbal 177 
product of complex numbers 48 
progression(s) 82ff 
arithmetic, general term of 22 
geometric 82, 83, 85 
infinitely decreasing 95 
ey decreasing geometric 94, 


9 

with complex terms 86 
projection 344 

orthogonal 344 
proof(s) 

exhaustive 371 

in geometry 292, 348ff, 569 

induction 23 

justification of 354 


of literal and numerical inequali- 


ties 98 
problems involving 339 
rigorous 371 
proof problems 352, 363 
properly posed geometric problem 297 


pure imaginary number 50 
pyramid(s) 
centre of circumscribed sphere 
exterior to 403 
cone inscribed in 410 
frustum of 410 
inscribed in cone 411 
mutual positions of sphere and 406 
problems involving 335 
sphere circumscribed about 402, 403 
sphere inscribed in 399 
truncated 410 


quadratic inequalities 136 
solution of 451 
quadratic trinomial 11, 454 
problems involving location of 
roots of 454ff 
properties of in algebra and _ geo- 
metry 455 
quotient of complex numbers 49 


radian measurement 223 
radius of a circle circumscribed about a 
triangle 295 
range of a function 196, 198 
rational numbers 18 
rationality 18 
real numbers 31ff, 50 
relation to complex numbers 49, 50 
real part of complex number 50 
pear weeiely form of complex number 


reasoning, intuitive 371 

reciprocal equations 88 

rectangular form of complex number 60 

teduction to a form convenient for 
taking logarithms 310 


, telation(s) 


functional 196 
trigonometric 235, 236 
finding an angle from 308 
proof of 238 
relatively prime numbers 16 
rhombic dodecahedron 292 
root(s) 
cube 10 ; 
definition of 134, 170 
of an equation 112 
extraneous [17 : 
sources of 120 
guessing 130 
loss of (cancelling) 125 
principal square 31, 43, 44, 69 
sources of introducing or losing 114 
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square 43 
rough solution 416 
rule for changing base of logarithms 71 


section, to construct a 383 

set, solution 170 

shadow problems 376 

sign(s) 
+4 225 
absolute-value 33 
of addition for complex numbers 49 
choice of 267 
modulus 33 

similarity of equations and 

ties 135 

sin x? (notation) 216 

sin* x (notation) 216 

sine of a number 223 

sine curve 198 

skew lines 331 
angle between 331 

solid geometry 359 
problems of 339 

solids, combinations of 398 

solution(s) 
definition of 134 
from a drawing 319 
of an equation 112 
exhaustive 450 
final 371, 416 
intersection of 145, 
optimal 188, 190 
plan of 304 
of problems 356 
of a serie inequality 451 
rough 371, 


inequali- 


150 


of a system of equations (two mea- 


nings) 170 
by trial and error 128 
solution set 170 
solving equations 112ff 
solving inequalities 134ff 
sphere 
centre of circumscribed (exterior 
to pyramid) 403 
oy Morte about pyramid 402, 


cone inscribed in 411 

cylinder inscribed in 410 

inscribed in a prism 409 

inscribed in a pyramid 399 

inscribed in a right circular cone 
409 

inscribed in a right circular cy- 
linder 409 

inscribedin a truncated pyramid 410 


mutual positions of pues and 
pyramid 406 
prism inscribed in 411 
problem involving tangency of 
sphere and cone 4 
square 43 
square root 43 
square-root symbol (see symbol Y ) 229 
squaring 116, 242 
statement(s) 
converse (in proofs) 359 
converting verbal Stalements into 
formula 13 
of definitions 13 
direct (in proofs) 359 
geometric 367 
of theorems 13 
step, induction 22 
straight line, fraph of 198 
straightedge 3 
strong ees af perpendicularity 333, 


proof of 334 
substitution, universal (see functions 
of half an angle) 128, 242, 246 
suitable values 442 
sum(s) 
of complex numbers. 48 
of an infinite set of mumbers 95 
partial 95 
symbol o 224 
symbol Y 229 
system(s) 
of equations 166ff 
consistent 170 
determinate 170 
geometric interpretation of 174 
inconsistent 170 | 
indeterminate 170 
linear (complex coefficients) .169 
linear, investigation of 171 
number of unknowns greater 
than number of equations 183 
number of unknowns not equal 
to number of equations 42] 
solution of (two meanings) 169. 
two approaches to solving 166 
two linear equations in two unk- 
He investigation of 168, 
16 


of three equations in four unknowns 


of three linear equations in three 
unknowns 181 
of trigonometric equations 264f 
involving a parameter 276 
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solution 264 
solution involving 
numbers 275 
of two trigonometric equations in 
one unknown 256 


complex 


tangency of sphere and cone 411 
problem involving 409 
tangent to a circle, square of 408 
tangent externally 411 
terminating periodic fraction 293 
theorem(s) 
of algebra 13 
contrapositive 473 
converse 473 
inverse 473 
geometric,. proving 295 
involving solution of- quadratic 
inequalities 11 
on three perpendiculars 333 
Viéte’s 11, 447, 454, 455 
ways of proving 291 
tools, Euclidean 304 
transformations 
identity 115 
that do not change domain 234 
trigonometric 228ff 
translation of a graph 199 
trial and error, solution by 128 
triangle, area of 295 
trigonometric equations 240ff 
choosing solutions of 254 
involving parameters 259 
solution by apt grouping 250 
solution by introducing new un- 
known 248 
system of two (in one unknown) 256 


- 


systems of (see systems of trigono- - 


metric equations) 264ff 
trigonometric form of complex number 
54, 55, 56 
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trigonometric transformations 29g 
trigonometry  223ff | 
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problems involving location of roots 
of 454ff 
properties of in algebra and geo. 
metry 455 
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universal substitution (see function of 
half an angle) 128, 242, 246 


values, suitable 442 
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dependent 196 

independent 196 
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